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1 Vectors

From simple arithmetic it is known that 3 +2
Itis possible however, in another context, to obt
3and 2 are added.

a different answer when

Suppose # man walks 3km due north and then 2km due south. In order
(o find the tota distance walked, he separate istances have 10 be
added:

ie 3km+2km=Skm  ..[I]
“This statement does not give the final position of the man at the end of his
walk. Tn fact he is clearly 1 km due north of his starting point and this s his

displacement from his original position:

ie. 3km due N+ 2km due § = 1 km due N

‘These two statements give different information. Statement [1] adds scalar

‘quantities, i.c. quantities which only have magnitude (or size). The answer

gives the total distance travelled which is also a scalar

Statement [2] deals with the addition of two vecior quantitis, i . quantities

which have both magnitude and ditecton, and gves the vector displacement

of the man at the end of his two walks

The addition of vectors which have the same, or opposite, directions can be

done quiesimpl.
addition of more general vectors requires a more sophisticated

approach and can e done cither by e draving o by cakulaton.

Example 1
A man walks 6 km south-west and then 4km due west. How far, and in
what direction, is he then from his starting point?

‘There are two ways of solving this problem:
(@ By scale drawing

Draw a sketch showing the two stages, OA and lo
AB of his journey. From this sketch make a

scale drawing with OA = 6cm in a dircction 4]
south-west of his starting-point O, and -

AB
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From the scale drawing, by measurement
OB =93cm

The man is 9-3km from his starting
point in a direction § 63° W.

(b) By caleulation

Draw a sketch showing the two stages, OA and AB, of his journey.

By the cosine rule:

OB = 0A* + AB* — 2 x OA x AB cos BAO

6+ 4 = 2(6)() cos 135"

Hence OB =927
By the sine rule:
OB __AB
sin OAB  sin BOA
Thes 2T 4
sin 135 sin BOA
Hence BOA = 1777
andso  BOS = 6277

The man is 9:27 ki from his starting point, in a direction $62:77° W.

Exercise 14

Solve each question by calculation o by scale
drawing.

1. A woman cycles Skm due east followed by
e west.
How far, and in what dircction, i she then
from her starting point?

A bird flies 40 km due south and then 30km
due east

Find the bird's distance and bearing from its
original position.

3. A boat travels 6km due east followed by
2:5km due north.
Find the distance the boat is then from ts
original position and the course it should set
ifitis to return by the shortest route.

4. A yacht sails Skm in a direction N30°E
followed by 4km due east.
How far, and in what direction, is the yacht
then from its original position?
Would the yacht have reached the same
position had it sailed 4 km duc cast followed
by Skm in a dircction N 30" E?



5. L walk 800m on a bearing 320° and then

500m on a bearing 200

Find how far | am then from my original

position and the course I must set in order

10 return to my starting point by the shortest
ute.

An acroplane les from airport A to iport

B 90Kkm away and on a bearing 070", From

B the acroplane flies 10 airport C, 100km

from B on a bearing 210°

How far and on what course must the

acroplanc now fly in order to return to A

direct?

9

Resultant of vectors

Vecwors 3

7. A ship travels 6km north-cast and then
changes course and travels a further 3 km.
If the ship is then Skm from its original
position, find the two possible directions for
the course set by the ship on the second
stage of ts journey.

. A man walks 4km duc cast, 3km due
north and then 3km on a bearing
By making an accurate scale drawing, find
the distance and bearing of the man's final
position from his original position.

In Example 1, the combined effect of two vectors was found by scale

drawing and by calculation. This combined effect i said to be the resultant
of the two vectors.

‘The resultant of two vectors i that single vector which could completely
take the place of the two vectors, i.¢. in Example 1, the man would have
arrived at the same position had he walked 93 km in a direction $63° W.

Example 2

Find the resultant of a vector of magnitude S units, direction 320°, and a B
vector of magnitude § wnits, direction 055°.

Draw a sketch combining the two vectors:

By the cosine rule:

OB? = OA? +- AB — 2 x OA x AB cos BAO A
= 54 8 = AS)(E) cos 85°
Hence OB =906 S
By the sine rule: o
AB
sin BOA
8
Sin BOA
Hence  BOA = 61.6°
Therefore =616~

2 t0 the nearest degree.
‘The resultant vector has magnitude 906 units in a direction 022",
Alternatively, the resultant could be determined by scale drawing.
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Vector representation

Note that in Examples 1 and 2, when using a scale drawing or a sketch, we

nted a vector quantity by a line scgment of an appropriate length in &
particular direction.
In order o distinguish between the distance OA and the vector OA, an
arrow is placed over the letters of the vector. Thus OA represents the vector
with magnitude and direction given by the line segment joining O to A.
Thus if a man walks from O to A and then from A to B, this could be
written s a vector equation:

GA + AB = OB,

since the vector represented by the line segment OB is clearly the resultant
of OA and AB.

A
Note carefully that the dircction of the arrows.

on the diagram correspond 1o the order of the
letters of the vectors which they represent.

Vestors may als be witn usingsnge eters. A
and in this case heavy type is used. Thus: Y

xby=1
Since OA = x, it follows that AG = —x because O
AG has the same length as OA, but it is in the opposite direction.

Example 3
The diagram shows a parallclogram ABCD with AB = a and BC = b

E is the mid-point of CD. Express the following vectors in terms of a and b.
@ AB ) DC ©CB @ DE @ AE

(@) AD is the same length as BC and in the B s <
same direction. Thus:

(b) Ina similar way,
DC=a
(©) CD is the same length as AB but in the opposite direction

@




Exercise 1B

Tn questions 110 6, the directions of the vectors are given as bearings, i.c.
the angle the vector makes with the direction of north, measured clockwise:
from north.
1. Find the single vector that s the resultant of a vector of magnitude
7 units, direction 050, and a vector of magnitude 4 units, direction 160",
2. Find the single vector that s the resultant of two vectors of magnitude
6 units and 3 units and directions 240" and 260° respectively.

3. Find the resultant of  vector of magnitude 4 units, direction 040°, and
a vector of magnitude 7 units, direction

4. Find the resultant of the vectors a and bif a has magnitude 6 units and
direction 160° and b has magnitude 11 units and direction 320

5. By making a scale drawing, find the ot ofthe vectors a, band ¢
given that 3

ts and dircetion 140° and ¢ h

6 Find the resultant of three vestors of magnitude 6 units,  units and 10
units and direction 330°, 200° and 080° respectively.

7. The diagram shows  paraliclogram OABC A

with OA = a and OC = b. Express the

following vectors in terms of & and b: N
(@) A8 (b) BA {© B (@ BC

@ OB () BO (@ AC (v CA

8. The diagram shows a triangle OAB with

9. Th: diagram shows a trapezium OABC with 4

;

The diagram shows a trisngle OAB with
OA = aand OB

A
OA =a and OB = b. C is the mid-point of
AB. Express the following vectors in terms .
of a and b: <
@ AB () BA © AC (@ OC
o 3
and OC = 2b. AB is parallel to and
lml{ as long as OC. Express the following a
vectors in terms of a and b:
@ AB (0B (© BC
A
Cis a point on AB
such that BC:CA = 1:2. Express the P .
@ AB () AC ( BC (@) OC

Vectors
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11, The dizgram shows a parallclogram OABC AD B
with OA = a and OC = c. E is a point on
CB such that CE: EB Dis a point on

AB such that AD: DB = 1:2. Express the
following vectors in terms of a and c: A

(a) AD  (b) CI () OD
@ OE (0 AE () DE

12. In a triangle OAB, the point C lies at the mid-point of OA and the point D lies on AB such that
AD:DB = 3:1. 110K = a and OB = b, express the following vectors in terms of a and b:
@ OC () AB () AD @ OB () CB () CD

Unit vectors

A unit vector is one with a magnitude of 1 unit.
Ui vocons may be by o, b
usual to denote a unit vector in the diection of
the postie xoordinte axis by 1 A i vector
in the direction of the positive -

is denoted by J

%

A vector (4i +2j) units consists of: n

4 units in the direction of the unit vector |
and 2 units in the direction of the unit vector j.

‘These combine to give the vector r shown in the diagram.

Some vectors may not lie i the plane of the
xand y axes. For these we need a third axis at
right angles to the other two. This is referred to
as the z-axis and a unit vector in this direction is
denoted by k.

A veetor (4 + 2} + 3K) units consists of:

4 units in the direction of the unit vector i
2 units in the direction of the unit vector j
and 3 units in the direction of the unit vector k. B

‘These combine 10 give the vector p shown in the diagram.

Note. An alternative way of writing the vector ai + ,

is t0 use the “column matrix” form (;) Example § uses this
notation.



Vectors
Addition of vectors

‘When vectors are given in terms of unit vectors, their addition is
straightforward.
Example 4
Given a = 3i+ 2] and
a+b= 042+ (8- 6)
=si-4j

i — 6, find the resultant of a and b.

‘The resultant i i — 4.

Example §

Find the resultant of a = (_Z
N (s
(D))
_( 745
=446
12
-(%)
(2
The resultant is ( Z>v
Note that the answer is tated using the same notation as sed in the
question, ie. in column form.
Example 6
Given a =21+ 3j - 2k and b = § - 4] + k. find the resultant of a and b.
a4b= (43 -2+ G- 4+ k)
—3i-j-k

“The resultant s 3~ ) - k.

The magnitude of a vector

“The magaitude of the vector v = i+ bj can be determined using
Pythagoras’ theorem. From the diagram on the right we sce that the
‘magnitude of the vector v, written |v], is represented by the length OV.

By Pythagoras, oViasp
e OV=VETH

Thosify = ai-+ b then |v] = VAT 5.

7



8 Understanding mechanics: chapter |

Extending this o three dimensions, with v = ai + bj + ck, gives:

J¥| =0V (see diagram)

But OV = 0Q7 +QV? §
OP + PQ* +Q
=@ +b+d o 3
Thus if v = ai + 6 + ok, then:
V= VETFEE -

Example 7
Find the magnitude and dircction of the vector v = (3 + 4)) units.

First sketch the vector: ;

units

For the direction of v,

an6=1
0= 5313 -

‘The magnitude of v is § units and it i at an angle of 53.13° to the x-axis.

Example 8

Given a = 5i +2j ~ K and b= - 6] + 2K, find the magnitude of the

resultant of a and b.

The resultant s given by r=a+b

Si42-K)+ (- 6+ 2K)
—d4i+k

6+ (47 + (1

2

Thus

‘The magnitude of the resultant of a and b is 7-28 units.

Example 9
Find the vector which has magnitude 15 units and is parallel to 16i + 12j.
The vector 16i + 12j has magnitude 167+ 127 = 20 units.

16i+12)

Thus the veetor
0

length.

will be parallel 10 163 + 12] but will be of unit

Thus the requied vestor wil be 15 x S 51,

‘The required vector is 121 + 9}



Vectors
Resolving a vector

In Example 7 we found the magnitude and direction of the vector 31 +4).
We can also do the reverse of this, i.c. express a vector in i form given its
‘magnitude and direction, as the next example shows.

Example 10

‘The diagrams below show the magnitude and directions of two vectors,
pand q. each lying in the x- plane. Express each in the form ai + 5.
TGive & and b ormect o2 decmal placc i roundin i necestary.)

@ ¥ ®

® g

.
rd

Using trigonometry gives: Using trigonometry gives:

cos 30° ,% and sin 30° =

3V3 and a=450 and
Thus p=3V3i+3j Thus q = —4:50i + 5.36}

=t cos S0 =% and sin S0 =8
6 7 7
=3

generalise:
If vector v lies in the x-y plane, is of magaitude ¥ and makes an angle 6 with
the x-axis (sce diagram), then:

v=vcos B +vsin 0]

(v cos ) and (v sin 6) are the resolved parts or components of v in the
directions of the x-axis and y-axis respectively.

Example 11

The disgram on the rght shows vector pof
gt 8 usits K0 aking aogle of 75,68
and 32 with the posive , > and =
Tepecivly. Express i b form ot 4 B +
with a, b and c given correct 10 one decimal
place.
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Using trigonomery gives:
cos 75 =9, cos 64 =2, cos3z= L.
g B g
a=21 b=3s  c=68
Thus P=21i435+ 68k (all components correct

to one decimal place)

Exercise IC
1. For each part of this question, (i) express the vector (shown as a heavy
line) in the form ai + bj where a and b are numbers, i and j are unit

vectors in the directions Ox and Oy respectively, and the squares in each

grid are of unit of length, (i) find the magnitude of the vector, (iii) find
angle 6.

@ ®) L ©

”




2. The diagrams below show the magnitude and directions of vectors  to
b, cach lying in the x- plane. Express cach in the form ai + b, where i
and j are unit vectors irections Ox and Oy respectively.

’ o ]

4 P

o; o =
0 S
-
o mo o

2

¢

3. The following table gives the magnitude and direction of six vectors.
Express each veetor in the i form where §is a unit vector du east and
Ja unit vector due north

vestor  magnitude  direction (given as a bearing measured
clockwise from north)

H
H

10 units

4. The diagram shows vector p of magnitude 6 <
units and making angles of 66°, 53" and 37°
with the positive . y and = axes respectively.
Express p in the form ai + bj + ck with a, b
and c given correct to one decimal place.

Vectors

n
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. The diagram on the right shows vector g of
magnitude 6 units and making angles of 35°,
60 and 70° with the positive x, y and : axes
respectively.

Express p n the form ai + bj + ck with a, b
and c given correct o one decimal place.

. For each part of this question
© Exprss he vecor (dhow a2 vyl it fomn ol + -+ k.
u.; Determine the magnitude of each v
mine th acue anle th vector makes with cach axs, . yand
giving your answers correct to one decimal place.

" D= 5 9. i

(@) the resultant of a and b, & the el of 1 and

© lal, @ [bl, ©) |a+bl,
(f) a vector that is parallel t0 a and has a magnitude of Sun

(®) a vector that s parallel to (a + ) and has a magnitude of 100 units.
1fa=20+5j,b=7i+7jand ¢ = 14i, find:

(@) the resultant of a and b, (b) the resultant of a, band c,

© lal, @ Ibl, © lel. ) Ja+biel,

() a vector that is parallel to a and has a magnitude of 529 units,
(h) a vector that is parallel t0 (a + b+ ¢) and has a magnitude of 90 units.

2K, b= Si+4jand € = 3i +j+ 4k, find:
@ the esdlant of 2 and b ") the resulant ar-. bandc,
© lal, @ [b]. © el \1+b+c\.

(®) a vector that is parallel 10 a and has a magnitude of 'ﬂs
(B vetor hat i paalle Lo (s +b-+ ) and has & magitude of§ units



2 6 o
10.07a=(7).b={-3 ) ande={ -4 |, find:
7 2, -3

(@) the resultant of a and b (b) the resultant of a and
© la| (@ [b] © el () Jatbe|
(2) a vector that is parallel to (a + b +¢) and has a magnitude of 50 units

Scalar product

‘The idea of multiplying two vectors together may scem a ltle peculiar at
first. How are we going to multiply together vectors such s 6km in
00°

irection 400077 Well of course we

could define |l\: ehique of vector multiplication in this way, but if the

answer such a process gives is of no usc, there would be litle
petoring mafilcaion faths wey. Thee i n fac two ways to define

vector multiplication that do prove to be useful.

One method produces an answer that is a scalar. We call this the scalar

product and we wil consider this in just a moment.

The other method produces an answer that is & vector. We call this the

vector product and it is beyond the scope of this book.

‘We define the scalar product of two vectors, & and b, to be the product of

the magnitude of a, the magnitude of b, and the cosine of the angle between

aand b,

We write this as: a.b  pronounced “a dot b’

For this reason the scalar product is also referred 10 as the dor product.

al [bjcos0  where f is the angle between a and b.

Notice that when 0 is acute c0s 0> 0 and 5o a.b >0,
ind when @ is obtuse cos 6 < 0 and s02.b < 0.
Also if a and b are perpendicular, 6 = 90°, cos 0 = 0, and 50 a.b = .

Thus:  if two vectors are perpendicular, their scalar prodct is zero.

And, provided neither a nor b have zero magnitude, it also follows that:
If the w(a/ar product of two vectors s zero, the vectors are
perpendicular.

Note 1. The Dhmxe “the angle between two vectors” always refers 10 the

ingle between the dircctions of the vectors when these directions are

cither both towards their point of intersection or both away from
their point of intersection. Thus, in each of the following diagrams,
0 is the angle between the two vectors.

Vectors

3
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Note 2. Thc reuowmg properties, not proved here, follow from the scalar
uct definition:

(where a=[al)

(a.b) = (ia).b
a.b+) = abt
(a+bl.e=a.cthe

(@+b).(c+d) =a.c+a.d+b.cib.d

Example 12
Find a.b for each of the following:
@ ®  »

al|b] cos 6
(8)(6) cos S0
= 309 (correct 1o 1d.p)

Scalar product from vectors in component form

Consider the vectors a = i + azjand b = b + baj
(@i + ).+ b))

ablitabi.j+ab j.itabj.j
ayby(1) + @1b3(0) + @b (0) + asby(1)
= ayb; + a;

It follows that  a.b

aibs +a;

[Thusir a

ji+ari and b=bji+hij, then a.b

‘The result can be extended to three dimensions (o give:

If aita+ak and b=bi+bj+ bk,

then _a.b = aby + ashs +arbs,




Fectors

Example 13
Find p.q for each of the following:

3
®e=| 2).a=
-1

3 H
@ pa=@M+G)-9 (®) p.g= ( Z)A(fl) (€) p-
_ -1

AU+~ )= 2)+(1) - 3)

=-10 2 =13
=15-2-2
=u
Example 14
Find the angle between 8 = 21 = + 3k and b =1+ 4] + 3k.
a.b = Qi—j+3K).(+4)+ 3K
= Q) +HDE@ + ()3
But a.b = [af|b]cos 6
Y- e
= VI3 Va6 cos b
VI3 V26 cos =7
Ths 6= 68 10 the nearest degree.
Exercise 1D
1. Find a.b for each of the following:
@ o
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2. State whether cach of the following are scalars or vestors:
@ a.b ®) 2a © a+b @ a.b+e)

@© 6a.b @) Gu.b) @ a-b W) @+b).(c+9)

@) 3i-4j+k () [a+b] (k) 2a+3b (1) (a+b).(a=b)
3. Given that i jand k are unit vectors in the direction of the positve ¥, y

and z axes respectively find:
®

@ i ik © k.j @i
© Ji @) Kk ® Gh.2) () 6Dk
Find the scalar product for each of the following pairs of vectors
4. 2+jand i3 5. 4i+andi+ 6
6. Jiand 20+ 7. 3i-j+kand 2i++ 2%
8. Si+j - 2K and 4i+ 3] - 8k 9. 28+ 4j— 15kand —8142) —k

10, —i = 2j and Si+4j+ 10k 1020+ 3+ kand i +2)+ Sk

= ()2 o (D))

w(D=(?) = ()=()

Find the angle between mh of the following pairs o vectors (giving your answers
correct 10 the nearest degree

16. 30+ 4j and S~ 12} . and 6i + 4

18. Jiand -2j 19, 20+ 3j-+ 6k and 2i ++ 2k
20. 2043~ 6k and 20 + )+ 2K 2042~ kand ~i+2j -k
22 i+ 2 - 4kand 2+ 2k

()
= (2)= ()

3.1

20~ 3, determine which of the followi
—Git4 e=—6i- d

i
K are perpendicular vectors.
30, Find the value of £if 2i + 7 + 7k and —/i ~ k are perpendicular vectors.

29, Find the valve of 4 if i+ 2j — k and i




2 Distance, velocity and acceleration

Constant speed and constant velocity

‘The statement that the speed of a car is 40 Kilometres per hour (written
40km/h or 40 kmh-') means that, if the specd remains unchanged. the car
will travel 40km in cach hour. The specd of the car i then said to be
uniform or constant. At the same speed the car would travel 80 km in 2
hours, 120Kkm in 3 hours, etc. Thus:

distance travelled = speed x time
or s=vxr
‘The velocity of a car i a measure of the speed at which it is travelling in a
particular direction
Ifa car has constant, or uniform velocity, then both the speed and the
direction of motion of the car remain unchan
Ths the relcity of a car may be sated s SOkmh~" due north and the
speed of this car is then S0kmh-'.
Soit i scen that speed is a scalar quantity, whereas velocity is a vector
quantity and

distance travelled in a particular direction = velocity x time taken

or s=vxr

‘The distance travelled in a particular direction may be referred to as the
displacement of the body from some fixed point.

‘The letter v is used to denote both speed and velocity. This need cause no
confusion provided that the difference between them is remembered, and it
is clearly understood which is being used in  particular example.

In most cases, only linear motion will be considered, i.¢. motion along a

only be in one of two directions. The direction of
the veociy can then be dikmguished by th use of posive and negative

Forexample: Sms~!  denoted by velocity of Sms™
—

Sms~' denoted by velocity of ~5ms~!

Change of units

The car which s ireling t kb Vi, of course, travelling a certain
‘number of metres each secor
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Example 1
Express a speed of 40kmh~! inms’

-t S _40x1000
40kmh™' =40 x 1000mh™ = =22 ms ! = 11} ms
60 % 60 o

A speed of 40k s equivalent to a speed of 115ms"

Use of s = vt

When the relationship s = vt is used, the units of the quantities involved
‘must be consistent. If the speed is in km h-", the time must be in hours and
the distance will then be in km.

Example 2
Find the distance travelled in 3 minutes by a body moving with a constant

speed of 15kmh~".
Find also the time taken by this body to travel 200m at the same speed.

¥=15kmh

(=3 minutes = 4 b

Using s=v gives:
s=15xk
s=1kmor 750m

The distance travelled is 750m.

To find the time taken 10 travel 200m

s=20m  v=15kmh™!

_1sx 1000
60 % 60
Using  s=v gives
200 =3 x 1 where f s measured in seconds
=485

e taken o travel 200m at 15kmh-! s 48..

Average speed

In practice the speed and velocity of @ body are seldom constant. When u
car travels 40km in one hour, it i unlikely that its speed is constant. It is
probable that for part of the time the car is travelling at more than

m h-!, and for some of the time the car's speed is less than 40 kmh~!
Thus we often refer to the average speed, or the average velocity of &
body:
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total distance travelled
average spond = 0181 ditance ravelied
s total time taken

total distance traveled in a particulr direction

and average velocity = 10121 distance travelled in 2 particular direction

otal time taken
“The distance travelled in a particular dircction can more conveniently be
referred t0 as the displacement from some fixed nital position.

Example 3

A, Band C are three poi
AB = 40km and BC = 90

A womln travels from A to B at 10kmh~" and then from B to C at
15kmh-!

Calculat
(a) the time taken to travel from A to B

(b) the time taken to travel from B

(@) the average speed of the woman for the journey from A to C.

s, in that order, on a straight road with
km.

(@) Using s=w forAtoBgivess  =d0im- 90 km———=
=101 A
[ —
an 10kmb iSkmn

The
() Using

i taken o travel from A to B is 4.

‘The time taken to travel from B to C is 6h.
total distance travelled
total time taken
049
456
v=13kmh!
‘The average speed for the whole journey is 13km h~!

(©) Using average speed = for A to C gives:

Example 4

A man walks 400m due east in a time of 190s, and then 100m due west in a
time of 50!

Calculate:

(a) his average speed

(b) his average velocity, for the whole journey.

1
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total distance

(@) Using  average specd = 102 SRS gy
average speed = %
=B =24ms!
The average speed s 2 ms-
displacement

(b) Using average velocity = <
total time

average velocity = 40 M EL100m W
=lms'E

The average velocity is 15ms~ east.

Exercise 24
1. Express a speed of 36kmh~" in ms~"

5. Express a specd of 6 kmmin in ms
6 A body aveling 1t 4 consant secd covrs

7. A body travelling at a constant speed covers
a distance of 3k in 2 minutes.
Find the speed of the body.

8. Find the distance travelled in § seconds by &
body moving with a constant specd of

9. Find the distance travelled in 2 minutes by a
body moving with a constant speed of
Gkmh-"

0. Find the time taken by a body, moving with
a constant speed 3-5m s, to travel a
distance of 21m.

1. At time 7= 0 a body passes through a point
A aod s moving with 3 coustaat velocty of

1:\) ind how far the body is from A when

) Whatis me value of £ when the body is

12. The spaceerah vmw 11 cavels at o
constant velocity of 80000 km b
Find the distance the spacecraf travels in
(@) Thour (b) 1S minutes (<) | second.

ves:

00mE
20

13. The specd of sound is 340ms~". Find the
distance travelled in one minute by an
aircraft flying at Mach 2 (i. twice the
speed of sound).

14, The specd of lightis 3 x 10° ms~". If the
distance from the Sun to the Earth is
1:5 x 10k, find how Jong it akes i
from the Sun to reach the

15. If it takes § seconds for the sound of
thunder to reach my ears, how far am I from
the place that it actually occurred? (Speed of
sound is 340ms-1)

16 1F.an athlete runs a 1500 metre race in
3 minutes 33 seconds, find his average
speed for the race.

17. A, B and C are three points lying in that

order on a straight road with AB = Skm

and BC = 4km. A man runs from A 10 B at

20kmh-" and then walks from B to C at

(8) the toal s taken 10t from A
o0 C
® |h= average speed of the man for the

18, A man walks 150m due north, in a time of
50m due south, in a time of

ind:
(3) his average speed
(b) his average velocity.



19. A car is driven from Town A to Town B,

and is then driven back to A.
(a) Find the average speed for the journcy
the

complete journey is 60km b
(b) What is the average velocity of the car
for the complete journcy?

. A, B and C are three points lying in that
order on a straight line with AB
AC

60m and
m. A body moves from A to B at

i~} notation

Distance, velocity and acceleration 21

an average specd of 10ms~, then from B 1o
a time of 4, and then returns to B. The
average speed for the whole journey is
Sms". Find:
(@) the average speed of the body in the

nd stage of the motion

ie.B—~C)
(b) the average speed of the body in moving
AtoC
(@ the time taken foe ﬂ|e third stage of the
motion (ic.
@ theaverage vﬂmxy for the complete

In the first chapter, vectors were expressed using the i-] notation. Both the
position and the velocity of a body can be given in this vector form.

Position vector

Using a suitable origin O, the postion of a body at P may be given as the

vector OF, where:
= G+ bpm
“This is the position vector of the body.

As before, the vector may be denoted by a single
letter, say, . .

r=0P = (di+b)m
“The distance of P from the origin O and the
direction of OF may then be found:
distance OP = |OP [or{r]
= (@B

and the direction of OF is given by tan 0= 2.

Velocity vector

The velocity vector v can be expressed in the
me way.

I the velocity vector of a body at P is given by:

v=(d+dms”

bady has a velocity of cms~ in the direction

OF e it vetor b and drm a1 te dircon
of the unit vector J.

P
s bpm
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Example 5

‘The paint O is the origin and the points P and Q have position vectors
— 24j)m and (13i ~ 16)m respectively. Find:

(@) the distance OP

(b) the vector PG

(©) the distance PQ.

@ OF = (7i - 24)m
distance O = | OF | = /(7 + (~24))) = 25m
“The distance OP is 25 m.

= (131 16)) = (7i = 24) = (6 + 8)m
The vector PQ is (61 + 8jm.
() From () PQ
distance PQ = | PQ |
= VA6 4 8) = 1om
“The distance PQ is 10m.

(6i+8)m

Example 6
A particle P has an initial position vector (3 + 2} +4K)m.
1 the parice movs with o constant eloity of 51+ - s, find:
(@) the position vector of P after ti
{5 the poiion ector of P afer 3 seconds.
(@) Position vector after time  is given by
€)= (142§ 4+ 4K) + (51 4§~ 3K)
HO) = G+ S0+ 2+ 0+ @~ 30k
‘The position vector of P after time f i
13+ 501+ Q@+ 0j+ @ =30k m.
(b) After 3 seconds:
£(3) = 18§+ 5 - 5k.
After 3 seconds the position vector is (184 + 5j ~ Sk)m.



Exercise 2B

1. The point A has position vector (7 + 24j)m.
Find how far A is from the origi
‘The points B and C have position vectors
(i~ 15))m and (5 — 12))m respectively

2

(@) how far B is from the origin

(b) how far C is from the origin

(¢) BC in vector form (i.e. ij notation)

@ |BC|.

The point O is the origin and points A, B
and C have position vectors (31 — 4j + Skym,
(818~ 3)m. and (4 + 3k m respectively.

(©) the distance OC
(@) the vector AB

(® the distance AB
(h) the distance BC.
Find the speed of a body moving with
velocity (6 - 8ms-.
Find the speed of a body moving with
velocity (7i — 24y ms .
Find the speed of a body moving with
velocity (~4i +jms"
Find the specd of a body moving with
velocity (4 — 10j + k)ms~
. Find the specd of a body moving with
velocity (3~ - Tk)ym s
Particle A has velocity (i + 2)ms~! and
particle B has velocity (~4i + 4j)ms "
Which particle has the greater speed?
A body moving with a velocity
@i+ afyms" has a speed of 52ms!
Find the two possible values of a.
. A body moving with  velocity of
[+ b+ Tms"" hasa speed of 17ms-"
Find the two possible values of b
. A particle has an inital position vector of
S+ 3m.
T the particle moves with a constant velocity
of (2 + 4f)ms~ find its position vector after:
(@) 1 second
(b) 2 seconds

”

°

s

I3
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13. A particle has an inital position vetor of
(Si+4)m.

If the particle moves with a constant velosity
of 2i— find its position vector after:
(@ 3seconds  (b) $ second:

A particle has an initial position vector of
(754 Spm. The particle moves with  constant
velocity of (ai + bj)ms" and e sconds

H

=

Find the speed of 2 body which is moving
with a constant velocity of (51 — 12)ms 1.
1€ the body is initially at a point with
position vector (i + &j)m, find the position
vector of the body 3 seconds later and its
distance from the origin at that time.

. A particle has an initial position vector
@i+ 3j + 9K)m. The particle moves with a
constant velocity of (3i - 2j — Skyms-"
Find:

(@) the position vestor of the particle at time 1
(b) the position veetor of the particle after

onds.
How far is the particle from the origin after
nds?

le has an initial position vector
K)m. The particle moves with a

constant velocity of (3i +j + 4K)m's~' and.
after 2 seconds has a position vector
Gi+j+1ikm.
Find the values of a, b and . How far is the
particle from the origin after 3 seconds?

. A particle has an initial position vector
s

with a constant velocity of (41 ~
‘The particle then moves with a constant
veloeity (ari + bj + ckyms-", reaching O
after a further three seconds,

Find the valucs of a, b and c.

. At time ¢ = 0 two particles A and B have
position vectors (2§ + 3j — 4k)m and
(81+6k)m respectively. A moves with
constant velocity (=i +3j+ Sk)ms~! and B
with comtan veloiy vms. Given that
when is B passes through the
point that A pu:xd through one second
earler, find v

e
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Uniform acceleration formulae

When the motion of a body is being considered, the letters «, v, a, 1 and s
usually have the following meanings:

u = initial velocity v= final velocity
= acceleration 1= time interval or time taken
s = displacement

Consider a car travelling in a straight line. IF nitially its velocity is Sms-
and 3 seconds later its velocity is 11ms~!, the car is said 0 be accelerating.
Acceleration is a measure of the rate at which velocity is changing. In this
example, the velosity increases by 6ms " in 3. If the acceleration a is
assumed 10 be uniform, then it is 6ms~! in 35, or 2ms™! each second,
which is written 2m s
In ge

acceleration

or ar=v—u

Hence

utar i

I the acceleration s uniform, then the average velocity is the average of the
e

ut
average velocity =

displacement s
time taken ¢

But  average velocity =

s_utvy
(]
()

or ]
Substituting the value of v from equation [1] into equation [2] gives:

w

+an
2

s=wsbad L[

Substitute for  from equation [1] into equation

Equation [1]is rewitten as: .
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and substituted into equation [ = @ U=}

giving

Hence

‘These four formulae are very important and should be committed to

‘memory:
u+ar
[CEA)] ember these only apply
2 o mtion involving
s=u+dar uniform acceleration.

Distance and displacement

In the above formulse, s represents displacement. Tn practice, s is also used
to denote distance because distance and displacement are often equal. There
need be no confusion provided that care is taken in any particular question.
‘When the direction of motion of a body remains unchanged. then the
distance travelled and the displacement are equal.

If the direction of motion changes part way through the motion, then the
distance travelled and the displacement will not be equal

Suppose a body moves 15km due east and then 10km due west:
distance moved = I5km + 10km = 25km
- Skm E

displacement from initial position = 15km E+10km W

Example 7
A body moves along a straight line from A to B with uniform acceleration
3 ms~. The time taken is 125 and the velocity at B is 25 ms". Fi

@ the velociy at A

(b) the distance AB,

Given a=3ms

2

The velocity at Ais 17ms
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() Use s = ur+4ar or V= 4 2as

1702) + 1 G)02?

a7+ 2(3)s

(742912

= 204448 €25=289 445 —0m

$=290m s=29m

The distance AB is 252m.

Example 8
A cyclist travelling downhill accelerates uniformly at 1fms~>. If bis initial
velocity at the top of the hill is 3ms™", find:

(@ how far be travels in 85

(b) how far he travels before reaching a velocity of 7ms

@ Given a=1-Sms
we need to find s

Use  s=ur+lar

3(8) + 4158

=24448
=Nm In 85 the cyclist travels 72m.
(b) Given 1:5ms
3mslp weneed tofind s
Tms™!
Use @ + 2as
(F =37 + 215
or 49-9=3y
SEIY The distance ravelled s 13} m.
Retardation

1 a body moving at 12ms~" is subsequently moving at 2ms~", the body is
said to be subject 10 4 retardation, .. a negative acceler the change
in velocity takes place over a period of 45, the retardation is 10ms~" in 45

or 24 ms~* and the acceleration is ~24 ms”

Example 9
A tonedlide i s saght e acroms a boronoalshest of . I puses 8
locity 14ms~", and the point B 24 la
Rasaing the rturdution s uhiform e (bt AB
(@) the retardation

(b) the velocity at B

(©) how long after passing A the stone comes 10 rest.

Som, ind:
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@ Given u=14ms™!
255 we need to find retardation
s=30m

Let acceleration = a

Use  s=w+ial
30 = (19)25) + § (@25
=354 20

o a=-l6ms

‘The retardation is 1-6m

ie. a retardation

(b) Let velocity at B = v

From part (a) retardation = 1.6ms
Use ¥

=-16ms?

@ +2as
mhz‘—uxm)

v On\s

‘The velocity of the stone at B is 10ms

@© Given u=14ms™!
~16ms
0 when the stone comes to rest

} we need to find ¢

Use utar
Sl o
=8

‘The stone is at rest 8.755 after passing A.

Exercise 2C

Questions 1 10 20 involve a body moving with uniform acceler
straight line from point A 1o point B.

- s
e, acceleration *
i e, T

r S ——
T

1. Initially at rest, accelerat = 4. Initial velocity = 3ms~!
ime taken = 8s. Fmd I)|= e, final velocity = Sms~", time taken = 10s.
2. Tnitial velocity Find the distance.
ation = 2ms
Find the final vel 5. Initial velocity

o
3. Initially at rest, acceleration = 2ms~, final velocity = Sms~", distance = 2m.
time taken = 4s. Find the distance. Find the acceleration.
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6. Final velocity = 27ms-"
acceleration = $ms 2, time taken = 2.
Find the initial velocity.

. Il wlocy = 7L
final v 3ms, distance = Sm.
Fis

8 Distance = 28m,accleation = 1 ms?,
time kg = 4. Fid the i reocy,

9. Distance = 20m, initial velocity = 3ms",
final velocity = 7ms". Find the Gy

10. Initial velocity = 6ms~',
ok
11, Initial velocity
final velocity = S0m:
tme takem = 165, Find i scclraion.
12. Distance = 500m, initial velocity = Ims~',
time taken = 10s. Find the acceleration.
13. Initial velocity = 10m s,
final velocity = 2ms~"
Find the distance.
Bl ociy = ey
final veloci
Find the time taken.
1s.
2, distance = 12m
16. Distance = 60m, final velocity
iime taken = 125. Find the i velociy.
17. Initial velocity = Sms~,

final velocity = 36kmh-
acceleration = 11 ms2, Find the distance.

Find the distance.
|32m, time taken = 125,
572, Find the final

-
iz
5
g5
3
£
4
3

uniformly, at B

speed of 30m:
aves doring this motion and the e
taken,

l‘}

A ch«uh can accelerate from rest to

30m
sceleration (asumed constant).

23. The manufacturer of a new car claims that it
can accelerate from rest t0 90 kmh - in

10 seconds. Find the acceleration (assumed
‘constant).

In travelling the 70cm along a rifle barrel, a
bullet uniformly accelerates from its initial
state of rest to a muzzle velocity of
210ms~". Find the acceleration involved
and the time for which the bullet is in the
barrel,

e

25. According to the Highway Code, a car
travelling at 20ms-! requires a minimum
braking distance of 30m. What retard;
is this and what length of time will it

take?

26. A caris initially at rest at a point O. The car
moves away from O in

. Find how far the car

Howie o heca rave i the thied
secon

A body moves along a straight line
uniformlyicreasin s velocky from 2~
10 18ms~" in a time interval of 10s. Find
he accclration ofthe body during i ime
and the distance travell
A parice i projectcd away from an origin

initial velocity of 0-25ms~!. The

partici travels in a straight line and

accelerates at 1-5ms. Find:

(0 bow frthe paticl s from O aher

8

3 seconds
(b) the distance lravelkd by the particle
during 1 h second after
peojesion.

8

ime 1 = 0, a body is projected from an

rigin O with an velocity of 10ms-

The body moves along a straight line with

constant acceleration of ~2ms

(@) Find the displacement of the body from
O when  equals 7 seconds.

(b) How far from O does the body come to
instantancous rest and what is the value
of 1 then?

(¢) Find the distance travelled by the body
during the time interval 1 =0 to 1= 7
seconds.
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30. A, B and C are three points lying in that declraes o 2ms°? to come 10 rest at B.
order on a straight line. A body is projected
from B towards A with speed 3ms~!. The m) e isance from A 10
‘body experiences an acceleration of 1 ms> (b) the total time taken for the journey
towards C. If BC = 20m, find the time (©) the average speed for the journey.
taken to reach C and the distance travelled A particle travels in a straight line with
by the body from the moment of projection uniform acceleration. The particle passes.
until it reaches C. through three points A, B and C lying in

31. A caris being driven along a road at a rd -
steady 25m's~" when the driver suddenly fl’: ;ﬂ;’ {“"h""“:“‘yl’ e m BT
sotiestat tere s a flle tre bockin the e D e i e

ot shat there b 4 faen e fnd th sl of e partlc and s

specd when at

immediately appis he brakes giving th car

front of the tree docs the car come to rest? °“;‘;Z"_‘ o e

If the driver had not reacted immediately s the dire “;:ém" e “"“ A

1 the brakes were applid one scend rondin e dirsion ARC il ot

later, with what speed would the car have hit freeripi il or-wive
later, and C two scconds aftr that. Find the

32, A rain travels along & straight piese of track values of w and a.
between two stations A and B. The train 35, A car A, traveling at a constant velocity of
starts from rest at A and accelerates at 25ms-", overtakes a stationary car B. Two
1:25m s until it eaches a specd of seconds later car B sets off in pursuit,
20ms. 1 then travels at this stcady speed accleratiog at a uniform 6ms 2. How far

for a distance of 156k and then does B travel before catching up with A?

Free fall under gravity

“The uniform acceleration formulae developed in the last section may be used
when considering the motion of a body falling under gravity. In such cascs
the acceleration of the body is 98 m s~ and this is commonly referred to as
& the acceleration duc to gravity. If the motion is vertically upward, the
body will be subject to a retardation of 9-$m

I fac the maguiade of g aricsdightly t difesent plces on the s
for our purposes it can be taken as having the constant value of

priey

Arrow convention
In any particular example, care is needed to ensure that the directions of the
vectors involved are same.

u=25ms" 1 implies that the initial velocity is 25ms™! upwards
1 implies a downward acceleration of 9-8ms-2

a=98ms
~9:8ms

Before substituting numerical values in the uniform acceleration formulae,
the arrows of the vectors involved must all be in the same direction.
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Example 10

A brick is thrown vertically downwards from the top of @ building and has
an initial velocity of 1-Sms~". If the height of the building is 193 m, find:
() the velocity with which the brick hits the ground

(b) the time taken for the brick to fall

(@ Given u
s weneed to find: (@) v (b) ¢
Use
V(157 +1(9,s)g:—5)
= 38025
o y=195mst

‘The brick hits the ground with a dowaward velocity of 19-5ms™'

+ar
54980

®) Use v
5

ELUSEYH
98

‘The brick hits the ground after 1:84s.

Example 11

A ball is thrown vertically upwards with a velocity of 14-7ms™! from a
platform 19-6m above ground level. Find:

(a) the time taken for the ball to reach the ground

(6) the velocity of the ball when it hits the ground.

} weneed to find (a) 1 (b) v

~1s

+at
47+ (-98)4 = 147 - 392
245ms, ie 245ms |

‘The ball hits the ground with a downward velocity of 24-5ms~!



Example 12

Distance, velocity and acceleration. 31

A particle s projected vertically upwards with a velocity of 34-3ms~', Find
how long anzr pmjrtllon the particle is 2t  height of 49m above the point

of projectior
(@) the first ime
(b) the second time.

Given

Use

“The particie is 49m above the point of projection:

(@) after
(b) after 5.
Exercise 2D
LA book falls from a shelf 160cm above the
Moo

Find the speod with which the book sskes
the floor.

2. A stone is dropped from a position which is
40 metres above the groun
Find the time taken for the stone 0 reach
the ground.

3. Astone i dropped from the top of a towse
and falls to the ground below
If the stone hits the ground with a speed of
14ms~, find the height of the tower.

4. A ball is thrown vertically downwards from
the top of a tower and has an initial speed of
4ms. If the ball hits the ground 2 seconds
later, find:

(@) the height of the tower
(b the spocd with wich he bal sriks the
ground.

5. A stone i projected vertically upwards from
ground level with a speed of 21ms ™. Find
the beigh o the sone sbove sround:

() | second al
(b) 2 scconds proki pra;ecnnn
(©) 3 seconds after projection.
6. A ball i thrown vesically upwards with

speed 28ms! from a point which s | metre
above ground level. Find:

- yo8)r

~98ms 1 } we need to find 1

(a) the speed the ball will have when it
et te e s wich  was

® the Imgm above ground level of the
highest point reached.

. A ball is thrown vertically upwards from a
point A, with initial speed of 21 ms", and is
later caught again at A. Find the length of
time for which the ball was in the air.

8. A ballis kicked vertically upwards from
‘ground level with an initial speed of
14ms". Find the height above ground level
ot e highest point reached and the total
time for which the ball s in the

3. Asione s oo vy ey witha

of 20ms~! from a point at a height

acres above ground v I he sione i
the ground § seconds later, find h.

10. A stone is projected vertically upwards from
ground level at a speed of 24-5ms". Find
how long afler projection the stone is at a
height of 19-6m above the ground:

(@) for the first time

(b) for the sccond time.

For how long is the stone at least 19-6m
above ground level?
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11. A ball is held 1-6m above a concrete floor
and released. The ball hits the floor and
rebounds with alf the speed it had just
prior 10 impact. Find the greatest height the
bal reaches after:

(@) the first bounce
(b) the second bounce.

A body is projected vertically upwards from
ground level at a speed of 49 ms. Find the
length of time for which the body is at least
784m above the ground.

A bullet s fired vertically upwards at a
speed of 147ms~". Find the length of time

Graphical representation

Consider the motion of a body which accelerates uniformly
uto a speed vin time 1 and then maintains
constant speed v. Plotting velocity on the vertical axis and
time on the horizontal axis, we can draw a velocity-time

from a speed

graph
The acceleration of the body is defined as the
rate of change of velocity,

ic. =1 and 50 the acccleration during

the time interval 0 — £ will
be the gradient or slope of the line AB
@ty

From s=

1

Tor wkich the bule i ot
the level of project

i1 980 m above

4. A body is pm)n:ltd etically upwards with
a speed of 14ms~". Find the height of the
body above the level of projection after:
(@) 1 second of motion
(b) 2 seconds of mot

5. Two stones are thrown from the same point
1t the same e, oue verally upwards
with speed 30ms~', and the other vertically
downwards at ‘Dm 1. Find how far apart
the stones are after 3 seconds.

relocity

it can be seen that the distance travelled by the body

during the time interval 0 — ¢ is represented by the area OABC, i.c. the area

“under’ the graph for that part of the motion.

Example 13
The velocity-time graph shown is for a body
which starts from rest, accelerates uniformly to a.
velocity of 8m's~ in 2 seconds, maintains that
velocity for a further 5 seconds, and then retards
uniformly to rest. The eatire journey takes

11 seconds.

Find:

(@) the acceleration of the body during the
initial part of the motion

® the eetardation of the body dring he
final part of the m

(€ the 1t distance ravlld by he body.

velocity (ms 1)

IEEREESERE X
time ()
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(@) The initial acceleration is given by the gradient of the line OA:
increase from O to A
‘horizontal increase from O to A

gradient of OA =

“The initial acccleration is 4m

(b) The acceleration during the final part of the motion is given by the
gradient of the line

rtical increase from B to C

Ve
dient of BC — - Yerical increase from Bto €
gradient of horizontal increase from B to C
-8
LI
3

The final retardation is 2m's™

(©) The total distance travelled s given by the area OABC. This is a
trapezium, and s

area OABC

=6
‘The total distance travelied is 64m.

Setting up a mathematical model of a real situation

In an carlier part of this chapter we considered free fall under gravity. In
that section we used the value of 9-§ms-* for the acceleration due to
gravity, but pointed out that in fact g varied slightly dependent upon
location. We simplified the real situation, in which the acceleration due to
gravity may not quite equal 9-8m s, by adopting a more convenient and
sufficiently accurate model that assumed g to be 9-8 ms~? everywhere on and
close to the Earth's surface.

Similarly when we say that a car travels with constant speed we art
choosing to neglect the small variations in speed that will probably occur
in reality. Our simplified mathematical model chooses to neglect these
small variations.

Likewise when we choose to neglect wind resistance we are again adopting a
simplificd mathematical model of the situation. In this way we avoid
complications without seriously affecting the acceptability of the answer.

If we draw a velocity-time graph for the motion of a cyclst, we are
choosing to display our mathematical model graphically. Certain
assumptions may be made in our model. For example, we may draw a
horizontal line on our graph to show the cyclist travelling with constant
velocity, whereas in reality the cyclist’s speed probably varied slightly during
this time.
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A good mathematical model of a real situation will make any pmmplions
necessary to allow appropriate mathematics to be used while at

time not making the model so different from the real situation as to make it
useless

seless.
A with most models, these mathematical models simplify the real situation,
making it more manageable, while stll retaining those features of the real
situation that are considered to be most significant. The model will lose
some small details that exist in the real situation but can still allow useful
calculations and predictions to be made. The validity of the model can then
be checked by comparing the outcomes as predicted by the model with the
real-fife outcomes.

Note. As the above paragraphs point out, we have been using mathematical
‘models of the real world already in this book in order to solve problems. In
such cases we did not state all of the assumptions we were making in order
10 solve each question. However, if a question specifically asks you to “set
up the model” you should clearly state any assumptions you are going to
make, as the next example demonstrates.

Example 14
A road engineer for a local council needs to find a safe distance between
road humps on a 30 miles per hour stretch of road. The engineer knows that
the maximum safe speed 10 travel over the humps is 5 miles per hour and
must allow for the motorist who will reach a speed of 30 miles per hour
between humps. From previous rescarch the engineer knows that the
average family car has an average acceleration of 3ms ™ and a deceleration
of 6:5ms 2. Set up a model for the above situation and use the model to
estimate a safe distance between humps

Step 1 Set up the model

S 0, s
) mph S mph
—

o Assume that the car s a partcle

 Assume that there are no resistive forces such as air resistance and
riction.

+ Assethas e car il wvel thronghot the oton withconsaat
scocleration and then constant decelerat

o Avsume th rond surfsce s borzomtl.

Step2  Apply the mathematics
Using the conversion | mph = $ms-" gives:

22ms Bims? 22ms?
fLrY Hnn I

D T
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where xm is the distance travelled during acceleration and ym the distance
travelled during deceleration.

Given u=22ms"

we need to find x

Use V=it 4 2as
(133 = 227 + 20
¥x287
Given 133ms
we need to find y
~65ms?
Use ¥ 2as
@2 =03

ya132

Therefore the total distance is xm + ym =~ 41-9m
An estimate for the safe distance between the humps is 42m.

Example 15

An express train of length 100 metres accelerates through Doom station.
‘The diagram below shows the layout of the platform, which is of length
90 metres.

James,  keen tan-spotir knows that whethe front of the s reaches

poin & ithas seed 22ms", and when it reaches point B its speed is
tupa o o e e it o e 8t i 0

pau lhmugh the station.

Step 1 Set up the model

(The question specifically asks us to “sct up a model” so we should clearly
state any assumptions we are going to make.)

» Assume that the acceleration is constant for the period of time for which
the train passes through the station.

« Assume that “pass through the station” means from when the front of
the train reaches A 1o when the end of the last carriage passes
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Step2 Apply the mathematics

Given
Use ¥ = +2as
228+ 260190
ax136ms

For the last carriage of the train 1o reach B the front of the train needs to
have travelied (100m +90m) from A.

Given  u=22ms"
90m we need to find 1

Use

Thus, using the quadratic formula gives:
1=7085

“The total time for the entire trsin to pass through the station is
approximately 7 seconds.

Exercise 2E

1. Each of the following velocity-time graphs is for  body which
accelerates uniformly for  time period of 4 seconds after which time it
‘maintains its final velocity. In each case find:

() the initial velocity of the body
(i) the final velocity of the body
(il the acceleration of the body during the 4 seconds
(i) the distance travelled by the body during the 4 seconds.

@ 6 ® ©
=5 X =
£ N Ei
2z 23 P
£ Z.

2 2 3
L g‘{ LM

7386 Tisise IR
time ) time ) time ()
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2. Each of the following velocity-time graphs are for a body which starts
from rest, acoelerates uniformly to a particular velocity, maintains that
clocty for a period of i and the amiformly rtards t rest. I cach

case fin
() the aceleration during the initial part of the mmmn
during the final part of the mot
(i) the total distance travelled by the body during e motion
@ ®

e

6 6
s B
4 .
3 B
2 2
1 1

eosity (s 1)

IBEEREXEEE IEREEEEE
ime 5) time 5)

3. A cyclist rides along a straight road from a point A to a point B. He
starts from rest at A and accelerates uniformly 1o reach a speed of
12ms" in 8 seconds. He maintains this speed for a further 20 seconds
and then uniformly retards to rest at B. If the whole journey takes 34
seconds, draw a velocity-time graph for the motion and from it find:
(@) his acceleration for the first part of the motion
(b) his retardation for the last part of the motion
(@) the total distance travelled.

4. A partice s iniially at st at a oint A on a staight ine ABCD. The

AtoBwith reaching B with a

speed of 12m s~ after 2 seconds. m taration e shem o
constant I~ and § seconds after leaving B the particle reaches C. The
particle then retards uniformly to come to rest at D after a further 10
seconds. Draw a velocity-time graph for the motion, and from it find:

(a) the acceleration of the particle when travelling from A to B
(b) the speed of the particle on reaching C

(©) the retardation of the particle when travelling from C to D
(@) the total distance from A to D.

5. Aand B are wo points on a straight road. A car travelling along the
road passes through A when ¢ = 0 and maintains a constant speed until
1= 30 seconds and in this time covers three-fifths of the distance from
A0 B. The car then retards uniformly (o rest at B. Sketch a velocity—
time graph for the motion and find the total time taken for the car to
travel from A to B.

6. Two stations A and B are a distance of 6xm apart along 2 straight
track. A train starts from rest at A and aceelerates uniformly to a speed
vms~", covering a distance of xm. The train then maintains this speed
until it has travelled a further 3xm, it then retards uniformly to rest at
B. Make a sketch of the velocity-time graph for the motion and show
thatif T's the time taken for

9

the train to travel from A to B, then 7= 2 seconds.
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7. James, the keen train-spotier of Example 15, was holidaying in the USA
with his family. He noticed that some of the inter-state
pulled an enormous number of carriages - so many 0 that when
attempting to count them s the train passed by he always lost count.
One day, while waiting at a level crossing for one of these trains to pass
by he decided o estimate the number of carriages it had. He estimated
that the train was travelling at 60 miles per hour. He noted that it took
one minute for the train to pass by and knew that cach carriage was
about 8 metres long. Set up a model 10 estimate the number of carriages
the train was pulling.
A Joha deove i carpas thro ltsp pot, each 30 mlres part, cn &
h a speed limit of 30 miles per hour, the traflic police registered
he e taken for him to tave between the posts. The cquipment
registered John's time as 3 seconds to travel between lamp posts 1 and
2, and 2.2 seconds to travel between lamp posts 2 and 3.
Set up a model t0 determine whether John was breaking the speed limit
as he drove past the middie lamp post
A car approaches a set of traffic lights at 40 miles per hour. When the
car is 15 metres from the stop line the lights change from green and the
driver applies the brakes. Set up a model to determine the necessary
deceleration of the car.
o takes 11§ sconds n ol for he lghts to pass through the phse
reen red he junction is 20
et (. any sehicl passing ove the stop i necs 1o el a
further 20 metres before it can be considered as having completed the
crossing). If the driver of the car mentioned at the beginning of the
question does not brake when the lights change from green, could the
car complete the crossing without accelerating before the lights turn red?
If your answer is no, determine the necessary acceleration for the
crossing to be just completed in time.

8

Exercise 2F Examination questions
(Unless otherwise indicated take ¢ = 98ms~ in
this exercise.

1. A car is moving along a straight road with
uniform acceleration. The car passes
check-point A with & speed of 12ms~! and

mother check-point C with a speed of
32ms~". The distance between A and C s

(@) Find the time, in s. taken by the car
move from A to

Given that B3 the mid-point of AC,

() find. in ms™" to | decimal place, the

speed with which the car passes 8.

(ULEAC)

2. A, Band Care three points on a straight
line, in that order, and the distances AB and

AC are 45m and 77m respectively. A
particle moves along the straight line with
constant acceleration 2ms~2. Given that it
takes § seconds to travel from A to B, find.
the time taken 10 travel from A to C.

(UCLES)

‘The diagram shows part of & racing circuit
with two bends and a straight AB. A car
comes out of the bend at A with a speed of
12ms~" and accelerates uniformly in the
dircction shown, reaching a top speed of
48ms~ in 6. Fi

) the acceleration



IS

(i) the distance travelled from A to reach
top specd.
‘The driver maintains a speed of 48 ms~" for
25. He then decelerates uniformly at
7-Sms~? until Bis reached. Given that the
distance from A to 8 is 408 m, fi
(il the speed of the car at B
() the time taken from 4 to B.
Sketch the velocity-time diagram for the
motion from A to B. (UCLES)
A particle moves with constant acceleration
0-5ms* along a straight line passing
through the points  and Q. It passes the
point @ with velocity 1 ms~" greater than its
velocity at P. Given that the distance PQ is
25m, calculate the velocity with which the
particle passes the point P.
How long after passing the point P does it
take for the velacity of the particl (o reach
msi? (UCLES)
A cyelist travels on a straight road with a
Consant scccrion of 0me 3 # nd [
are two points on the road, 120m apart.
Given that the eyelist increases speed by
6ms as he travels from P 0 0, find
() the speed of the cyclist at P
i) the time taken t0 travel from P10 Q.
(UCLES)
A car is moving with speed ums~". The
brakes of the car can produce a constant
retardation of 6m s but it is known that,
when the driver decides to stop, a period
of  second elapses before the brakes are
applied. As the car passes a point O the
driver decides to stop. Find, in terms of ,
an expression for the minimum distance of
the car from O when the car comes to

rest
‘The driver is approaching traffic signals and
is 95m away from the signals when the light
changes from green (o amber. The I
remains amber for 3 seconds before.
changing to red.
Show that
(a) when u < 30, the driver can stop before
reaching the signals
(b) when 3u > 95, the driver can pass the
signal before the light turns red.
(AEB 1994)

Distance, velocity and accelerarion 39

(Take g = 10ms-? in this question.)
A stone is dropped vertically from the top
of an overhanging cliff, and it hits the sea
3 seconds later. Assuming there is no air
resistance, find the speed of the stone
when it hits the sea, and the height of the
cli.
State briefly, with  reason, the effect on the
estimate of height of ignoring air resistance
(UCLES)

(Take g = 10m s in this question.)

A balloon is moving vertically upwards with
a steady speed of 3ms-". When it reaches a
height of 36m above the ground an object is
released from the balloon. The balloon then
acelerates upards a  constat e of

e grentest eight o the ect above
the ground

(i) the speed of the object as i strikes the
ground.

(il the time taken by the object from
leaving the balloon to striking the
ground

(i) the sposd of the balloon as the object
strikes the ground.

Skeich, on the same diagram, velocity-time

‘graphs (o illustrate the motion of the object

and of the balloon during the interval from

th objeclaving the balloon o stiking he

groun (UCLES)

(Take ¢ = 10m s~ in this question.)
A ball moves in a vertical straight line
under gravity. Air resistance is negligible.
The ball is projected from a point 2m
above the ground with an upward speed
of 3ms~!
@ @ Find e time ke For the bl o
ts greatest height above the
gmun
(i) Show that this maximum height
bove the ground is 245 m.
(il) Hence, or otherwise, find the speed
of the ball when it first strikes the
ground.
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@) The olowing s 3 wlocity-ive graphs speed for a further minute. It i finally
for the motion of the ball is brought to rest decelerating uniformly over a
the moment of projection, nnd elcity disance of 90 meres. Caeulate the tams
is measured positively in the upward acceleration and deceleration during the first
direction, and last stages of the journey. Also find the

time taken and the distance travelled for the
B N whole journey. (AEB 1989)
3 12. A car travels along a straight horizontal

r0ad, passing two garages, A and B, The
car passes A at ums~' and maintains this
speed for 60s, during which time it travels
900

m.
Approaching a junction, the car then
slows at a uniform rate of ams~* over the
next 125m to reach a speed of 10ms~", at
which instant, with the road clear, the car
uniform rate of 075ms2
jon is maintained for 205 by
» which time the car has reached a specd of
vms~!, which is then maintained. The car
passes B 455 afer ts speed reaches
=
(i) Calculate the value of u, of a and of v

(Not drawn 1o scale)

(i) Describe the significance of the (i) Sketch a velocity-time graph for the
poi motion of the car between A and B.
(i) Explain why there is a discontinuity (i) Find the distance between garages A
(i.c.. a break) in the graph between and B and the time taken by the car to
(UODLE) travel this distance. (UCLES)

10. A ar s tmelingalong o smght motorny .
ata constant speed Vms-" e
e pasing a spesd-imit ign the drver o e e ey R
brakes and the car decclerates uniformly for declerstsat 3 onstant rate of 1 It
5 seconds, reducing it speed to 30m s or20km fom 10 Bty
(@) Sketch a speed-time graph to ilustrate accelerating rom rest 104 specd of vms-1
thisinformation. and travellingat that speed untl it starts (o
Given that the car covers a distance of 600m Jerate 10 rest. Express in terms of » the
in the 15 second period, find times taken for acceleration and
(b) the value of V- deceleration.
(©) the deccleration of the car.  (ULEAC) Given that the total time for the journcy is

3. A vehicle travelling on a straight horizontal

1. A ram travelng slong 8 straight track 2:5 minutes find a quadratic cquation for v
tes uniformly for and determine v, explaining clearly the
15 seconds. Dnnn; i i i travels 135 reason for your choice of the value of .

metres. The tram now maintains a constant (AEB 1992)



3 Force and Newton’s laws

In the last chapter we considered bodies which changed their velocities. For
this 10 occur, a force must act on the body.

Newton'’s First Law

A change in the state of motion of a body is caused by a force. The uni
force is the newton, abbreviated to N.

Abody atrest
IF forces act on a body and it does not move, the forces must balance.
Hence, if a number of forces act on a body and it remains at rest, the
resultant force in any direction must be zefo.

Example 1
A body is at rest when subjected o the forces SN
shown in the diagram. Find X and Y.
The horizontal forces balance. N son
X=50+10 N
= 60N

The vertical forces balance.

F+10=50
¥=40N

A body in motion
A body can only change its velocity, .. increase its specd, slow down or
change direction, if a resultant force acts pon it. Thus, if a body is moving
with constant velocity, there can be no resultant force acting o it.

Example 2
A body moves horizontally at a constant Sms~* Sms,
subject to the forces shown. Find £ and S.
There s no vertical motion. sooN g
sl s
20008

‘The horizontal veloeity is constant,
P=300N
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Newton's First Law of Motion states that:
A body will remain at rest, or will continue to move with constant
elocity, unless external forces cause it to do otherwise.

Only when these external forces have a non-zero resultant wil the body
change from its previous state of rest or of constant velocity.

Newton's Second Law deals with such situations.

Newton's Second Law

When a resultant force acts on a body, it causes acceleration. The
acceleration is proportional to the force. The same force will not produce
the same acceleration in all bodies. The force which would give a cyclist,

say, an acceleration of 4ms-2, would, whea applied to a car, produce a very
‘much smaller acceleration.

The acseration produced by a forcs depends upon he mass of Ihz body on
which it acts. The wnit of mass is the kilogram, abbrevi

Aforce of I N produces an acceleration of 1ms~ ina boﬂy P kg In
general terms, a force of F newtons acting on a body of mass kg produces.
an acceleration of am s, where:

F=m
This is a vector equation, 50 the acceleration produced is in the direction of
the applied force, or of the resultant force f there is more than one force
acting.

Newton's Second Law can be summarized by the equation F = ma, whicl
often referred to as the equation of motion.

Example 3

A body of mass 8 kg is acted upon by a foree of I0N. . ox
Find the acceleration. s

Using F = ma gives the equation of motion as: —_

The aceeleration is 1 {ms-

Example 4

Find the resultant force that would give a body .
Grmas 003 m st of 10ms” ENad
The mass is 200g = +kg. rred

Using F = ma, gives the equation of motion as
F=ix10=2
The force is 2N
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Example 5
A body of mass 2k subject 1o forces as shown r
in the diagram, accelerates uniformiy in the
direction indicated.
Find the acceleration and the value of P. ax 1on
“There is no vertical motion.

P=20N
Horizontally, there are two forces acting, 10N
and 4N, in opposite directions. Using F = ma
gives the equation of motion as:

0-4=2xa
a=3

The horizontal acceleration is 3ms~ and Pis 20N.

Example 6

Find, in vector form, the acceleration produced in a body of mass Skg
subject to forces (41 + )N and (- i + )N, Also state the magnitude and the
direction of the acceleration.

The resultant force acting is:
i) +(
Gi+ 2N

ives the equation of motion as:

Using ¥ = ma

The magnitude of

‘The acceleration produced is (}i+ 3j) ms™ its magnitude is 0.72m s
its direction makes an angle tan™! 3 with the unit vector 1

Exercise 34
1. In cach of the following situations a body is shown at rest under the
action of certain forces.
Find the magnitudes of the unknown forces X and .
X @ soN

SN 40N ¥

3
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2. Tn each of the following situations a body is shown m
constant velocity » under the action of certain forces.
‘magnitudes of the unknown forces X and Y.

) © @ -
N X X on
20N T ¥ v 0N
v 0N
0N SN

3. Find the acceleration produced when a body of mass Skg experiences a
resultant force of 1

4. Find the resultant force that would give a body of mass 3kg an
acceleration of 2m s,

5. A resultant force of 24N causes a body 1o accelerate at 3ms~2. Find the
mass of the

6. Find the acceleration produced when a body of mass 100g experiences a
resultant force of 5

7. Find, in vector form, the resultan force required to make # body of
mass 2kg accelerate at (Si+ 2)m s

8. Find, in vector form, the acceleration pvod\w«l in a body of mass 500g
subject to forces of (4 + 2j) N and ( ~

9. Find, in vector form, the acceleration pwdu«d in 4 body of mass 2kg
subject o forces of (21 = 3]+ 4k) N and (i+ 5+ 2k) N.

10. A car travels a distance of 24m whilst uniformly accelerating from rest

r
If the car has a mass of 600kg find the magnitude of the accelerating
foree.

11. A body of mass 500g experences resultant force of 3N. Find:
(@) the acceleration
©) the diance el lw the body whilst increasing its speed from
Tms "
12. Tn each of the following situations the forces acting on the body cause it
accelerate as indicated. Find the magnitude of the unknown forces X'
Y.

() © —»3mr?

X .
- e ox v
o
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[C —»2ms’ (© «—2ms? "
~ . 108 =

A car moves along a level road at a constant velocity of 22ms”
If its engine is exerting a forward force of 500 N, what resistance is the
car experiencing?

Acar of mass 500k moves along  levl road with an acceleration of
ms-

Fitsengine is exrtinga forward force of 1100, what resistance s the

car experiencing?

A van of mass 2 tonnes moves along a level road against resistances of

N.
IF its engine is exerting a forward force of 200N, find the acceleration
of th

Find the magnitude of the n:smmm fore e to ghe by of
mass 2kg an acceleration of (i —

. Find, in veetor form, the acceleration produced in a body of mass 500

when forces of (51 + 3 N, (61 + 4)) N and (~7i ~ 7)) N act on the body.

Forces of (10i + 2j)N and (ai + bj) N acting on a body of mass 500g
cause it to accelerate at (241 + 3j)m s . Find the constants a and b.

Forces of (ai + bj + ck) N and (2 — 3]+ K)N acting on a body of mass
2kg cause it (0 aceelerate at (41 + Kyms

Find the constants . b and c.

Fid the constant fores nesegsry 0 ccsleae . of mass 00
from rest (o 25ms~! in 125 if the resistance to motion

i . ) son

Find the constant force necessary to accelerate & car of mass 1000 kg
from 15ms~! 0 20ms " in 105 against resistances totalling 270N.

A train of mass 60 tonnes is travelling at 40m s when the brakes are
a

i{ibe resulant bmhnz force is 40kN, find the distance the train travels
before coming to

A train of mass 100 tonnes starts from rest at station A and accelerates
uniformly at 1m s~ until it attains a speed of 30ms-". It maintains this
speed for a further 90 and then the brakes are applied, producing a
resultant braking force of S0kN.

I the train comes to rest at station B, find the distance between the two
stations.
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Gravity and weight
As stated in Chapter 2, a body falling under gravity experiences an
acceleration of 9-8ms~>. From Newton’s Laws it is clear that this
acceleration must be caused by a force acting on the body. This force is
called the weight of the body.

Consider a stone, of mass 2kg, dropped from

the top of a cliff

It will fall with an acceleration of 9-8 ms. 98 mst

‘The force F which produces this acceleration is

given by:
F=2x9§

6N

A body of mass mkg has a weight of mig N.
Tt should be remembered that, although the value of g (the acceleration due
to gravity) has slightly different values at different places on the Earth's
surface, it should be taken as 98 s~ unless stated otherwise.

Example 7
Find:

(@) the weight in newtons of a box of mass Skg
(b) the mass of a stone of weight 294 N.

@ Skg ®)
=5x98 3
9N
294
mass = 5= 30kg
‘The weight of the box is 49N, ‘The mass of the stone is 30kg.

‘The difference betwoen the mass and the weight of  body is wel illustrated
by consdeing 70k penan o the Eathand the sams perion ou

- The acceleration due (0 gravity on the Moon is approximately
Yome

Eary Moon
0k ks
weight weight
=70195 =704 16
686N 2N

‘The person on the Moon has the same mass as they had on the Earth, but
their weight is far less. Consequently they feel lighter when on the Moon.
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Example 8
A box of mass Skg is lowered vertically by a rc
Find the fore i thefope when he bow i owered with an scceration
of4m
‘mass of box = Skg
weight of box = 5gN
The resultant vertial force on box is (5z - TIN
dowmwards. l‘ e
The downward force is required since this is the
direction in which motion is taking place.
Using F = ma gives the equation of motion as: SN
Sg-T=5x4
e
=2
The force in the rope is 29N,

Example 9

A pack of bricks of mass 100 kg is hoisted up the side of a house.
Find the foree in the g rope e the bricks are fed i an
acceleration of

mass of bricks = 100kg T
weight of bricks = 100gN

S I |

is (7'~ 100g) N.

(Upward force necded since motion is upward.)

100N
Using F = ma gives the equation of motion as:
~ 100g = 100 %}
=100g 25
= 1005N

“The force in the lifting rope is 100SN.

Exercise 38
Remember that ¢ should be taken as 9-8ms~2, unless otherwise stated.
1. Find the weight in newtons of a particie of mass 4kg.

2. Find the mass of a car of weight 4900N.

3. Find the weight, in newtons, of a particle of mass 100g.

a7
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4 lu each of the !olhwlllg situations, the forces acting on the body cause

accelerate as.
ln (ﬂ). (b) and (), l'md the magnitude of the unknown forces X and Y.
@ ® © i
¥ i X
e [5] fom (2] =
10g N 0N SN
In (d), (¢) and (f) find the mass m.
o Vo . i o Ix v
o oo ] ]
meN mgN
ln Ag?. () and o I‘nd the mngmmde of the acceleration a.
' e ax

FaEN

5. The diagram shows a body of mass 10kg attached (o a vertical string.
Find the force T in the string in cach of the following situations:
(@) the string raises the body with an acceleration of Sm s~
(b) the string lowers the body with an acceleration of Sm - E
(©)  the string raises the body at a constant velocity of Sms™
(d) the string lowers the body at a constant velocity of Sms~. 1N
6. A particle of mass 100g is attached to the lower end of a vertical string.
Find the force in the string when it raises the particle with an
acceleration of 12m s

7. A concrete block of mass 50kg is hoisted up the side of a building. Find
the force in the lifting rope when the block is lifted with an acceleration
of {ms.

8. A lift of mass 600kg is raised or lowered by means of a cable attached
0 its top. When carrying passengers, whose total mass is 400 kg. the lift
accelerates uniformly from rest 10 2ms”" over a distance of Sm. Find:

(@) the magnitude of the acceleration
() the tension in the cable if the motion takes place vertically upwards
(©) the tension in the cable if the motion takes place vertically downwards.
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9. The hot air balloon shown in the diagram, rises from the ground with 'y *
uniform aceeleration. After 10 the balloon has attained a height of

25m. If the total mass of the balloon and basket is 250 kg, find the

magnitude of the lifting force £.

H

A stone of mass 50 is dropped into some liguid and flls erically
through it with an acceleration of 5.

Find the foce of resstance acting on te sone.

At of mass 2k fulls from the roof of a building and hits the ground,
16:6m below, 2 later. Assuming the resistance experienced by the tle is
constant throughout the motion, find this resistance.

A miners’ cage of mass 420 kg contains thre tal mass
280kg. The cage s lowered from rest by a cable. For the first 10
seconds the cage accelerates uniformly and descends a distance of 75m.
Find the force in the cable during the first 10 seconds.

. A bucket has a mass of $ kg when empty and 15kg when full of water.
“The empty bucket is lowered into  well, at a constant acceleration of
5m s, by means of a rope. When full of water the bucket is raised at a
constant velocity of 2ms”"

Neglecting the weight of the rope, find the force in the rope:

(@) when lowering the empty bucket,

(b) when rasing the full bucket.

weight

Newton’s Third Law
“This law states that: Action and Reaction are equal and opposite.

‘This means that if two bodies A and B are in contact and exert forces on
each other, then the force exerted on B by A is equal in magnitude and
opposite in direction to the force exerted on A by B. The following examples
illustrate ts application.

ResN
Example 10

A box of mass Skg rests on a horizontal floar. The box exerts a force on the
floor and the floor “reacts” by exerting an equal and opposite force on the Rl
box. As the box is at rest, this force of reaction R must equal the weight of

the box, ie. R = SgN. The force R is called the normal reaction as it acts N

at right angles o the surfaces in contact.

v
Example 11 VAT
A bucket of mass 3kg hangs on a vertical rope which is also attached to a .

beam. The bucket exerts a force on the rope. so the rope exerts an cqual and
opposite force on the bucket. As the bucket s at rest, this force 7 must

cqual the weight of the bucket, ic. T'= 3gN. r
At the point where the rope is attached to the beam, the rope exerts a =]
downward force 7 on the beam. The beam exerts an cqual and opposite w
force T on the rope. The rope therefore experiences a stretching force T at

both ends. The force 7'i called the tension in the ro %
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Example 12

A granite sphere of mass M kg rests on top of a pillar. The sphere exerts a
force on the pillar and the pillar exerts an equal and opposite force T on the

sphere. As u.e sphere is at rest, 7 must equal the weight of the sphere,

ie.T=

‘The force T'is called the thrust in the pillar.

Example 13
A e pl il howg kv ond o  comstant
velocity I_
mm.l« is pulled forwards by the tension T'in the A
w bar.
T traer will exrtan equal and opposite force T on the car.

I the car is accelerating, then there must be a force acting on the trailer to
produce this acceleration, and this will be provided by the tension T'in the

On the other hand, when the car is slowing down, 50 also s the trailer. In

absence of brakes on the trailer, some force must act in the opposite
direction o the motion of the car and trailer. In this case the tow bar will
exert a thrust on both the car and the trailr.

Example 14

A person of mass 70kg stands on the floor of a lift which is accelerating
downwards at 2m s The person exerts a force on the floor and the floor
exerts an equal and opposite force R on the person. Thus the resultant im,x
downward vertical force on the person is (70g ~ R) and the equation of

motion for the person is:

=20

Tt should be noted that in this case the reaction R is not equal to the weight
of the persor

Connected particles
In the following examples the strings are all considered to be light and
inextensible.
Note also that, when a surface is said to be smooth, it s to be assumed that
the surfsc afersno esitane 0 the moron of body across .

ples of the real-lif
mnmmmny In pact, s do bave mass,they doextnd when inder
e However, by

lied

ity
casty. The vlidity of be checked
i with ing in real fif.
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Example IS

Consider a body of mass 3kg at rest on a smooth horizontal table. This
body is connected by a light string, which passes over a smooth pulley
at the edge of the table, to anather body of mass 2kg hanging freely.
As the pulley is smooth, the tension in the string on both sides of the
pulley will be the same.

The string i said 10 be light, o its weight can be ignored.

s inextensible, when the system is relcased from rest the

Il have equal accelerations along the line of the string.

‘The 3kg mass will not move in a vertical
direction, so the vertical forces acting on it must
balance.

R=3g
‘The horizont
Using F

I force acting on the 3kg mass is 7.
1a gives the equation of motion as:

Ul

‘The 2kg mass moves vertically downwards.

T=3xa

Using F = ma gives the equation of motion as:
%-T=2xa ..[2
Solving equations [1] and [2] simultancously gives

2=3a+2a

=i
he acceleration of both bodies is g m s~ along the line of the string; the
teasion in the string is ¢ N, obtained by substituting for a into equation [1].

Example 16

Particles of mass 4kg and 2kg are connected by a light string passing over a
smooth fixed pulley. The particles hang freely and are relcased from rest.
Find the acceleration of the two particles and the tension in the string. Let
the acceleration be a and the tension in the string be T,

Using F = ma gives:
for2kgmass: T-2¢=2xa  ..[1]
fordkgmass: dg-T=dxa .[2]

Adding equations [1] and [2] gives 2¢ = 62

a=}g and T=23¢

ind the tension as

Using g = 98ms~* gives the acceleration as 327m:
2N,
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Example 17

A body A rests on a smooth horizontal abie. Two bodies of mass 2 kg and
10 kg, hanging freely, are attached 10 A by strings which pass over smooth
pullys a the edges of the table. The two strings are taut. When the system
s released from rest, it accelerates at 2m s, Find the mass of A.

Let the mass of A be Mkg. The tensions in the two
strings will be differcat; fet them be 7 and T3

Using F = ma gives:

for2kgmass:  To-2g=2x2  ..[1
for A Ti-Ti=Mx2 .1
for 10kg mass:  10g— 7 =10 x 2 Bl

Adding equations 1], 2] and (3] gives:

8g=2M+24
M=272

‘The mass of the body A is 272 ke.

Force on pulley

It should be noted. in each of these examples, that there is a force acting on
each of the fixed pulleys duc (o the tension in the string passing around the
pulley. In Example 16 there is a downward force of 27 or 522N acting on

the fixed pulley, due 1o the string and the atiached loads.

Exercise 3C

1. A box of mass 10kg rests on a horizontal floor.
What is the reaction that the floor exerts on the box?

2. A yo-yo of mass 200g hangs at rest at the lower end of a vertical string.
What is the tension in the string?

3. Accat of mass 4kg sits on top of a vertical post. What is the thrust in the post?

The diagram shows a body of mass Skg hanging at rest at the end of 8  LXiyriiis.
light vertical string. The other end of the string is attached to a mass of |

2kg which in turn hangs at the end of another light vertical string.
Find the tension in each string.

A cube of mass 6kg rests on top of a horizontal table. A smaller cube
of mass 2kg is placed on top of the 6kg cul

Find the reaction between the two cubes and that between the larger
cube and the table.




6. The diagram shows a car of mass mi; pulling
& teailer of mass m; along a level road. The
engine of the car exerts a forward force F,
the tension in the tow bar is T and the
reactions at the ground for the car and the
trailer are R, and R; respectively. If the
acceleration of the car is a, write down the
equation of motion for:

() the system as a whole

(b) the car

(©) the trailer.

What can be said about Ry and R;?

7. Masses my and ms are connected by a light
inextensible string passing over a smooth
fixed pulley with m; > . The masses move
with acceleration a, as shown in the
diagram. If the tension in the string is T,
write down the equation of motion for
@ massm,  (b) mass m.

8. Mass m; lies on a smooth horizontal table
and has one end of a light inextensible string
attached to it. The string passes over a
smooth fixed pulley at the edge of the table
and carries a mass m; at its other end. Tis
the tension in the string. R is the reaction
between iy and the table, and the
acceleration a is as indicated in the diagram.
Write down the equation of motion for
(@) massm,  (b) mass m

9. The diagram shows masses . ms and m
connected by light inextensible strings such
that m; and ms hang vertically and m; lies
on a smooth horizontal surface. With
1y > s, the forces and accelerations are as
indicated in the diagram. Write down the
equation of motion for
(@) massmy,  (b) massmy,  (¢) mass m

Force and Newton's laws

5
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10. A man of mass m is in a lift of mass M. The

Jift ascends with uniform acceleration a, and T T
the tension in the cable is 7. The force of

reaction between the man and the floor of
the lift is R. Write down the equation of

Q Q
motion for
(a) the system as a whole (Fig. 1) /\Tf\ ﬂ\ T
) m #

(b) the it (Fig. 2
() the man (Fig. 3).

e & My
Fig. 1 Fig.2 Fig.3
Forces on man Forcescnlift  Forces on man

anglift

Alight inextensible string passes over a smooth fixed pulley and carries
freely hanging masses of 6kg and 4 kg at ts en
Find the acceleration of the system and the tension in the string.
Find the reaction between the floor of a lift and a passenger of mass
60kg when the lift descends with constant aceeleration of 1-3ms~2,
Find the reaction between the floor of a lift and a passenger of mass
60kg when the lift ascends with constant acceleration of 1-2ms 2
Alight inextensible string passes over a smooth fised pulley and carries
freely hanging masses of 800 g and 600, at its ends.
Find the acceleration of the system and the force on the pulley.
A car of mass 900kg tows a caravan of mass 700kg along a level road.
‘The engine ol‘ m= car exerts a forward force of 24N and there is no
fesistance (o X
Find the accleration prodced and the ension i th tow bar
Each of the following diagrams shows two freely hanging masses
connected by a light inextensible string passing over a smooth fixed
pulley. For cach system find

() the acceleration of the masses.

i) the magnitude of the tension 7,
(i) the magnitude of the tension ;. (Assume the pulley to be light.)
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17. Bodies of mass 6kg and 2kg are connected by a light inextensible string
which passes over a smooth fixed pulley. With the masses hanging
vertically, the system is released from rest.

Find the acceleration of the system and the distance moved by the 6kg
mass in the first 2 seconds of motio

Each of the following diagrams shows three bodies connected by light
inextensible strings passing over smooth pulleys. One mass lies on a
smooth horizontal suface and theother two mases hangfely. [neach
case the masses, pulleys and strings all li in the same vertical pla

With the strings taut, each system is released from rest.

Find the ensuing accelerations and the ten;

@

5

19. A body of mass 65 lies on a smooth horizontal table. A light
inextensible string runs from this body. over a smooth fixed pulley at
the edge of the table, to a body of mass S¢ hanging freely. With the
string taut, the system is released from rest. Find:

() the acceleration of the system

(b) the tension in the string

(©) the distance moved by the g mass in the first 2 seconds of motion.
(Assume that nothing impedes its motion in this time.)

20. The motion of a lft, when ascending from rest, s in three stages. First,

it aceelerates at 1 m s~ unti it reaches a certain velocity. It then

salotaias i velocityfo  priod of e, uher which it ow, with
retardation 1-2ms~, untl it comes to

i the reacion between th floor of he i and a pasenger,of mass
100kg, during each of these three stages.

A car of mass 900 kg tows a trailer of mass 600 kg by means of a rigid

tow bar. The car experiences a resistance of 200N and the trailer a

resistance of 300N,

If the car engine exerts a forward force of 3KN, find the tension in the

tow bar and the acceleration of the system.

If the engine is switched off and the brakes now apply a retarding force:

of 500N, what will be the retardation of the system, assuming the same

resistances appl

What will be the nature and magnitude of the force in the tow bar?

Exercise 3D Harder questions
1. Particles of mass m, and m (> my) are connected by a light
inextensible string passing over a smooth fixed pulley. The partickes
hang vertically and are released from rest. Show that
acceleration of the system is 2% 44 that the tension in the
g g
sring s
-
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2. A particle of mass m, lies on a smooth horizontal table and is connected
t0 & frocly hanging particle of mass /m; by a light inextensible string
assing over a smooth fixed pulley situated at the edge of the table.
Initially the system is at rest with 71, a distance d from the edge of the
table.

Show that the acceleration of the system is —"2%— and that the
{my +m)

2dim, +
time taken for m; to seach the edge of the table s \/_"' i)

g

3. The diagram shows the freely suspended particles A and C
connected by means of light inextensible strings and smooth
pulleys to particie B which lies on a smooth horizontal table.
If the masses of A, B and C are 3m, Im and dm respectively,
find the acceleration of the system and the tensions in
the strings.

-~ L —
V722222222223

4. A car of mass 800kg tows a trailer of mass 400 kg against resistances
totalling 600 N. The separate resistances on the car and the trailer are
proportional 1o their masses.

I the car accelerates at 1:25m s> along a level road, find:
(a) the forward force exerted by the engine
(b) the tension in the tow bar.

5. Two particies A and B are connected by a light inextensible string
passing over a smooth fixed pulley. The masses of A and B are & and
$m tespectively. With A and B hanging vertaly he syiem is released

from rest with particle A  distance d above th

1 time £ clapies before A his th floor, show. \hal a=

6. Alorry of mass 3 tonnes tows a trailer of mass 1 tonne along a level
road and accelerates uniformly from rest to 18ms~" in 24s. The
resistances on the lorry and trailer are proportional to their masses and
total 1200N. Find:

(a) the driving force cxerted by the engine of the lorry
(b) the tension in the tow

7. The diagram shows a light inextensible string passing over a smooth 22z
fixed pulley, and carrying a particle A at one end and particles B and C
at the other. The masses of A, B and C are 2, m and 2 respectively.
Find the acoelecation of the system when released from rest. !
After C has travelled S0cm it falls off and the system co
without it. Find:
(a) the velocity of B at the instant C falls off
(b) how much further B travels down before it starts to rise.
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8. A car of mass | tonne exerts a driving force of 2:SkN when pulling
trailer of mass 400 kg along a level road. The car and trailer start from
rest and travel 18 m in the first 65 of motion. If the resistances on the
car and trailer are 1000x N and 400x N respectively, find the value of
the constant x.
Particles of mass 600 g and 400 are connected by a light inextensible
string passing over  smooth fixed pulley. Initially both masses hang
vertically, 30 cm above the ground. If the system is released from rest,
find the greatest height reached above ground by the 400.g mass.
Particles of mass m; and any (my > m;) are connected by a light
inextensible string passing over a smooth fixed pulley. Initially both
masses hang vertically with mass ; at a height x above the floor. Show
that, if the system is released from rest, the mass /; will hit the floor
with speed

2ms
Y mm
(s = m)x

i+

X and the mass m; will rise a further distance

after this occurs.

Pulley systems

I the diagram, pulley A is fixed and pulley B may be raised by pulling
down the end X of the string. All the parts of the string not in contact
with the pulleys are vertical

For B to move upwards a distance X, a length 2x of string must pass over
the pulley A.

The distance between the pulley A and the end X of the string is therefore
increased by 2x.

Hence if B has an upward acceleration of a, then the end X of the string will
have a downward acceleration of 2a.

Example 18

In o pley s o, A i e iy and plle B s s of '

4kg. A load of mass Sk is attached to the free end of the

‘Asvaming the pullysto b smooth,th tesion troughout the sing

will be T"as shown. When the system is released from rest, let the

upward acceleration of B be a. The downward acceleration of the

Skg mass will then be 2a

Using F = ma gives:

for Skgload:  Sg—

for pulley B: 27— 4

Solving these equations and substituting ¢ = 9.8 ms
4=245 and T=245

Pulley B has an upward acceleration of 245m s, the Skg mass has a

downward acceleration of 49m -2, and the tension in the string is 24:SN. N

we obtain:
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In the pulley system shown, A and B are fixed pulleys and C is a moveable
pulley. When the ends, X and Y, of the string move down distances x and
respectively, the length of the string between A and B is shortened by
(x+). Pulley C will therefore move up a distance }(x+ ).

[

Hence, if the downward accelerations of X and Y are a; and as, the upward
acceleration of C will be 4(@, +ay).

Example 19

A pulley system has oads of 6 kg and 3kg at the ends of the
string, and the moveable pulley has a mass of 2kg as shown.
Assuming the pulleys to be smooth, find the acceleration of
pulley C.

Let the accelerations of the loads be a, and a;. The

acceleration of the pulley C will be 4(a) -+ ) in the opposite
direction. The tension of the string will be T throughout.

Using F = ma gives
for 6kg load:
for 3kg load:

forpully C: 2T-2¢=2x4(@ +a) ...[3]

From [1] and [2] 3
and from [2) and [3]

6a) - 3a;
Tay+ @

Hence

Upward acceleration of C
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Example 20
‘When a light pulley A is suspended from a fixed pulley. we have to consider
relative accelerations. In the system shown, if the 3kg load ascends with an
acceleration ay, the pulley A descends with an acceleration ay
Suppose the accelerations of the 2kg and 6 kg loads, relative to
pulley A, are a; upwards and a; downwards respectively

‘The actual accelerations of these loads will then be (a; ~ ) upwards
and (@; + a;) downwards respectively. Find these accelerations.

Let the tensions in the two strings be T, and 7.
Assuming the pulley A 0 be weightless and
using F = ma, we obtain:

for 3kg load: |
for pulley A: .2
for 6kg load: 6g— T2 =6 x (@ +a) B
for 2kgload: T3~ 2g =2 (ay 1) S]
Now eliminate T, and T; from these equations.

[3] and [4] give g =Setda, 5]
1]+ [21+203] gives 9= 124, + 15a, 16}

Solving 5] and [6] simultancousy ives

o=t

The 3kg load accelerates upwards at } gms

Acceleration of 6kg load

_
=35 downwards.
Acceleration of 2kg load = a;

a

The 6kg load has a downward acceleration of 3 gm s and the 2kg load
remains stationary.

Exercise 3E

In this exercise all pulleys are smooth. all strings are light and inextensible,
and all those parts of the strings not in contact with the pulleys are vertical.

1. A string. with one end fixed, passes under a
moveable pulley of mass 2kg, over a fixed
pulley and carries a kg mass at ts other
end (see diagram).

Find the acceleration of(hc moveable pulley
and the tension in the stri
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2. A string has a load of mass 2kg attached to
one end. The string passes over a fixed
pulley, under a moveable pulley of mass
6kg. over another fixed pulley and has a
Toad of mass 3kg attached to its other end.
Find the acceleration of the moveable pulley
and the tension in the string.

The diagram shows a fixed pulley carrying a
string which has a mass of 4kg attached at
one end and a light pulley A attached at the
other. Another string passes over pulley A
and carries a mass of 3kg at one end and a
mass of 1 kg at the other end. Find:

(a) the aceeleration of pulley A

(b) the acceleration of the kg, 3kg and

kg masses
(©) the tensions in the strings.

3k

4. A fixed pulley carries a string which has 4 load of mass 7kg attached to
one end and a light puiley attached 10 the other end. This light pulley
carries another string which has a load of mass 4kg at one end, and
another load of mass 2kg at the other end.

Find the acceleration of the 4 kg mass and the tensions in the strings.

5. A string, with one end fixed, passes under a moveable pulley of mass
8kg, and over a fixed pulley; the string carries a 5 kg mass at its other

Find the aceeleration of the kg mass and the tension in the string.

6. A siring, carrying a particle A at one end, passes over a fixed pulicy and
has a light pulley attached to its other end. Over this light pulley runs
another string carrying particle B at one end and particle C at the other.
‘The masses of A, B and C are 31, 2m and m respectively.

Find the acceleration of A and the tensions in the strings.

7. A string, with one end fixed, passes under a moveable pulley of mass
m, over a fixed pulley, and carries a mass m at its other end. With the
system released from rest. show that the tension in the string is

IS ang tha, after time 1, the moveable pulley has moved a distance
m

2 Cm —m)
2Admy +my)
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8. A string, with a particle A attached to one end passes over a fixed
pulley, under a moveable pulley B, over another fixed pulley, and has a
porticle Cstiachedto m other end. The masses of A, B and C are 3m,
4m and 4m respectivel
Find the accceraton of A and the ension i the g

9. In the pulley system shown in the diagram,
Ais a heavy pulley which is free to move.
Find the mass of pulley A if it does not
‘move upwards or downwards when the
system is released from rest.

10. Tn the pulley system shown in the diagram.
the pulley A is free to move.
Find the mass of the load B if, when the
system s released from rest, pulley A does
not move upwards or downwards.

Exercise 3F Examination questions

(Unless otherwse indicated take g = 9-8m s~ in this exerci

)

1. A ship of mass 107 kg is travelling at 2m s~ when its engines are
switched off. As a consequence the ship's speed s reduced o 1-5ms
in a distance of 100 m. Assuming that the resistance to the ship’s motion
is uniform, calculate the magnitude of this resistance. (UCLES)

2. A particle of mass 2kg moves under the action of a constant force
Qi+ 4)N. At time 7 = 0 the partice is stationary and at the point with
position vector (2 + 5j)m. Find the position vector of the particle at
time ¢ = 3 seconds. (AEB 1994)

3 Forees 4~ 2)N and 1+ 4) N are appid t 3 small body of m
2kg. Uni mutually pespendicalar. Al othr forees on
he hody are i cquilibrium.
(@) Find in terms of | and
(i) the resultant force acting on the body:
(i) the acceleration of the bod:
mitially the position vector of the body is (21 — J)m and its initial
velocity is (4i + 3j)ms~'.
(i) Show that after 1 seconds, the poition vector of he body is
(2 +4+ 2)i + (1 + 3¢ — 1)]  metr
(@) Find the mi o wicnthe body's positon vetor i ia e
me direction as its acceleration. (UODLE)
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4. Alft travels vertically upwards from rest at floor A to rest at floor 8,
which is 20m above A, in three stages as follows. At first the lift
accelerates from rest at 4 at 2ms = for 2s. It then travels at a constant
speed and finally it decelerates uniformly, coming to rest at B after a
total time of 615, Sketch the (¢, v) graph for this motion. and find the
magnitude of the constant deceleration.

The mass of the lift and its contents is 00 kg. Find the tension in the
lift cable during the stage of the motion when the lft i accelerating
upwards. (UCLES Spec)

5. A lift of mass 950kg is carrying 2 woman of mass S0kg.

(@) Thelift is ascending at a uniform speed. Calculate:
() the tension in the lift cable;
(ii) the vertical force exerted on the woman by the floor of the lit
(b) Sometime later the lft is ascending with a downward acceleration of
2ms~. Calculate:
) the tension in the lft cable;
(i) the vertical force exerted on the woman by the floor of the lift.

(UODLE)
6. A light string passes over a pulley and has 2
ies of masses 2kg and 3k attached to
its ends. The system is released from rest
the position shown in the diagram. Find the
tension in the string while the bodies are
mov
State any two assumptions necessary for .
your method to be valid.
2k
(UCLES)
7. Tuo partiie of masses 4m and 6m respectively are nlmchcd oneto
end of a fight inextensible string. The string passes over a small
Snooth puley and the partcesar relcased (o ret ith he srng

vertical and taut. Find. in terms of m and g, the tension in the string
during the subsequent motion. (WIEC)

8. (Take g = 10m s in this question.) X
The diagram shows a particle P of mass 0-5kg on a smooth
horizontal table. P is connected to another particle 0, of mass
1:5kg, by a taut light inextensible string which passes over a small
fixed smooth pulley at the edge of the table. Q hanging vertically
below the pulley. A horizontal force of magnitude ¥ N acts on P

(i) Given that the system is in equilibrium, find X.

(i) Given that X = 12, find the distance travelled by @ in the first two.
seconds of its motion following the release of the system from rest.
You may assume that P does not reach the pulley in this time.

(UCLES)
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‘The figure shows a block B of mass Skg lying on a smooth table. Tt is
connected 10 blocks A of mass 6kg and C of mass 3kg, which are
hanging over the edges of the table, by light inextensible strings running
over smooth pulleys. Initially the system is held at rest. After being
released, the tension (in newtons) in the string joining A and B is P and
the tension (in newtons) in the string joining # and C is
‘magnitude of the acceleration of each block is a ms-~, write down three
equations connecting a with P or © (or both) and hence caleulate ¢, P
and

Calat the e taken by 4 0 esnd 60cm o ret, sumingtat
B remains on the table and C remains hanging during this
(OCSEB)

A car, of mass M kilograms, is pulling a trailer, of mass £ kilograms,
along a straight horizontal roud. The tow-bar connecting the car and
the trailer is horizontal and of negligible mass. The resistive forces
acting on the car and tra constant and of magnitude 300N and
200N respectively. At the instant when the car has an acceleration of

‘magnitude 0-3m s, the tractive force has magnitude 2000 N.
Show that
MG+ 1) = 5000.

Given that the tension in the tow-bar is 500 N at this same instant, find
the value of M and the value of J. (ULEAC)




4 Resultants and components of forces

In the last chapter we considered horizontal and vertical forees acting on
bodies. Howeser, not all forces act in these: duw tions, and we must
therefore consider forces acting in any directio

Resultant of two forces

The resultant R of two forces 2 and Q is that single force which could
‘completely take the place of the two forces. The resultant R must have the
same eflect as the two forces 2 and Q.

When only parallel forces are involved, i s casy to find the resultant.
For example

SN o
the forces :]:u_ could be replaced by D_.n.\
the forees 3Ne—{ 5N could be replaced by [ 2%

Parallelogram of forces

Two forces P and Q are represented by the line scgments AB and AD.

v o c

DL—-‘——— OE

A p o b pa—
The parallelogram ABCD is completed by drawing BC and DC.
To find the resultant of the forces P and Q, we have to consider:

AB +AD
But AD = BC, as these are cquivalent vectors.

AB+AD = AB + BC

=AC

Hence the resultant of the two forces P and Q. which are represented hy the
line segments AB and AD, is fully represented by the line segment AC. This

is the diagonal AC of the parallelogram ABCD, which is therefore referred
toas a parallelogram of forces,



Resultants and components of forces

Example 1

Find, by scale drawing, the magnitude of the resultant of the two forces
shown in the sketch. Find also the angle that the resultant makes with the
arger force.

Construct parallelogram ABCD with AB = Scm, AD = Scm and angle
DAB = 50°.

D c

A 3 8

By measurement, AC = 11-9cm and angle CAB = 19
The resultant is 11-9N and makes an angle of 19° with the larger force.

it should be noted that, in the last example, the magnitude and direction of
the resultant could have been obtained by considering the triangle Al
rather than the whole parallelogram. Thus the resultant of two forces, which
represented in magnitude and dircction by the sides AB and BC of the
triangle ABC, is fully represented by the side AC of the triangic.
; Note that the forces to be

®
HiwA 18 added are in the same
0 ABHBC=AC fenge around the triangle,
in this case, anticlockwise.
Iy v B

From this triangle we can find the resultant, cither by a scale drawing or by
calculation.

Example 2

Find the magnitude of the resultant of the forces shown in the skeich, and
the angle that the resultant makes with the larger force

By scale drawing

Construct triangle ABC with AB = 7em, BC = 4em and angle
ABC = 180°-25" = 155

By measurement i ™
= 108cm and angle CAB =
“The resultant is 10-8 N making an angle of 9" with the larger force.

5N
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By calculation X

T Vg
First, make  rough sketch. N

By the cosine rule 447 -2%4 %7 cos 155°

=16+49+56 cos 25 since cos 155 = ~cos 25°
=65+5075
R=1075N

By the sine rule

4sin 155°
1075

3 2=905
The resultant is 10-8 N making an angle of 905" with the larger force.

Angle between forces

In examples where a diagram is not given, it is necessary (o interpret
carefully the directions of the given forces.

If the angle between the forces is given as 35°, this should be interpreted as
shown in the diagram. :
&

If it is stated that two forces act away from the point X and make an angle
of 65" with each other, this should be interpreted as shown in the diagram.

o5
X

Example 3

Two forces of 7N and 24N act away from the point A and make an angle

of 90" with each other. Find the magnitude and direstion of their resultant.

First make a rough sketch. o c

By SN ™

From wiangle ABC: & = 7+ 24* (Pythagoras)
R=6s5 . !
R=25N N

and nz=g

2= 1626

‘The resultant is 25N making an angle of 16:26° with the 24N force.
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Example 4
Find the angle between a force of 7N and a force of 4 N if their resultant
has a magnitude of 9N.

c
First make a rough sketch. 7
From trangle ABC, using the cosne rul, we obtain: |
P =74 -2xTxdcosx
=y b et
B

2x7%4 A ™

0660
50° ~ 106:60°
3.40°

‘The angle between the given forces is 7340°.

Resultant of any number of forces

1t ks tht e reilun & of syt foves Pasd @ an b
found by constructing the triangle show

3 3
This method can be extended (o find the resultant of any aumber of forces
Consider the forces P, 0, S,

“The forces P and Q can be combined and the resultant R, of these two forces
can be then combined with the force S to find the resultant Ry, and s0 on.
Instead of drawing separate triangles, the forces can simply be added,
paying due regard to their direction, and will form a polygon.

“Thus to find the resultant R of the forces P, Q and S shown below, make an
accurate scale drawing with the forces to be added following
sense around the figure:

o
:
I3
\Z_ |
s
’ A B

‘The line segment AD will then completely represent the resultant &.

6
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Example 5

Forces of 6N, 3N and 4N act as shown in the diagram. Find graphically
the magnitude and the direction of the resultant of these forces.

o
" o
!
| <
}!N
ﬂd’l b
AN ¢ N

1 E
!
!
| B A
i s

Aline AB is drawn 6em in length and parallel 1o the force of 6N.
Aline BC is drawn 3 cm in length and paralle to the force of 3N.
Aline CD is drawn 4cm in length and parallcl to the force of 4N.

Care is needed to ensure that each line is drawn in the correct direction. ic.
in the same direction as the force the line represents, and that the forces
follow in the same sense around the polygon.

‘The polygon is completed by drawing the line AD which will represent the
resultant in magnitude and direction.

By measurcment,  AD = 47cm and angle DAB = 49°
‘The resultant is 47N and makes an angle of 49° with the x-axis.

Example 6

o forcs of SN and §N st away from the poi A and make an angeof
40° with each other. Find the angle which the resultant makes with the
larger force.

Make a rough sketch and complete the parallclogram ABCD.

Note that, in this case, the magnitude of the
resultant is not required.

Let N be the foot of the perpendicular from C to AB produced.

From the triangle BCN: BN=5cos40°  CN = Ssin 40
: 5 sin 40
From the triangle ACN:  tan z = AN by n BN See @

2= 1520°
‘The angle between the resultant and the larger force is 15.20°.

‘The angle 2 could have been found by first finding the magnitude of the
resultant, and then using the sine rule in triangle ABC. The method of
Example 6 avoids crrors which could arise due to the incorrect
determination of the resultant.
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Exercise 44

1. In each of the following diagrams, two forces are shown. Find, by scale
drawing. the magnitude of their resultant and the angle it makes with
the larger of the two forces.

@ ® © 5N

\ e

2. In cach of the following diagrams, two forces are shown. Find, by
calculation, the magnitude of their resultant and the angle it makes with

the larger of the two forces.
)
I:'—”h
L—.u JNJ X
© o ®on
an
N
R

3. Find the magnitude and direction of the resultant of forces of § N and
3N if the angle between the two forces is:
(@) 60
(b) 50
(© 160°.

@

4. Forces of 3N and 2N act along OA and OB respectively, the direction
of the forces being indicated by the order of the letters. If AOB = 150°,
find the magnitude of the resultant of the two forces and the angle it
makes with OA.

5. Forces of 6 N and 4N act along OA and BO respectively,the direction
of the forces being indicated by the order of the letters. If AOB.
i the magniud of the resulant o (h o forees and the angl t
‘makes with OA,

6. Find the angle between a force of 6N and a force of SN given that their
resultant has magnitude 9 N,

7. Find the angle between a force of 10N and a foree of 4N given that
their resultant has magnitude 8 N

8. The angle between a force of 6N and a force of X N is 90°.
If the resultant of the two forces has magnitude 8 N, find the value of X.

@®
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9. A foree F N acts along AB and a force 2F N acts along AC.
1f BAC = 60", find the magnitude of the resultant and the angle it
makes with AB.
0. The angle between a force of P N and a force of 3N is
I the resultant of the two forces has magnitude 7N, find the value of P.
‘The angle between a force of QN and a force of N is
I the resultant of the two forces has magnitude 15N find the value of 0.
. Each of the following diagrams shows a number of forces. Find. by
scale drawing, the magnitude of their resultant and the angle it makes
with the x-axis.

@ 4 on ® ‘: © "
! |
| i

i

a N N
N
LA, SN A
H N <L T
| A N\,
i ! andieN
| 200 {200

| i
13. Find, by drawing, the magnitude and direction of the resultant of forces
SN. 6N, 3N and I N in directions north, north-east, south-west and

west respectively
14. Find, by drawing, the magnitude and direction of the resultant of forces
SN, 7N, 6N and 4N acting in directions 030', 100°, 200" and 310

respectivel
15, ABCD is a square. Forces of 4N, 3N, 2N and SN act along the sides
AB, BC, CD and AD respectively, in the directions indicated by the
order of the letters.

Find, by drawiag, the magaitde of theseulantsnd theangle 4 ks
with A

ABC is an equilateral triangle. Forces of 4N, 4N and 6N act along the
sides AB, BC and AC respectively, in the directions indicated by the
order of the letters.

Find. by drawing, the magnitude of the resultant and the angle it makes
with AB.

A concrete block is pulled by two horizontal ropes. One rope has a
tension of S00N and is in a direction 050° and the other rope has a
oo of 0N and 1 dircton 390

Find the magnitude and direction of the resultant pull on the block.

A body of mass Skg is being raised by forces of 75N and SON as
shown in the diagram. Find, by drawing, the magnitude of the resultant
of the three forces acting on the body, and find the angle this resultant
makes with the upward vertical

Two forces have magnitudes 2 and Q and the angle between them is 0.
If the resultant of these two forces has magnitude R, and makes an
angle & with the force P, show ths

7

3

H

3

3 m Py Qsin 0
2 2 0 b) o= 2900
@ R =P 40 +2PQ cos ® u FtQoosd

IfP = Qand 6= 40°, find x.
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Components

It has been seen that two forces can be combined into a single force which is
called their resultant.

There s the reverse process which consists of expressing a single force in
terms of ts two camponents. These components are sometimes referred o as
the resolved parts of the force.

Itis particularly useful to find two mutually perpendicular components of a

force.
“The direction of the two componeats may, for example, be horizontal and
vertical, or parallel and at right angles to the surface of an inclined plane.
Definition
“The component of the force F in any given direction is a measure of the
effect of the force F in that direction.
Suppose e foce £ acts at an angle 0 0 the i s shown i the
diagram. Let ON represent the force F and the 90°. Then OX
and OY revr:wnl the horizontal and vertical mmpcncnl: nfi‘ along the
xand  ax
But OX = ON cos BOX and OY = ON cos NOY

= ON cos = ON cos (90 - 6)
Fcos. R ON sin @

= Fsin 6

Hence the components are F cos 6 and F sin 0 along the x and  axes
respectivly.
‘The rule for finding the components may be stated as
‘The component of a force in any direction is the product of the
‘magnitude of the force and the cosine of the angle between the force
and the required direction.
‘The components in two mutually perpendicular directions are then always
Fcos 0.and F cos (90 ~ 0) or as these are more usually written: F cos 0 and
Fsin0.
Itis important to remember that, when a force F has been resolved into its
somponeats in two mustally perpendiclr dincion, e Fuoe Pisthe
resultant of these two component
Example 7
Findthe componentsofthe gven forecs inthe direstion of
(i) the x-axi
i) the y-anis.

X cos 35
10N

(@) ) component along the x-axis

(ii) component along the y-axis =

s (90° - 357)
cos 55° or § sin 35°
TN
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(b) () component along the x-axis = 15 x cos 0' ®
5%

(i) component along the y-axis

Itis seen in this last case that the component in the dircction of the y-axis is
2r0- This agrees with our cxprincethat a orc basno effect i  dietion

2 ght angie o sl of aton. Sincethe fore ats along he i,

component in that direction will be equal to the whole force. 1SN.

Example 8

Express each of the following forces in the form (ai + bj).

@ " Remembering that i and j arc the unit vectors in the
directions of the x-axis and j-axis respectively,
we obtain

(@) component along x-axis
component along y-axis
Form required: (19:3i + 5:1j)N.

193
518

() v

(b) component along x-axis = ~ 10 cos 42° = ~7:43
6

i component along 3-axis = 10 sin 42
| Form required: (~743i +669)) N.
N

Example 9

A body of mass 4kg rests on an incline of 35°. Find the
‘component of the weight of the body in each of the directions:
(i) down the plane

(i) at right angles to the plane

(i) component down the plane
x cos l;\ng]c bemen force and planc)

N

g o 35
(ii) component at right angles to plane
cos 35°

4N

= 4g cos 35" in the direction shown in the diagram
321N
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Example 10
Find the sum of the components of the given forces in the direction of:
@) the x-axis (i) the y-axis.

(i) Resolving along the x-axis gives us:
10 cos 40° — 20 cos 70° = 7-66 - 684

(i) Resolving along the y-axis gives us:
10 sin 40° + 20 sin 70° = 643 + 1879
=252N

‘This example illustrates that when there are a number of forces acting, their
componcals i o perticlar disction can b added togeber due rgard
g given to the directions of the components

Exercise 48

1. For each of the forces shown below, find the components in the direction of:
() the x-axis and (i) the y-axis.

@ 7 [CI © o
ox |
N 108 |
& WPN
T g + g
i
i
i |
@ v © WiN [CIS N
i
1
1
oo 1Ae
-1 g ! T
G
i
i i
Y
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@ ¥ [}

10N

3. Each of the following diagrams shows a body of weight 10N on an
incline. In each case find the component of the weight of the body:
() in the Ox dircction and (i) in the Oy direction.

@ Lt ©
A S
<
" 3
o
5
1ox ox
10N ) .
o w0 s
@ », A

®
vl
/
0.

[C] J‘«N
s
ox
ox
\%\ X

4. For each of the following systems of forces, find the sum of the
components 3
() the x-axis and (i) the y-axis.

®)

@

!
|
|
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5. For each of the following systems of forces, find the sum of the components:
@) in the Ox direction and (i) in the Oy direction.

@ Y o By,
N
N
"o A
5
0N
0N
© G
>
198 nyIN o,

Resultant from sum of components
A number of forces, all of which lie in one plane, are said t0 be coplanar.
I a given system of coplanar forees, it is possible to choose two mutually
‘perpendicalar directions and find the components of all the forces in these
two diecion. By iding the algsbicwam of thae compoucas the

resultant of the system can be found in both magnitude and direct

1 the forces are expressed in terms of the unit vectors § and j, the
components of the forces are immediately known.
Example 11

Find the resultant of the following forces, giving the answer in the form
ai+bj

Qi+ 4N, (5~ T)N and (-2 - )N,
resultant =i+ 45+ Si— -2~
=@ 4N

If the magnitude of the resultant is required:
magnitude = /(5 +4) = V4l = 640N
‘The direction is given by tan a = 4 where  is the angle below the x-axis.
38.6°, 0 the angle with the x-axis is ~38.66°
The resultant is (5§ — 4)) N at an angle of 38:66° below the

Hence




76 Understanding mechanics: chapter 4

Example 12

Find the resultant of the given forces, by finding the components of the
forces in the direction of the x and y axes.

components in direction of x-axis
= 83 cos 30° - 3y/2 cos 45
V3 !
=8y3x L -3y2x—
V3 x4 3v2x v

components in direction of y-axis
= 8y3sin 307+ 3y2 sin 45° - 23
=8Y3xt43y2x ﬁ 23
=@y3+IN
R =9 4Qy3+3
R= 111N and the direction is at an angle 2 to the x-axis, where:

_2/3+3
fan 2 = 2V

2= 3569°

The resultant is 11-1 N at an angle of 35.69° above the x-axis

Example 13

ABCD is a rectangle. Forces of 9N, 8 N and 3N act along the lines DC, CB

and BA respectively, in the directions indicated by the order of the letters.
Find the magnitude of the resultant and the angle it makes with DC.

Draw a diagram showing the forces.

Resolving parallel to DC gives horizontal component [ N
B
Drawing a diagram to show the two components ox
the direction is scen to be given by: B
anz=}
2= 5315 2
SN

The resultant is 10N making an angle 5313° with DC.
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Exercise 4C

1. Find the resultant of each of the following sets of forces giving your

)N

#2N, SN,

r-n (2I¢AJIN shN MH"])]\ TN,

Find the resultant of each of the following sets of forces giving your

answers in the form ai + 4j +

() Qi+ 3+ 3N, @i+4f- SN

®) (i— 4+ HN, (5i-2j+ 80N, (-KN

(© Qi+3-TON, @+SKN, Gi+4N.

The reuhant of the forces (51~ )N, (1-+4DN. (ab+ EDN and

(=3 + 2N is a force (5i + SHN.

Find a and b.

4. The resultant of the forces (Si + Tj) N, (di +bj)N and (5 - ah N isa
force (114 5N,

Find a and b

‘The resultant of the forces (i~ 2

s (84 + 14N,

Find a, band c.

Find the magnitude of the force (41 + 3) N and the angle it makes with

the direction o

Find the magnitude of the force (~2i + 4))N and the angle it makes

with the direction of i.

Find the magnitude of the force (3i + 4] — Sk)N and determine the

angle it makes with the direction of i

Find the magnitude of the resultant of each of the following sets of forces.

and state the angle that this resultant makes with the direction of i

@ Qi+3N, GI-2N, (3+3PN

(b) (<24 SN, (+2)N

© @+3)N, (1= SN

@ Qi+4N, (~6i- PN, Qi+DN.

Find the magnitude of the resultant of the following set of forces and

detesmine the angle this resultant makes with the direction of k:

Gi+i-KN 4+ 40N Gi+]+ KN,

For each of the fllwing sviems offrces fnd e comlant i the

form ai + bj. Hence find the magnitude of the resultant and the angle it

makes with the v,

@ Ton ®

»

w

)+ 2ak)N, (2i+j+4K)

(bi+ 2N

AN ©

k4
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12. A sledge is being pulled across a horizontal surface by forces of
(6i+ 2N and (4 — 3))N. What is the magnitude of the resultant puli
on the sledge and what angle does this resultant make with the dircction
of i?

13. Find, by calculation, the resultant of forces of SN, 7N, 8N and SN
acting in directions north, north-¢ast, west and north-west respectively,
giving your answer in the form ai + bj. (Take § as & unit vector due east
and jas & unit vector due north.)

4. Find by calclaion, the uaritde aad dirction of the rsubant of

10N, 15N and §N acting in directions 030°, 150° and 225°
mp.ﬂmly

15. ABCD is a rectangle. Forces of 3N, 4N and I N act along AB, BC and
DC respectively, in the directions indicated by the order of the letters
By resolving in two mutually perpendicular directions find the
magnitude of the resultant and the angle it makes with AB.

16. ABCD is a rectangle. Forces of 6,/3N, 2N and 4y/3N act along AB,
CB and CD respectively, in the directions indicated by the order of the
letters.

By resolving in two mutually perpendicular directions find the
magnitude of the resultant and the angle it makes with AB.

17. ABCD is a rectangle. Forces of $N, 4N, 10N and 2N act along AB,
CB, CD and AD respectively, in the directions indicated by the order of
the letters,

Find the magnitude and direction of the resultant.

18. ABC is an cquilateral triangle. Forces of 12N, 10N and 10N act along
AB, BC and CA respectively, the direction of the forces being indicated
by the order of the letters.

Find the magnitude and direction of the resultant.

19. ABCD is a rectangle with AB = 4m and BC = 3m. Forces of 3N, IN
and 10N act along AB, DC and AC respectively, in the directions

indicated by the order of the letters.

Find the magnitude and direction of the resuitant.

20. ABC s an equilateral triangle. Forces of 10N act along AB, BC and
AC in the directions indicated by the order of the letters
Find the magnitude of the resultant and the angle it makes with AB.

Exercise 4D Examination Questions

1. v of 60°, and act on an object. Find the
magnitude of the resultant P+ Q.
(UCLES)

2. Forces of SN, 9N, 7N act along the sides
AB, BC, CA respectively of an cquilateral
triangle ABC in the directions indicated by

Two forces Pand Q. cach of magnitude the order of the letters. Find their resultant

100N, are inclined to cach other at an angle in magnitude and direction. (susB)

Q



N
Forces of magnitude 3N, 6N and 2N actat
4 point as shown in the above diagram.
Given that 0 = 60, show that the
component of the resultant force in the i
direction is zero. Calculate the magnitude of
the resultant force and state it dircction.
(UCLES)
Two forces (3 + 2))N and (~5i+ )N act at
4 point. Find the magnitude of the resultant
of these forces and determine the angle
which the resultant makes with the unit
vector i. (AEB 1990)
v

PiQ

o

A particle i frec to move on a horizontal
table. It is acted on by constant forces P and

Resultants and components of forces 79

Q. The force P has magnitude SN and acts
due north. The resuitant P+Q has
magnitude 9N and acts in the direction
060°. Calculate the magnitude and direction
ore Q (UCLES)

‘Two forces, P and Q. are such that the sum
of their magnitudes is 45 N. The resultant of
Pand Q is perpendicular to P and has a
magnitude of 15N. Calculate
(i) the magnitude of P and of
(i) the angle between P and Q

(UCLES)

A force F has magnitude SON and acts in
the direction of the vector 241 + 7}, Show
that F = (481 + 14N,

Two forces F; and F; have magnitudes 2N
and fN and act in the directions | — 2j and
4i+ 3] respectively. Given that the resultant
of F, and F is F, show that 2 = 8y/5 and
find f. (AEB 1993)

Two forces, PN and QN, are inclined at an

angle 6 to each other. When P = v/I2 an

© =2, the resultant has the same magnitude,
RN, g the et i the cxc

P=

Findthe vausof '3 of 2.

(UCLES)



5 and under forces

In Chapter 3 it was found that:
@) if a body is not moving, then the resultant force acting in any direction
(i) if a body is accelerating, then the relationship F = ma applies.

In this chapter these facts are now used, together with the skills of
combining and resolving forces which were acquired in Chapter 4.

Terminology

Particle. A particle s that portion of matter which is so small in size that
the distance between its extremities may be neglected.

Rigid body. A rigid body is, on the other hand, one in which the distances.
between its various parts are not negligible, and these distances remain
fixed.

Egquiliprism. A state of equilibrium is said to exist when two or more forces
act upon a particle, or upon a rigid body, and motion does not take place.

Triangle of forces

It has already been scen in Chapter 4 that the resultant of two forces, acting
ata point, can be found both graphically and by calculation.

‘The two forces P and Q are represented by the line segments AB and AD
and the parallelogram ABCD is completed. The diagonal AC then fully
represents, in magnitude and direction, the resultant R of the two forces P
and Q.

Thus AB + AD

¢
AB 4 BC=AC since AD and BC are
equivalent vectors
AB+BC-AC=0
ie. PrO-R=

Hence, if R is the resultant of the forces P and . then —R added to the
forces P and Q will produce equilibrium.

‘This means that, if thre forces acting at & point can be represented by the
sides of a triangle, and the forces all act in the same sense around the
triangle, then these forces are in equilibrium.
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‘The triangle DEF, shown below, is said to be a triangle of forces for the
three forces X, ¥ and Z.

y ¥
2 v
x
z o X
‘The significance of the different directions of the arrows on the side AC in
the diagrams below should be carefully noted.

One force the resultant of two forces: Three forces in equilibrius

AB +BC = AC AB+BC+CA=0

The converse of the triangle of forces is also true:

If three forces acting at a point are in equilibrium, they can be represented
by the sides of a triangle.

Tt should be carcfully noted that the dirctions of the forces must hc pdr:lllel
10 the sides of the triangle, and such that the arrows on the sides

triangle indicating the directions of the forces are all in the same sense.

Example 1

Given that the three forces shown in the diagram
are in equilibrium, find, by scale drawing, the
magnitude of § and 0.

Draw a line OA, 6cm in length, parallel to
the 6N force.

Draw a line AB, 2 Sem in length, paralil
10 the 25N force. Join BO.

By measurement BO = 65 cm and 5

angle AOB = 23°.

‘The force Sis 65N and 0= 23", s

u will be noted that this involves the same 5N
was used in Chapter 4 to find

Toeremiant of o forees.
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Polygon of forces

‘The resultant of a number of forces has already been found by extending the
idea of drawing a triangle (o that of drawing & polygon.

In the same way, given that a number of forces are in equilibrium, we can
extend the idea of a triangle of forces to that of  polygon of forces

Example 2

The forces shown in the diagram are known to be in +

equiibrium. By drawing a polygon of forces, find the |

‘magnitudes of S and . o N .

‘The polygon can be constructed N T

in various ways.

“The line AB is drawn pasallel to !
the 2N force and 2 units in length;
BC is drawn 4 units in length and
parallel to the 4N force; CD is
dravn 3 nis i engh and parall
t0 the 3N force; DE is dras
§anits inlengih and paralel 1o the
N force. The line EA then

force 5.
Alternatively, a different polygon

is obtained by drawing AW parallel
10 the 6N force and 6 units in
length, WX 3 units in length, XY

2 units in length and YE 4 units in length. The unknown force is again
represented by the line EA required to complete the polygon.

By measurement the force § is S4N and the angle 6 = 68",

Again, it should be carefully noted that the arrows on the sides of the
polygon ABCDE are all in the same sense, as indeed they are in polygon
W,

Three forces in equilibrium: solution by calculation

Examples 1 and 2 above were solved by graphical methods and,
consequently, a high degree of accuracy is not easily obtained

Given three forces in equilibrium, as in Example 1, the triangle of forces can
be sketched and then trigonometry can be used to calculate the unknown
force and angle, as shown in Examples 3 and 4.

Alternatively for some problems involving three forces in equilibrium, the
theorem which follows gives  ready means of solution by calculation,
illustrated by Examples 5 and 6.
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Lami’'s Theorem

Suppose the forces, X, ¥ and Z acting at a point are in equilibrium. The forces can thercfore be
represented by the sides of a triangle ABC.

<
z v
b 3 B
AB__ c
sinBCA  sin CAB  sin ABC
But %, CAB=180'-f and ABC=150"—7
Hence AB____ BC cA
sin (I80°=2)  sin (180° sin (180
- B _ CA
Snf Sing
or - X . Z
sinf sin 7
This result, which nnly applies to three forces acting at a point, is known as
Lami's Theorem,
Example 3
Given that the system of forces shown in the diagram is ™
in equilibrium, sketch the triangle of forces and hence
calculate the magnitude of the force X and the angle .
= EX
]
Sketch the triangie of forces. £
x
N

By Pythagoras:  AC* = AB* + BC? Also
R X =2 4T o
X=25N But

‘The force X is 25N and the angle z is 163.74°.
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Example 4

Sketch the triangle of forces for the given system of forces
which is in equilibrium. Calculate the magnitude of P and 0.

Sketeh the triangle of forces.

By the cosine rule from this triangle:

4825 %8 x cos 60
4
P=1N
By the sine rule:
-5
Sin60° sin 6
5 sin 60
sin 0 = 35060
7
0=3821°

‘The force 7 is 70N and the angle 6 is 3821,

Tt should be noted that various ways of determining the unknowns may be
used, once the sketch of the triangle of forces has been made. Alternatively,
Lami’s Theorem may be applied directly as shown in the following example.

Example 5

The force system shown in the diagram is in equilibrium.
Calculate P and Q.

By Lami's Theorem:
S
sin 150°

. 30
The force P s 15:5 N and the force
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Example 6
A mass of Skg is suspended, in equilibrium, by two light inextensible strings
‘which make angles of 30° and 45° with the horizontal.

Calculate the tensions in the strings.

First, draw a diagram showing the position of equifibrium;

let the tensions in the strings be S and T newtons.
There are seen to be three forces, acting at a point,
producing equilibrium, 5o by Lami's Theorem:

T .=
Sin (90" +457)  sin (1807~ 30 = 45°)

S sin 135°
7= HIDE g5 y
Y sex

b4 . sin 120°
ol 0 300w (8030 95) PP TT

‘The tensions in the strings are 439N and 359N
1t shouldbe noted that a eguation invovin T could hav been wsed 10

determine the tension S, once the value of 7 had been found. It is better o
void he s of o previoudy deermine | it ‘possible, since that
value may be incorrect.

Exercise SA

1. Each of the following systems of forces i in equilibrium. By making an
accurate scale drawing of the triangle of forces, find the magnitude of

roes P and Q and the size of angle 6.
© ’
mrl
o
ox

2. Each of the following systems of forces is in equilibrium. By making an
accurate scale drawing of the pomon of forces, find the magnitude of
forces P and Q and the size of angie .

(a) 4N ) 3N (©)

, M~
AT

3N

>
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3. Each of the following systems of forces is in equilibrium. Make a sketch
of the triangle of forces and hence calculate the magnitude of force P
and the size of angle 6.

@ 4N ® ©  ion
™~
ox 20,
N L
’ aN .
H
- r
4. Each of the following systems of forces s in equilibrium. Use Lami's
Theorem to find the magnitude of forces P ar
© 3N

@ 0o &
’
T0A 130"
3
120
6N
0N

. The diagram shows a body of weight 10N supported in equilibrium

by two light inextensible strings. The tensions in the strings are 7N w7
and Tand the angles the strings make with the upward vertical are 7N
60° and 0 respectively.
Using the triangle of forces, calculate 7 and 0.
10N

& The disgram shows  Ught icrenstle arag wids oue
end fixed at A and a mass of Skg suspended at the
olr end. The mas s held n cqulbrum ot an angle 0

find the magnitude of the force P and the tension 7.
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7. Four horizontal forces, all emanating from some point O, are in
equilibrium. Three of the four forces have magnitudes 10N, mN and
30N in directions north, east and south-west respectively.
‘magnitude and direction of the fourth force by scale dr.\wml

A mass of 2k is suspended by two light inextensible sirings, one
‘making an angle of 60° with the upward vertical and the other 30° with
the upward vertical. Find the tension in each string

Alight inextensible string of length 40cm has its upper end fixed at a
point A, and carries  mass of 2kg at its lower end. A horizontal force
applied to the mass keeps it in equilibrium, 20 cm from the vertical
through A. Find the magnitude of this horizontal force and the tension
in the string.

‘The diagram shows a body of mass Skg A B
supported by two light inextensible strings,

the other ends of which are attached to two
points A and B on the same level as each other
and 7m apart. The body rests in equilibrium
a1 C, 3m vertically below AB. If CBA = 45°, c
find T, and T3, the tension in the strings.

N

Particle in equilibrium under more than three forces:
solution by calculation

When more than three forces act upon a particle and a state of equilibrium
exists, it has been seen that a polygon of forces can be drawn and the
magnitude and direction of an unknown force determined. Graphical
methods such as this have only a limited degree of accuracy. Lami's
Theorem cannot be used when there are more than three forces involved

For a system of forces in equilibrium, the resultant force acting, in any
direction, is zero. Thus the sum of the components (or resolved parts) of the
forces in any and every direction must be zero. This result applis to a
system of any number of forces which are in equilibrium, and gives a
method of solving such problems.

For coplanar forces, we can choose two mutually perpendicular dircctions;
by finding the components of all the forces, two equations will be obtained.
‘Two unknown quantities can then be determined. Any other equation which
may be obtained by resolving in some other direction will be  combination n
of the previous two equations, and it will not therefore enable more i
unknowns to be found. i

Suppose the forces ¥, X, ¥'and Z act at the point O and ar
equilibrium with the direction of the forces as shown in the diagram.
Since the resultant parallel to the x-axis is zero, the sum of the
components of the forces in this direction is zero.

Alternatively, the sum of the resolved parts in the direction of the
positive x-axis must balance those in the opposite direction, and this
will give the same equation.
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Resolve parallel to the x-axis:

W Ysinz-Zsinf=0 or W=Ysinz+Zsinf Ul
Resolve parallel to the y-asxis:

X+ Ycosa—Zeosf=0 or X+Ycosa=Zcosf el

Hence two equations are obtained and from these cquations w0 unknowns
can then be determined.

Tt should be noted that the alternative way of writing down the equations
does give the same equations.
Example 7

The given foresac am o prtc at O which s i s By escling
in two directions, find 7 and 5.

Resolving parallel to x-axis gives:
1047 cos 60° =

cos 30°

V3 ot $=9/3N

Resolving parallel (0 y-axis gives:
P+7 cos 30° = S cos 60
Substituting for S gives:
Prlya=oy3x}
P=\3N
The force Pis /3N and the force Sis 93N

Example 8
‘The forces (3 + SN, (al +E)N, (81 - 6)N and (~4i — 3N are in
equilibrium. Find the values of a and b by calculation.
In this case a diagram is not necessary.
The resultant of these forces, in vector form, is:

Gi+Sj+al+ b+ 8i -6 -4 - 3)
3+a+8-4i+(+b-6-N

= +aji+(b- 9N

Since the forces are in equilibrium, the resultant is zero; therefore the sum of
the components in any direction must also be zero.

Hence, parallel to the v-axis: a+7 =0 (in the direction of i)

and, parallel to the y-axis: (in the direction of

The value of a is 7 and of b s +4.
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Positions of equilibrium

If a position of equilibrium of a particle acted upon by a number of forces,
is described, it is important to first draw a diagram showing all the forces
acting on the particle. It can then be decided which are the best directions in
which to resolve the forces.

Example 9

A particle of mass 2kg is attached to the lower end of an inextensible string.
ipper end of the string is fixed. A horizontal force of 21 N and an
upward vertical force of 05N act upon the particle, which is in equilibrium

with the string making an angle 6 with the vertical.
Calculate the tension in the string and the angle .

Draw a diagram showing the forces acting on the particle.
Let the tension in the string be T.

Resolving horizontally gives:
A=Tsin6 ..[1

Resolving vertically gives:

2g = Tcos 0+ 0-5¢
L 4T=Teost 7]

Dividing equation [1] by equation [2] gives:

17
s5.01°

Substituting into equation {1} gives:

2
snssor - 2ON
‘The tension in the string is 2563 N and the angle 0 is 55.01°.

Components In other directions
Although resolving in a horizontal and vertical direction may frequently be
convenient, this is not ahways so.

IFitis possible to choose a dircetion, at right angles to which there is an
unknown force, this may well be a sens

Inclined plane
When a mass is in equi

rium on an inclined plane, then it will usually be
und expedient to resolve the forces parallel to, and at right angles to, the
surfice of the plane.
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Example 10

A particle of mass 4kg rests on the surface of a smooth plane which is
inclined at an angle of 30° to the horizontal. When a force P acting up the
plane and a horizontal force of $y/3N are applied to the particle, it rests in

cquilibrium.
Calculate P and the normal reaction between the particle and the plane.
Draw a diagram showing the position of equilibrium and
allthe forces acting on the particle. Let the normal
reaction be

Resolving parallel to the surface of the plane gives:

4g cos 60° = 8/3 cos 30° + P

sgxi=sy3x

P=76N “N
Resolving at right angles to the surface of the plane gives:

R=4g cos 30° + 8/3 cos 60°

R=dgx Panyand

R=4087N

The horizontal force is 76 N and the normal reaction of the plane is 409N,

Systems involving more than one particle

In a more complicated system, there may be more than one particle involved
ina state of equilibrium.

The diagram must show clearly all the forces acting on each particle. The
equilibrium of cach particle may then be considered separately. This means
that the directions in which the forces are resolved for the two particles may
not be the same.

Example 11

A light inextensible string passes over a smooth pulley fixed at the top of a
smooth plane inclined at 30° o the horizontal. A particie of mass 2kg is
attached to one end of the string and hangs freely. A mass m is attached to
the other end of the string and rests in equilibrium on the surface of the
plane. Calculate the normal reaction between the mass m and the plane, the
tension in the string and the value of .
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Draw a diagram showing the position of equilibrium and show the
forces acting on each particle. Let the tension in the string be 7.
Consider the mass of 2kg.

Resolve vertically:

As no other forces act on this mass, there is only the one
equation,
Consider the mass m.

Resolve parallel to the surface of the plane:

T = mg cos 60°

Substitute for 7:  19:6 = mg x +

- m=4kg

Resolve at right angles to the plane:
R=mg cos 30

Substitute for m:

‘The normal reactior
misdkg.

is 339N, the tension in the string is 19-6 N and

Exercise 5B

Each of the diagrams in questions 1 to 9 shows a particle in equilibrium under the forces shown.
In each case:

() obtain an equation by resolving i the direction Ox

(b) obtain an equation by resolving in the direction Oy

(©) use your equations for (a) and (b) to find the unknown forces and angles.

S *t

>
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10. 1 each of the following sets of forces is in equilibrium, find the value of
aand b in cach case:
(@) (6i+4)N, (=2~ SN, (@ +5)N
(®) (Si+4)N, Gi-DN, @i+ 6N
© (@+3)N, Qi-SHN, (~Ti+ 5N
(@ (@i~ 36)N. (bi—2a)N, (=3 +8)N
© -3+ 2N, @+ TN, -85+ PN, (af + BN,

1. 1f each of the following sets of forces is in equilibrium, find the value of
a,band ¢ in each case:
(@ @i+3j-KN, (i-5]+ KN, (@ +b+ KN
() (=2i+ 30N, m Tk)N (al +bj + k)N
© (i+aj+kN, ( KN, (=31 + 25+ N,

12. Exch of the following diagrams shows a particle in equilibrium under
awn.

the forces
® e ©@ W ;
)
" .
]
20
” w
Prove: P tan 6 = W Prove: P=W(3—y3)  Prove:tan =2~ /3

13, A light inextensible string of length Socm has its upper end fixed
and carrics  partle of mass SKg at i lower cnd. A Rerzonial
force P applied to the particle keeps it in equilibrium 30cm from the
vertical through A.
y resolving vertically and horizontally, find the magnitude of P and
the tension in the stri

14. A light inextensible string of length 26.cm has its upper end fixed at
point A and carries a particle of mass m at its lower end. A force P at
Fiht angies tothe sing s appled t the patle and kepe it in
equilibrium 10 cm from the vertical through A.

By resolving vertically and horizontally find, in terms of m, the
magnitude of 7 and the tension in the string.
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15. A partice i in equlbrium under the cton of forces 4N due north,
est, 52N south-east and 7. Find the magnitude and
dieeion of .

B

A force uctingparalie 0 and up o e of greatet sope blds partce
of mass 10kg in equilibrium on a smooth plane which is inclined at 30°
10 the horizontal. Find the magnitude of this force and of the ol
reaction between the particle and the plane.

17. A horizontal force P holds a body of mass 10kg in equilibrium on a
smooth plane which is inclined at 30° to the horizontal.
Find the magnitude of P and of the normal reaction between the
particle and the plan.

. A force P holds a particle of mass m in equilibrium on B
2 smooth plane which is inclined at 30" to the
horizontal. If P makes an angle & with the plane,as
shown in the diagram, find ¢ when R, the normal =
reaction between particle and plane, is 1-5 .

iz

19. A particle of mass 3kg lying on a smooth surface which is inclined at
10 the horizontal is attached to a light inextensible string which passes
up the plane, along the line of greatest slope, over a smooth pulley at
the top and carries | kg mass fresly suspended at its other end.

If the system rests in equilibrium, find:
(@) the value of 0 (b) the tension in the strin;
(©) the normal reaction between the particle and the plane.

20, A 5kg mas tes on & smooth horzonal bl A fight nexensbe rng

attached 1o this mass passes up over a smooth pulley and carries a freely
suspended mass of Skg at ts other end. The part of the Smn‘ etacen

the mass on the table and the pulley makes an angle of 25° with the
horizontal. The system is kept in equilibrium by a horizontal force
applied to the mass on the table. Find the magnitude of this horizontal
force, the tension in the string and the normal reaction between the
table and the mass resting on it

The diagram shows masses of 8 kg and 6 kg lying on smooth planes of
inclination 6 and & respectively.

Light inextensible strings attached to these masses pass along the lines
of greatest slope, over smooth pulleys and are connected to a 4 kg mass
hanging freely. The strings both make an angle of 60° with the ups
vertical as shown. If the system rests in equilibrium. find 6 and ¢,
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22. The diagram shows masses A and B each lying on smooth planes of
inclination 30°

Light inextensible strings attached to A and B pass along the lines of
greatest slope, over smooth pulleys and are connected to a third mass C
hanging freely. The strings make angles of ¢ and z with the upward
vertical as shown.

I A, B and C have masses 2m, m and m respectively and the system
rests in equilibrium, show that sin a = 2 sin ¢ and cos 2 +2 cos ¢ = 2.
Hence find ¢ and .

Motion of a particle on a plane

In the examples so far considered in this chapter, the particle has been in
equilibrium under the action of a aumber of forccs.

“The motion of a p’n‘\u:l: (or a rigid body) can now be considered using
Newton's Laws as in Chapter 3 and the idea of resolving a force in
particular direction.

Example 12
A body of mass 4 kg has an acceleration a when it is acted upon by a force
of 252N which is inclined at 45" o a smooth horizontal surface on which
the body rests, as shown. Resolve the forces acting on the body at right
angles 10 the surface. Calculate the normal reaction between the body and
the surface and the acceleration a of the bod
Resolving at right angles to the surface gives:

R+25(2 cos 45" = 4

R+75,/2x%=392

= 142N

Resolving along the surface and applying F = ma gives:
25/2c0s 45" =4 xa
2S=4a or a

‘The body has an acceleration of 6:25 ms~ along the surface, and the
normal reaction between the body and the surface is 142

25ms?

Since the reaction R is found to be positive, i.¢. 142N, this implies that the
body and the surface remain in contact.
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Motion on an inclined plane

‘The same principles apply to motion on an inclined plane as were used i
considering motion on  horizontal plane. The directions in which resolving
takes place will necessarily be different.

Example 13
A body of mass 3y/3 kg on the surface of an inclined plane is acted upon by
a horizontal force of 15N, as shown in the diagram. Calculate the normal
reaction of the plane on the body, and the aceeleration of the body up the
surface of the smooth inclined plane.
Let the acceleration of the body be a and the normal reaction R.
Resolving at right angles to the plane gives:

R=3y3g cos 60° + 15g cos 30

R=9y3g=1528N

Resolving up the plane and applying F = ma gives:
15g cos 60° ~ 3y/3g cos 30° =3y3 xa

a=5658ms

The normal reaction is 153 N and the acceleration of the body is $66ms

Connected particles

In a more complicated system involving the motion of more than one
particle, the particles may again be considered separately. Care is needed to
ensure that all the forces acting on cach particle are considered. Ar
reatonaip which may et betyocn o aclrations o e ariows pars
ystem must also be taken into accou
AL this stage, strings will normally be fnevensitle and pulleys over which
strings pass will be treated as smooth pulleys.
OF coures o e fe sings aco o inestenabe a5d pulleysare not
smooth. We make these assumptions 10 ailow a mathematical model of
the dtuation t bo ceated. The el ihuation s s compiated if very
aspect is taken into account, but by concentrating on the more important
features, znﬂ ignoring some small details, we can apply certain

occurring in real life. If the answers supplied by our model do not agree
with reality, we must question the wisdom of the assumptions made and
alter them as necessary. For example. the reader will see in Example 15,
and in the next chapter, that the roughness of a surface can be taken into
account,
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Example 14

‘The bodies shown are connected by a light string which passes over a
smooth pulley. Calculate the tension . the normal reaction R and the
acceleration

The disgram shows al e !orc:: actingon the two bodies Since

e equal in mugmlmk fthe 1 kg mass moves upwan‘k e
3 kg mass must move down the surface of the plane.

Applying F = ma in a vertical direction for the | kg mass gives:
Tolg=1xa ..{|]

Applying F = ma down the plane for the 3kg mass gives:
Sgcosds —T=3xa ..[J

Add Equations [1] and 2} dgy2-g=4a

Substitute into equation [1]:

Resolve at right angles to the surface of the plane, for the 3 kg mass
(note that in this direction there is no acceleration):

R =3g cos 45
2079N

‘The tension in the string is 12:5 N, the normal reaction is 20-8 N and the

acceleration of both particles is 275m s

Rough surtaces

In practice this does not happen; all surfaces tend to impede motion. The
resistance to motion is an external force acting upon the body, parallel to the
surfaces in contact. It will be considered to be a constant foree.

Example 15

A\ body of mass Sk ks from st o the aurfuce f 3 rugh plane

which is inclined at 30° to the horizontal. If the body takes 24 seconds (o

acquie a speed of 4ms~" from rest, find the resistance e ation ahch the ®
body must be experiencing.

Assume that the force of resistance acting upon the
body is P up the plane, and that the acceleration of
the body is a down the plane.

Use

=+ at for the motion of the body:
4=

tax2

6ms?
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Apply F <= ma 10 the motion of the body down the plane:
Sgeos60 -~ P=5xa

Substitute for a:
Sexi-P=5x16

P=245-8=165N

‘The resistance to motion is a force of 16:5N.

Inclination of a plane

In the examples so far considered, the inclination of the plane to the
horizontal has been given in degrees.

‘The gradient of a hill or of a piece of railway track is usually relatively
small. The inclination is frequently given in the form 1 in 8 (or 124%), and
this means a rise of 1 unit for every § units measured horizontally.

Hence if the angle of inclination is 6, then
wnG=} and . 6="7" approximately.

For angles of this size, the sine and tangent are equal within 1%, 50 it is
usual to take the sine of the angle as the gradient.

For example: an incline of 1 in 80 is taken to mean that sin 6 = &

Example 16

A body of mass 8 kg is released from rest on the surface of a plane. If the
resistance to motion is 1 N acting up the plane and the slope of the plane is
1in 40, calculate the acceleration of the body down the plane and the speed
acquired 6 seconds afler release.

Draw a diagram showing the forces acting on the body. R

s a component of the weight of the body
which acts down the plane.

Apply F = ma down the plane:
Sgsinf—1=8xa
Sgxd-1=8

096

o12ms?

Use v = u+at and the value of a obtained 10 give:
040126

v=072ms"

‘The acceleration of the body is 012ms~* down the plane and the speed
acquired in 6 seconds is 0-72m s
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Exercise 5C

Each of the diagrams in questions 1 to 9 shows a body of mass 10kg
accelerating along a surface in the direction indicated. All of the forces
acting are as shown. In each case:

(a) obtain an equation by resolving perpendicular to the direction of

motion
®) obxmn an cquation by applying F = ma parallel (o the direction of

@ weyour equations to (a) and (b) to find the unknown forces,
accelerations and angles.

‘The diagrams for questions 10 and 11 show a body of mass 10kg
accelerating along an inclined plane in the direction indicated. In each case
the 10kg mass is connected to a freely hanging mass by a light inextensible
string passing over a smooth pulley. All of the forces acting are as shown.

3mst
1. "

Find 7, a and R Find 6, Rand T
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A body of mass 10kg i initially at rest on a rough horizontal surface. It
i pulled along the surface by a constant force of 60N inclined at 60°
above the horizontal.

If the resistance to motion totals 10N, find the acceleration of the body
and the distance travelled in the first 3s.

A body of mass Skg, initially at rest on a smooth horizontal surface, is
pulled along the surface by a constant force P inclined at 45 above the
horizontal. In the first § seconds of motion the body moves a distance
of 10m along the surface.

Find the acceleration of the body, the magnitude of P and the normal
reaction between the body and the surface.

. A mass of Skg s initially at rest at the bottom of a smooth slope which
is inclined at sin“! 3 to the horizontal. The mass is pushed up the slope
by horzontal forde of SON.

Find the normal reaction between the mass and the plane and the
acceleration up the slope. How far up the slope will the mass travel in
the first 457

A body of mass 100 kg is released from rest at the top of a smooth
‘plane which s inclined at 30° to the horizontal.

Find the velocity of the body when it has travelled 20m down the slope.
‘What would your answer be if the mass had been S0kg?

A body of mass 20k is released from rest at the top of a rough slope
which is inclined at 30° to the horizontal

I the body accelerates down the slope at 3m s 2, find the resistance to
motion experienced by the body. (Assume this resistance to be constant
throughout.)

A body of mass 20k is released from rest at the top of a rough slope
which is inclined at 30° to the horizontal. Six seconds later the body has
a velocity of 21 ms~' down the slope. Find the resistance to motion
experienced by the body. (Assume this resistance to be constant
throughout.)

Find the time interval between a particle reaching the bottom of a
smooth slope of length $m and inclination 1 in 98, and another particle
reaching the bottom of a smooth slope of length 6m and incline 1 in 70.
Both particles are released from rest at the top of their respective slopes
at the same time.

A mass of 15kg lies on a smooth plane of inclination 1 in 49. One end
of a light inextensible string is attached to this mass and the string
passes up the line of greatest slope, over  smooth pulley fixed at the
(0p of the planc and has  freely suspended mass of 10kg at its other
end

If the system is released from rest, find the acceleration of the masses
and the distance each travels in the first 25. Assume that nothing
impedes the motion of either mass.



100 Understanding mechanics: chapter 5

20. A mass of 2kg lies on a rough plane which is inclined at 30° to the
orizontal. One end of a light inextensible string is attached to this mass
‘and the string passes up the line of greatest slope and over a smooth
pulley fixed at the top of the slope; a frely suspended mass of Skg is
attache 1 s othe e, Thesyste s relased fom s s the B
. it experiences a

‘motion of 14N down the slope owing 10 the rough et of the rface
Find the tension in the string.

21. A mass of 10kg lies on a smooth plane which s inclined at 6 to the
horizontal. The mas rom the top, measured along the plane
One end of a light inextensible string is attached to this mass; the string
passes up the linc of greatest slope and over a smooth pulley fixed at the
top of the slope. The other end is attached to a freely suspended mass of
15kg. This [Skg mass is 4m above the floor. The system i released
from rest and the string first goes slack 13 later.
Find the value of 6.

22. One of two identical masses lies on a smooth plane, which s inclined at

a smooth pulley fixed at the top of the incline; the other end carries the
other mass hanging freely 1m above the floor. If the system is released
from rest, find the time taken for the hanging mass to reach the floor.

Exercise D Harder questions

Each of the diagrams in questions 1 t0 9 shows a mass, or masses,
accclerating in the directions indicated. In each case the forces acting are as
shown and R is the normal reaction between the mass and the surface it is
on.

L . 2 : 3 N
¥ X
, ,
20 __
Provertan 0 ="5"8  prove: an = K1
s
“
bre
o d
Prove: Rtan 0 Prove: y3P=mQa+g)  Prove: R=migcos 6+

atan ¢+ g tan ¢ sin 0)
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MR e o Mgl £ sin )

Prove: o = (27—
2, + ) ity

Prove: g sin 0 = Sa

10. A body of mass m is pulied along a smooth horizontal surface by a
force P inclined at 0 above the horizontal.
If the mass starts from rest, show that the distance moved in time 1 is

PRcost
given by PR
11. A body of mass m is pulled along a rough horizontal surfuce by a force
Pinclined at 0 above the horizontal.
If the mass aceelerates from rest to velocity v in a distance d, show that
the resistance 1o motion (assumed constant throughout) is
Peost -
cosd 5
12. A mass of Skg is pulled along a rough horizontal surface by a force of

30N nalinod a1 60 e the borzoutal The s saris from rest and
after 4 seconds the pulling force

8 the resatine to mrion s 20N thrughou, i the (tal distance

travelled before the mass comes o rest again.

13. A body of mass m is released from rest at the top of a smooth slope

which is inclined at 6 to the horizontal.
Show that its velocity, when it has travelled a distance s down the slope,
is given by /(2gs sin 0),

14. A body of mass m is released from rest at the top of a rough plane
which is inclined at # to the horizontal. After time ¢ the mass has

avelled a distance d down the slope.

Sy hat the resitance o mation xperiencd by the body
is 72 (g si

(Adsume the resistanee to be constant throughout )

Questions 15, 16 and 17 refer to the situation shown.
The body A lies on a smooth siope and body B is freely
‘The pulley is smooth and the string light

suspe
and inextensible.

5. The mass of A is kg and the mass of B is 3kg. With 6 = 30°, body A
will accelerate up the slope. If y = 3m and x = 28 m, find the velocity
with which A hits the puley.
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16. 1f the mass of A is 2 and the mass of B is m, show that A will
accelerate up the slope provided sin 0 < 0
With tiscondiion fulfiled andy > x, show that, if the system is
leased from rest, mass B hits the ground with velocity

3
d that A e i >
and that A reaches the pulley provided x > (2205

17. The mass of A s m, and the mass of B i ms. Show that A will
accelerate down the slope provided iy sin 0 > .
With this condition fulfilled, the system is released from rest and when
A has traveled a distance d down the slope (d < =), the stin
connecting the two masses is cut. Show that the greatest height reached

) +dm(1 + sin 6)

(my +my) B

xm; +

by B above the floor is

18. Masses i and i are held at rest on inclined
surfaces in the positions shown in the diagram &
(s > d). They are connected by a light ¢
inextensibie string passing over a smooth
pulley. Show that, when the systemn is released.
my will accelerate towards the pulley provided

m A

this condition fulfilled show that s hits the pulley with speed

Exercise SEExamination questions

(Unless otherwise indicated take g = 9-8ms~ in this exercise.)

1. Fig. 1 shows three coplanar forces of may
, 3N and PN all acting at a point O in the
directions shown.

Given that the forces are in equilibrium obtain
the numerical values of P cos 0 and P sin 0 and
hence, or otherwise, find tan 6 and P.

Figl

(AEB 1992)

() The diagram shows three coplanar
forces in equilibrium.
Find the value of P and of Q.
(i) 1f the direction of Q is now reversed,
the magnitude and direction of
the resultant of the three forces.
(UCLES)




3. Three forces F,

Equilbrism and acceleration wnder concurrent forces

Fy and F; act on a particle and F) = (=3 + 7))

newtons, s = (i ~ ) newtons, Fy = (pi + i) newtons.

(@) Given that this particle is in equilibrium, determine the value of p

and the value of

‘The resultant of the forces F, and F is R.

(b) Calculate, in N, the magnitude of R.

© Calculal:. 10 the nearest degree, the angle between the lmc ar action
and the vector (ULEAC)

-

(Take the acceleration due to gravity to be 10m
give your answers correct t0 2 significant figures.)

in this question, and

A particle P, of mass 0-2kg, is suspended from a fixed point O by
means of a light inextensible string. The string s taut and makes an
angle of 30° with the downward vertical through 0, and the particle is
held in equilibrium by means of & force of magnitude F acting on the
particle. Using a iriangle of forces, or otherwise, find
(i) the value of F when the force acts horizontally,
(ii) the tension in the string when F takes s least possible value.
(UCLES)
A particle of mass 0-3kg lies on & smooth plane inclined at an angle 2
to the horizontal, where tan x = 3 . The particic is held in equilibrium
by a horizontal force of magnitude Q newtons. The line of action of this
foree is in the same vertical plane as @ line of greatest slope of the
inclined plane. Calculate the value of Q. to one decimal place.
(ULEAC)

A child is attempting to take two dogs for a walk. The dogs exert
horizontal forces of 40 newtons and 50 newtons in directions making
120° with each other. Find the magnitude and direction of the
horizontal force which the child must exert to maintain equilibrium.
(NIC

Three cables exert forces that act in & horizontal 120N
planc on the top of a telegraph pole.

0N

(@) Find the resultant of these 3 forces, in terms of the unit vectors i and j.

(b) A fourth cable is attached to the top of the telegraph pole to keep
the pole in equilibrium. Find the force, exerted by this fourth cable,

in terms of i and j.

Show that the magsitude of thefourh frce s 192N, corect 0.3

significant figures

@ On the fourth f

(©) The fourth cable does not lie i the same horizontal plane as the
other 3 cables and the tension in this cable is in fact 200N. Find the
angle between this cable and the horizontal plane. (AEB Spec)
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(Take g = 10ms™
The diagram shows a smooth bead B, of mass M kg, which is
threaded on a light inextensible string. The ends of the string
are attached to two points A and C, which are on the same
horizontal level. A horizontal force of 4N maintains B
vertically below C, where BC = 1-Sm, with the string taut,
Given that the string is of length 4m, find

(i) the tension in the string,

(i) the value of M. (UCLES)
(Take g = 10my
Two strings AB and BC are tied to a particle of mass 0-3kg at B, and
the end A is fixed. A second particle of mass 04k i attached at C. A
horizontal force of magnitude P newtons at C maintains the system in
cquilibrium with the string BC making an angle of 60° with the
downward vertical, and with the string AB making an angle 8 with the
downward vertical. The forces in the diagram are in newtons.

n this question.)

in this question.)

(@) Caleulate the magnitude of the tension in 5C, and determine the
e of P.

(b) Show that tan 6 = # and caleulate the magnitude of the tension
inAB. (UODLE)

(Take g = 10ms~* in this question.)

A basket of carth, of total mass 40kg, is attached to two light
inextensible ropes B4 and BC. The end A is attached to a fixed point
and BC passes over a fixed smooth pulley P. A downward pull is
applied to the end C. The parts 4B and BP of the rope make angles 40°
and 50° respectively with the horizontal (sce diagram). The basket s at
rest on the ground; the force exerted on the basket by the ground is
vertical and has magnitude 150N. Find the tensions in AB and BP and
find the magnitude and direction of the resultant force on the pulley duc
to the rope. (UCLES)
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11, A car of mass 1000kg, including its driver, is being pushed along a
horizontal road by three people as indicated in the diagram. The car is
moving in the direction PQ.

Kely
T,

(i) Caleulate the total force exerted by the three people in the direction
PQ.

(i) Calculate the force exerted overall by the three people in the

direction perpendicular to PQ.

i) Explam il why the car docs o moveinthe diection
rto PQ.

Initially the car is saonary and § seconds later it has a speed of 2ms~
in the directior

{iv) Calculate the force of resistance to the car's movement
irection PQ, assuming the three people continue o push as
described above.
() The car comes to a steady downhill slope. The three people stop
pushing but the car maintains the same acceleration. Assuming the
is unchanged and remains constant, what
angle does the slope make with the horizontal? (OCSEB)

12. (Take g = 10m's~ in this question.)

A particie travels along a line of greatest slope of a smooth plane

inclined at an angle 8 10 the horizontal, where sin 0 = 3. The particle

starts from a point P where it is given an initial speed of 15ms™" up the

plane towards a point Q. Given that PQ s 12m, calculate the speed of

the particle when it first passes 0.

Caleulate also the time for which the particle is above the level of Q.
LES)

13. A particle of mass 2kg on a smooth plane inclined
at 30° 10 the horizontal s attached by means of a light
inextensible string passing over a smooth pulley at the
top edge of the planc 10 a particle of mass 3kg which
hangs freely. IF the system is released from rest with both
parts of the string taut, find the speed acquired by the
particles when both have moved a distance of 1 m.

(UODLE)
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(Take g = 10ms~2 in this question.)
The diagram shows two smooth fixed slopes
cach inclined at an angle 2 to the horizontal.
where sin 2 = 0-6. Two partices of mass
3kgand Mk, where M < 3, are connected
by a light inextensible string passing over &
smooth fixed pulley. The particles are released
from rest with the string taut. After travelling
a distance of 1-08m the speed of the particles
is 18 ms~". Calculate

(i) the acceleration of the particles

(ii) the tension in the string
(i) the value of M. (UCLES)

(Take g = 10ms~ in this question.)

The diagram shows two particles, A of mass
2kgand B of mass 1-5kg, connected by a light
inextensible string passing over a smooth pulley.
‘The system is released from rest with A at a
height of 3.6m above horizontal ground and B
at the foot of a smooth slope inclined at an
angle 0 to the horizontal where sin 0= 1.

Calculate

(i) the magnitude of the acceleration of the particles,

(i) the specd with which A reaches the ground,

i) the distance B moves up the slope before coming to instantas
rest. (uc




6 Friction

Rough and smooth surfaces

A block of mass M kg rests on a horizontal table and a horizontal force of P
newtons is applied o the block

From Newton's Third Law, it is known that equal and opposite forces act
on the block and on the plane at right angles 10 the surfaces in contact.

R=Mg &

Itis known from experience that, if the surfaces in contact are highly
polished, it is easier to move the block than if both the underside of the
block and the surface of the table are covered with sandpaper.

‘The force F which opposes the motion of the block is called the frictional
force, and it acts in a direction to oppose the motion and is paralle to the
surfaces in contact. If the surfices were perfectly smooth, there would be no
frictional force; heuce F would be 0 and motion would take place however
small the applied force P might be. In practice, it is not possible to have
perfectly smooth surfaces, although in particular instances we may consider
the surfaces to be smooth.

When the surfaces are rough, the block will only move if 7 is greater than
the frictional force F. The magnitude of the frictional force depends upon
the roughness of the surfaces in contact and also upon the force P which is
trying to move the block

Limiting equilibrium
“The frictional force F for a particular block and surface is not constant, but
increases as the applied force P increases until the foroe F reaches a value
Foas beyond which it cannot increase. The block is then on the point of
‘moving and is said Lo be in a state of imiting equilibrizn.

Suppose  Fuux = Py

I the applied force P is increased still further 10 a value Py, the frictional
force cannot increase as it has already reached its maximum value, and the
block will therefore move.

Since force = mass x aceeleration, the equation of motion is

Py Fa=Mxa
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Coefficient of friction
The magnitude of the maximum frictional force is a fraction of the normal

reaction R. This fraction s called the coeflicient of friction 4 for the two
surfaces in contact:

For a perfectly smooth surface, = 0,

It should be noted that the maximum frictional force will only act if
(a) there is a state of limiting equilibrium, or
(b) motion is taking place.

The frictional force s only as large as is necessary to prevent motion.

Laws of friction

The laws governing the equilibrium of two bodies in contact and the motion
of one body on another, may be summarized as follows.

The frictional force:
(i) acts pasallel to the surfaces in contact and in a direction 50 as to
pose the motion of one body across the other
(i) will not be larger than is necessary to prevent this motion
i) has a maximum value 4R, where R s the normal reaction between the
surfaces in contact
(iv) can be assumed to have its maximum value 4R when motion occurs
(¥) depends upon the nature of the surfaces in contact and not upon the
contact area.

Example 1

Calculate the maximum frictional force which can act when a block of mass
2kg rests on a rough horizontal surface, the coefTicient of friction between
the surfaces being

@07 ()02

(a) There is no motion perpendicular to the plane.

Resolve vertically: R=2
- R=196N
maximum frictional force  Fra, = 4R
=07 %196
=1372N Py
(b) As before 196N
‘maximum frictional force = uR
©2) %196

392N
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Example 2

A block of mass Skg rests on a rough horizontal plane, the coefficient of
fiiction between the block and the plane being 0-6. Calculate the frictional
force acting on the block when a horizontal force P is applied to the block
and the magnitude of Pis: @) 12N (b) 8N (c) 36N.

Also calculate the magnitude of any acceleration that may occur.

There is no motion perpendicular 10 the plane. "
Resolve vertically: R = Sg
: R=3

N
‘The frictional force will act in the direction opposite to
that in which the force P acts. The maximum value of
the frictional force is uR. 4
BR =06 %49
=294N
(@ 1f P~ 12N, then P s less than iR, so there is no motion
frictional force  F= P
F=12N

(b) If P = 28N, then again P is less than 4R and there is no motion:
frictional force  F= P
F=2N
(©) 1f P= 36N, then P is greater than the maximum value of the frictional
force, which is 294N

frictional force acting = 294N, which does not prevent motion

‘The block will move and the maximum value iR of the frictional force will
be maintained.

Using F = ma, the equation of motion is:

a=132ms?

Applied force not horizontal

Whea the force 7 acting on the block of mass M is

inclined at an angle 0 above the horizontal, this has

two effects:

() the component of P in  vertical direction decreases

the magnitude of the normal reaction R,

i) only the component of  in  horizontal direction
is tending to move the block.

Hence the value of R is less than it would have been if

the force P had been applied horizontally. The maximum frictional force R

is also therefore reduced. In addition, a smaller force is tending to cause

motion, a component of P rather than P.
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Example 3

A 10kg trunk lies on a horizontal rough floor. The coefficient of friction

beteen the truak and the flor s . Calculat the magaitude of the

force P which is necessary to pull the trunk horizontally if P is appl
(@ horizontally
(b) at 30° above the horizontal.

() Resolve verticall

=10g
In the position of limiting equilibrium:

For motion 10 take place the applied force must
exceed 4243N.

(®) Resolve vertically: R+ Py cos 60° = 10
R=93- L

I the position of limiting equilibrium:
Py cos 30° = R
"
Pycos 307 = ,,(93 - T)

£ Lo
3

Heee  Pox¥d
92N

For motion to take place the applied force must exceed 392N,

‘Therefore it s easier to move such a trunk if the pulling force is inclined
upwards as this reduces the frictional force opposing the motion.

Exercise 64

1. Each of the following diagrams shows a body of mass 10 kg initially at
rest on & rough horizontal plane. The coefficient of friction between the
body and the plane is }. n each case, & is the normal reaction and F
the frictional force exerted on the body, by the plane. Any other forces
applied to the body are as shown. In each case, find the magnitude of F
and state whether the body will remain at rest or will accelerate along
the plane.
@
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@ ks © R BN ® R8N
r 10N £ 14N £ 28
106N 1aeN 10N
®  RuN [ ) R8N
£ 10N 4 15N £ N

2. In each of the following situations, the forces shown cause the body of
mass Skg to accelerate along the rough horizontal plane. The direction
and magnitude of each acceleration is as indicated;
reaction and F the frictional force exerted on the body by the plane.
For each case, find the coefficient of friction between the body and the

plane.
(O] —>2ms (e}

.
s

=

3. When a horizontal force of 28 N is applied to a body of mass Skg which
is resting on  rough horizontal plane, the body is found to be in
limiting equilibrium,
Find the coeffiient of fiction between the body and the plan.
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4. When a horizontal force of 0:245 N is applied to a body of mass 250g
which is resting on a rough horizontal plane, the body is found to be in
limiting equilibrium.

Find the coefficient of friction between the body and the plane.

5. A block of mass 20kg rests on a rough horizontal plane. The coeflcient
of friction between the block and the plane is 0.25.
Calculate the frictional force experienced by the bloc}
orizontalforc af SON acis o the lock. Stte whethr the block will
move and, if so, find its acceleration.

6. A block of mass 15 ke rests on a rough horizontal plane. The coefTicient
of friction between the block and the plane is 0-35.
Calculate the frictional force experienced by the block when a
horizontal force of SON acts on the block. State whether the block will
move and, if so. find its acceleration.

7. A block of mass 500 rests on a rough horizontal table. The coefficient
of friction between the block and the table is 0.
Caleulate the frictional force experienced by the block when &
horizontal force of 1N acts on the block. State whether the block will
move and, if so, find its acceleration.

8. A block of mass 2 kg is initially at rest on a rough horizontal table. The
coeflicient of friction between the block and the table i
Find the horizontal force that must be applied to the block to cause it

to aceelerate aloag the surface at: (1) Sms~ (b) 0-Ims>

9. When a horizontal force of 37N is applied to a body of mass 10kg
which i resting on a tough horizontal surface, the body moves along
the surface with an accelerat
Find . the coeffcient of friction betuween the body and the surface.

10. A body of mass 2kg is sliding along a smooth horizontal surface at a
constant speed of 2ms! when it encounters a rough horizontal surface,
coeflicient of friction 0.2.

Find the distance that the body will move across the rough surface
before it comes to rest.

11, A body of mass 1 kg is initially at rest on & rough horizontal surface,
coefficient of fiiction 0-25. A constant horizontal force is applied to the
body for § seconds and is then removed.

Given that when the force is removed, the body has a velocity of
3:Sms ! along the surface, find:

(a) the acceleration of the body when experiencing the applied force
(b) the magnitude of the applied force

(©) the retardation of the body when the force is removed

(d) the total distance travelled by the body.



12. A box of mass 2kg lies on a rough horizontal floor, coefficient of
friction 0. A light string is attached to the box in order to pul the box
across the floor.

If the tension in the string is T'N, find the value that T must exceed for
motion to occur if the string is:

(a) horizontal

(b) 30° above the horizontal

(©) 30° below the horizontal.

13. A box of mass 2kg lies on a rough horizontal floor, coefficient of
friction 0:2. A light string is attached 1o the box in order to pull the box
across the floor. If the tension in the string is TN, find the value that 7
must exceed for the motion to occur if the string is:

(@) horizontal
(b) 45" above the horizontal
(©) 45" below the horizontal.

14. A body of mass 100g rests on a rough horizontal surface and has a light
string, inclined at 20° above the horizontal, attached to it. When the
tension in the string is 5 x 10~ N, the body is found to be in limiting
equilibrium.

Find the coefficient of friction between the body and the surface.
Whilt would the tension in the sring have 10 b for the body (o
accelerate along the surface at 1Sms

A mass of 3kg lies on a rough horizontal surface, coefficient of friction
 State whether or not the mass wil slide along the surface when the

surface is moved horizontally with an acceleration of:

(@ Ims?

() 14ms

(© 2ms™

;

A mase of kg lies on  rough hoizonal surface, coffisint offricion
25,

St whethe o not the mas will lide along the surfuce when the
surfaceis moved horizontally with an acceleraion of:

parcel s placed on the tail-board of a stationary lorry. The tail-board
is nonmnul and the coefTicient of friction between the parcel and the
tail slide along the
board when the lorry moves off horizontally with an

surface of the tai
nw:leralmn of:

A cake of mass 500 lies on the horizontal surface of a plate. The
coefficient of friction between the cake and the plate is 0-1. Will the
cake slide across the plate when the plate is moved horizontally with an
acceleration of 1-1ms

Frietion
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Questions 19 to 22 refer 1o the system shown in the diagram.
Body A lies on a rough horizontal table and is connected to the
freely hanging body B by a light inextensible string passing over
a smooth pulle

-—
277

19. The masses of A and B are 6kg and | kg respectively, and the
coefficient of friction between body A and the table is 02, If the
system is released from rest, find the frictional force experienced
by A and state whether motion will occur.
20. The masses of A and B are 90g and 50§ respectively, and the coeflcient
of friction between body A and the tabie is +
If the system is released from rest, find:
(@) the acceleration of the system
(b) the tension in the string
(©) the distance moved by A in the first second of motion, assuming
that nothing impedes the motion of either m:

21. The masses of A and B are 1 kg and 500 respectively and the
coefficient of friction between body A and the table is £, The system is
released from rest with A 3 metres from the pulley and B 2:5 metres
above the floor.

Find

(@) the initial acceleration of the system
(b) the speed with which B hits the floor
(©) the speed with which A hits the pulley.

22. The masses of A and B are mi; and m; respectively and the coefficient of
friction between body A and the table is u. Show th  system is
released from rest, motion will occur if my >, u. If this condition is

fulfled show that the resulting acceleration will be E72=4) T )
m

Questions 23 10 25 refer 1o the system shown in the diagram.
Body A lies on a rough horizontal table and is connected to freely
hanging bodies B and C by light inextensible strings passing over
smooth pulleys. The masses, pulleys and strings all lie n the same
vertical plane.

L —
Q2222222277222

23, The masses of A, B and C arc 4m, m and m respoctively, and
the coefficient of friction between body A and the table i
Find the acceleration of the system when reieased from rest

24. The masses of A, B and C are 5kg, 3 kg and 2kg respectively. When the
system is released from rest, body B descends with an acceleration of
028ms~. Find the coefficient of friction between body A and the table.

25. The masses of A, B and C are my, m and s respectively, and the
coefficient officion between body A and the e i . Show that i
m e syt kst o s, by B wll e dowmvards pr
> pumy -+ ms. If this condition i fulfiled, show that the resulting
be Bz =i —my)
e

acceleration will
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Rough inclined plane

A body of mass Mkg rests on a plane which is inclined at 6 o the
horizontal.

‘The vertical force Mg can be resolved into two components, parallel
t0 and perpendicular 10 the surface of the plane. The plane exerts &
normal reaction R on the body: since there is no motion at right
‘angles to the plane, the normal reaction balances the component of
Mg acting in this direction.

Resolve at right angles to the plane:
R=Mgcos

Mgsin

e

he component M sin 0 actingdow the plane ill caae motion s the
frictional force F, acting up the plane, balances

For equilibrium  F = Mg sin 0

The maximum value of Fis, as before, 4.
Faun = uR = uMg cos 0

In the position of limiting equilibrium, the maximum frictional force must
balance the force tending to produce motion:

[

Mg cos 8 = Mg si

For motion to take place down the plane, Mg sin § must exceed uMg cos 6

Mg sin 0> Mg cos 6
>p

Example 4

A mass of 6 kg rests in limiting equilibrium on a rough plane inclined at 30'
o the horizontal. Find the coefficient of friction between the mass and the
plane.

‘The mass is on the point of moving down the plane, so
the frictional force F acts up the plane and has its
‘maximum value 4R,

Resolving at right angles to the plane gives:

R =6 cos 30°
R=3gy3

Resolving parallel to the surface of the plane gives:

6g sin 30° = 4R
6g sin 30° = 4 x 33
1

H=z
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Example §
A mass of 3kg rests on a rough plane inclined at 60° to the horizontal and
the coefficient of friction between the mass and the plane is Y. Find the

force P, acting parallel 10 the plane, which must be applied to the mass in
order 0 just prevent motion down the plane. The frictional force F acts up
the plane and together with the applied force P balances the component of
the weight acting down the plane

Resolving parallel to the surface of the plane gives:

P+ F=3gsin 60° m

re is no motion perpendicular 10 the plane, and so resolving
at right angles to the planc gives:

R

3¢ cos 60°
R=3%N
2

Since the mass i

limiting equilibrium (motion is just prevented)

r

(R
NN
5

Substituting for F in equation [1 gives:
padB, B3
10 2

[N
s

Motlon up the plane
If the force P applied to the mass is larger than the component of Mg

resolved down the plane, then the tendency will be for the mass to move up
the plane. In this case the frictional force will act down the plane, opposing
the motion of the mass.

Motion will take place up the plan
P> Mg sin 0+ Fou,

but  Fuw=uR
Mg cos

So for motion up the planc P> M sin A + Mg cos 0.
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Example 6
A mass of 0-5 kg rests on 4 rough plane. The coefficient of friction between

the mass and the plane is % and the plane is inclined at angle 0 to the

horizontal such that sin § = §

Investigate the motion of the mass when it experiences a force of 6N
applied up the planc along a line of greatest slope.

Pe6N

cos 0=

Since sin0 =14,
3

Resolve perpendicular to the plane:
R=lgcos

The foresacting dow e plane arethe componcnt of the weight aod the
frrlonalforee Ff we asme he e e to movecp the plve,
‘The component of the w:nghx down the plane is Lg sin 0 or Lgx 1

or LeN.

‘The magnitude of Fruy = iR
2

Hence the applied force of 6N is greater than the sum of the forces acting
down the plane. Motion takes place up the plane and the equation of
motion is

6~ 4 5in 6 — Fpay = mass x acccleration
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Exercise 68

1. Each of the following diagrams shows a body of mass 10kg released
from rest on a rough inclined plane. R is the normal reaction and F the
frictional force exerted on the body by the plane. In each case, find the
‘magnitude of F and state whether the body will remain at rest or will
begin to slip down the plane. For (), (b) and (¢), x = £ and for (d). (¢)
and (f), p=4.

2. Each of the following diagrams shows a body of mass Skg on 4 rough
inclined plane, coefficient of friction }: R is the normal reaction and £
the frictional force exerted on the body, by the plane. In each case, find
the magnitude of the force X if it just prevents the body from slipping
down the plane.

(@ )
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. Each of the following diagrams shows a body of mass 3kg on a rough
lined plane, coefficient of friction 4 R is the normal reaction and £
the frictional force exerted on the body by the plane. In cach case, find
the magnitude of the force X if the body is just on the point of moving
up the plane.
@ ®

4. In each of the following situations, the forces acting on the body of
mass 2kg cause it to accelerate along the rough inclined plane as
indicated. R is the normal reaction and F the frictional force exerted on
the body by the plane. Find the value of y for each situation.
) .h © 15N
D inse A i A
F F

o 3

5. A body of mass S00g s placed on a rough plane which is inclined at 40°
to the horizontal. If the coefficient of friction between the body and the
‘plane is 06, find the frictional force acting and state whether motion
will occur.

6. A body of mass Skg lies on a rough plane which is inclined at 35° to the
horizontal. When a force of 20N is applied o the body, parallel to and
up the plane, the body is found to be on the point of moving down the
plane, ie. in limiting equilibrium. Find 4, the coefficient of friction
between the body and the plane

7. A body of mass 2kg lies on a rough plane which is inclined at 30° to the
horizontal. When a horizontal force of 20N is applied to the body in an
attempt to push it up the plane, the body is found to be on the point of
‘moving up the plane, ic. in limiting equilibrium.

Find 4. the coeflicient of friction between the body and the plane.
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8. A body of mass 2kg lies on a rough plane which is inclined at sin™!
0 the horizontal. A force of 20N is applicd to the body, paraliel 0 and
up the plane. If the body accelerates up the plane at 1-5ms~, find .
the coeflicient of friction between the body and the plane.

9. A parcel of mass 1 kg is placed on a rough plane which is inclined at 30°
t0 the horizontal, The coefficient of friction between the parcel and the
plane is 0-25. Find the force that must be applied to the parcel in a
direction paralli to the plane 5o that
(@) the parcel is just prevented from sliding down the plane
(b) the parcel s just on the point of moving up the plane
(©) the parcel moves up the plane with an acceleration of 15ms~2,

s

A box of mass 6kg s placed on a rough plane which is inclined at 45° 1o
the horizontal. The coeflicient of friction between the box and the plane is
05, Find the horizontal force that must be applied to the box so that:

(@ the box is just prevented from sliding down the plane

(b) the box is just on the point of moving up the plane

(©) the box moves up the plane with an acceleration of 2y/2ms 2.

11, A body of mass 3kg s released from rest on a rough surface which is
inclined at sin”! 3 to the horizontal. If, after 24 seconds, the body has
scquired  velocky f 4951 down th suface, i the soeicent o
friction between the body and the surface.

12. A particle of mass 250 is released from rest at the top of a rough plane
‘which is inclined at sin~! 3 to the horizontal. The coefficient of friction
between the particle and the plane is 1+ and the plane is of length 2:5m.
Find whether the particle will slide down the plane and, if it does, find
its speed on reaching the bottom.

13. A body of mass 4 kg lies on a rough plane which is inclined at 16° to the
horizontal. A force of I N applied parallel 1o the plane is just sufficient
to prevent the body sliding down the plane. Find the coefficient of
friction between the body and the plane. With the body at the top of the
plane, the applied force is removed. Find the time taken for the body to

reach the bottom of the plane if the length of the plane is 2m.

1. A horzanalforee o | Nsjust suliient t prevent ik o mass 600

sin”
Find tecocfent of thcdon et the rck and plane

15. A body of mass Skg is initially at rest at the bottom of a rough inclined
plane of length 6:3m. The plane is inclined at 30° to the horizontal and

the coefficient of friction between the body and the plane is ﬁ

A constant horizontal force of 35y/3 N is applied to the body causing it
t0 accelerate up the plane. Find the time taken for the body to reach the
top and its speed on arrival.

16. (@) A mass m lies on a rough planc which is inclined at angle 8 1o the

horizontal. The coefficient of friction between the mass and the
plane . Stow thatslippngwilocur it 9>
5) Wl siping oocur whta a Body s placed on & rough plaoe
inclined at 40° to the horizontal?
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(¢) Wil slipping occur when a body s placed on 4 rough plane
(4 = 0-25) which is inclined at 10" 10 the horizontal?

(@) When s body s plcsl on 2 onghsplane which i .nd. ed at 30° to
the horizontal, the body is found to be in I brium. Find
s he coecient of Tcon between the bod and the plane.

A mass of 4kg lies on a rough plane which is inclined at 30° o the
horizontal. A light string has one end attached to this mass, passes up
the line of greatest slope, over a smooth pulley fived at the top of the
plane and carries & freely hanging mass of 1 kg at its other end. The
tension in the string is just sufficient o prevent the 4kg mass from
sliding down the slope. Find the cocflicient of friction between the 4 kg
mass and the plane.

The digramshows  mas of | kg ling on 2 ough icined
plane (1 rom this mass, a light inextensible string passes
up the line of gmw stope and over a smooth fixed pulley to &
mass of 4 kg hanging freely. The plane makes an angle @ with the
horizontal where sin 6 = 3. Show that the 1 kg mass will lide up
the plane and find the velocity with which the 4 kg mass hits the
floor.

. The diagram shows 2 body A of mass 13kg lying on a rough
inclined plane, coefficient of friction . From A, a ligh
inextensible string passes up the line of greatest slope and over a
smooth fixed pulley to a body B of mass mkg hanging freely.

plane makes an angle 0 with the horizontal where sin 0 = %
When i = 1 kg and the system is released from rest, B has an
‘upward acceleration of ams~3; when nn = 11 kg and the system
is released from rest, downward acceleration of ams
Find a and 4.

Masses of Skg and 15 kg are held at rest on inclined surfaces as
showninthe diagram. The masses are conncted by  gh, taut
inextensible string passing over a smooth fixed pulley. Th
coufieent of fricion btween ¢ach s an he surfsce with
‘which it s in contact is 0-25. The inclination of the plane is such
that sin 6 = 3. When the system is released from rest, the 15kg
ceelerates down the slope. Find lhe ‘magnitude of this
eeeeraion and the ension i th s

A fores Facing paralle (0 and up a mugh lane o ncination 0 is ust
sufficient to prevent & body of mass m from sliding down th

foree 4F acting parall to and up the same rough plane causcsthe ass
m to be on the point of moving up the plane. IF u is the coeﬂ'clml of
friction between the mass and the plane, show that Sy = 3 tas

A horizontal force X is just sufficient (0 prevent a body of mass m from
sliding down a rough planc of inclination 6. A horizontal force 4X applied
to on the
point o moving up the plane. I 1 the coeMicientof fiction between the
mass and the planc, show that Sx tan® 0 — 3 + 1) tan 0 + St = 0.
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Angle of friction

When a state of limiting equilibrium exists, the frictional force F has its
maximum value Fe, = kR, where R is the normal reaction between the
surfaces. If this frictional force oy and the normal reaction are
compounded into a single force called the resultant reaction, then the angle
between the normal reaction and the resultant reaction is called the angle of
friction 4.

It can be seen that:

Faxe
R
Hence the angle of friction J = tan~! i

R
tn i MR
R

In certain problems, use of the resultant reaction and the angle
of friction provides a neat and sometimes shorter solution.

Example 7
When a horizontal force of 147N is applied to a body of mass 4kg which is
resting on a rough horizontal plane, the body is found to be in limiting
cquilibrium. Calculate the resultant reaction acting on the body and the
angle of friction.

‘This question can be solved in several different ways.

Fig. 1 shows the forces acting on the body, including the normal reaction R
and the frictional force iR, and this is used in Method 1 as explained below.
Fig. 2 shows the resultant reaction 7 and the angle of friction /. and this is
used in Method 2.

il r

N N
Fie1 Fig 2
Method 1. using Fig. 1
Since the body is in limiting equilibrium:

Resolve verticall
Resolve horizontally:
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1=} then tan i =} and / = 205"
Resultant reaction VIR + 2R
= RV(1+42)

=g/ +éy:§\/73 N
‘The resultant reaction is £ /73 N and the angle of friction is 20-55°.
Method 2, using Fig. 2

Resolve vertically: P oos = dg | ’
Resole horizontally: P sin 4 = 147 @

Divide equation [2] by equation [I]:

147 3 E—mm

s
‘Substitute in equation [1]: N
P cos 2055 Fis2

PoatoN
‘The resultant reaction is 419 N and the angle of friction is 20-55",

Since the situation as shown in Figure 2 is one of three forces acting on a
body and producing a state of equilibrium, this problem could also be
solved by the use of Lami's Theorem.

Method 3, using Fig. 2

Apply Lami's nwomn
147

P
sin 90" Sin(180°~4) ~ sin(90° + 7)

=2055°
= __
Sin 20.55°

1t should sl be oted ha, i the question ad ouly eguied 110 be found,
then resolving perpendicular to the resultant reaction gives & neat solution:
’

and also

Resolving along AA', perpendicular o P gives: .
dgsin A= 147 cos 1 v
tan 2= 147
3 .
3=2055 TR
\

‘The reader should be aware of all these possible methods of solution
and select the most suitable method for cach question. P
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Example §

A body of mass 2kg lies on a rough plane which i inclined at 40° to the
horizontal. The angle of friction between the plane and the body is 15°.
Find the greatest force which can be applied to the body, parallel to and up.
the plane, without motion occurring.

Let the applied force be X.
X will have its maximum value when the body is on the
of moving up the plane, i.c. when it is in limiting
rium.

Resolving in a direction perpendicular to the line of the
resultant reaction 7 gives:

Xsin (90° — 15°

=2g sin (40" +157)
2g sin 55°

sin 75"

— 166N

X=

‘The greatest force which can be applied to the body without motion
occurting is 166

It should be noted that this result could also have been obtained by the use
of Lami’s Theorem.

Example 9
A mass m rests in limiting equilibrium on a rough plane inclined at 6 (o the
horizontal. If the angle of friction is 4, show that if the mass is on the point
of moving down the plane, then 0

Resolving parallel to the plane gi

mgsin0=Psini 1]

Resolving perpendicular o the plane giv

mgeosf=Peosi .03

Dividing equation {1} by equation {2 gives:

tan 0= tan i

‘The mass is on the point of moving down the plane when the angle of the
plane is equal to the angle of friction.




Friction 125

Example 10
If a force Q, inclined at an angle a to the surface of the plane, is applied to
the mass in Example 9, find the minimum value of @ and the corresponding
angle 2 when the mass is on the point of moving up the plane.

As the mass is on the point of moving \Ap mg plane, the

resultant reaction will act as show diagram.

Using Lami's Theorem gives:
r

o m
SO0 +0+2)  Sn(180 - (i+ 0]  snO0 -+ 1)

Qo __m
sin (3+6) ~ cos (x~7)

or 0= mesinGit6)
cos (@~ 7)
Thu expression for  has a minimum value when cos (x — £) = 1, or when

ot case © = m sin 3+ 6) and th force must be applied a an angle 4
to the surface of the plane.

“The minimum value of Q is mg sin (/. + ) when the angle

Exercise 6C

1. The coeflicient of friction for two surfaces in contact is 0.2
Find the ange of friction for the two surfaces

2. The angle of friction for two surfaces in contact is 30°.

Find the coefficient of friction for the two surfaces.

3. Each of the following diagrams shows a body on a rough plane. s the
resultant reaction of the planc on the body and / s the angle of friction
for the two surfaces in contact. Parts (). (b) and (c) each involve a
body, of mass Skg, on the point of moving along a horizontal surface.
Find P and i
@ o, ®

2l iy

SN N







7. A body of mass kg lies on a rough plane which is inclined at 35° 10 the
horizontal. The angle of friction between the plane and the body is 20°
Find the magnitude of the least force that must be applied to the body,
in a direction parallel to and up the plane, in order 1o prevent motion
down the plane.

8. A body of mass 4kg lies on a rough plane which is inclined at 30° 10 the
horizontal. The angle of fiiction between the planc and the body is 15°.
Find the magnitude of the least horizontal force that must be applied to
the body o prevent motion down the plane.

9. A body of mass 2kg lies on a rough plane which is inclined at 40° 10 the
horizontal. The angle of fiction between the planc and the body is 15°.
Find the greatest horizontal force that can be applied to the body
without motion occurring.

A body of mass 3 kg lies on a rough plane which is inclined at 20° 10 the

horizontal. A force of 28 N applied to the body, paralle] o and up the
slope, causes the body to accelerate up the slope at 1-Sm

Find 4, the angle of friction between the body and the pla

1 the sppied fore were subsequenty removed th body would travel

on up the slope, eventually coming to rest. Would it then slip down the

siope or would it remain at rest?

z

A light string is attached to a body of mass Skg Iying on a rough
horizontal surface. The angle of friction between the body and the
surface is 20° and the string is pulled upwards at an angle 0 to the
horizontal.

HLhe body is on the point of moving. find the tension in the string

wh
@ i ®) 207 (40

12. A body of mass m lies on a rough horizontal surface. The angle of
riction between the body and the surface is 4. A light string is attached
10 the body and is pulled upwards, at an angle 0 10 the horizontal. If the
body is on the point of moving, show that the least value for the tension
in the string is mg sin 4 and that it occurs when 6

Questions 13 to 15 refer o Fig. 1 which shows a mass m
Iying on a rough planc inclined at an angle ¢ to the
horzuata The angle o ricon between the body 1ad

the plan is 4, with 6>

Fore X s pplid to the body and makes an angle ¢ wththe
plane. The body is on the point of moving down the plane.

13 10 18,0 30" and m = 2k, fid the maguitude of X when ¢ i
(a) 10° m 13 (© 3
57 0= 40" and = Sk i the magnitude o X when ¢ i
(a) o (b) 15 (©) 3
15 Show hat te st force X sufficient to prevent motion down the plane
is mg sin (0 — 7) and that it occurs when ¢ =

141

Friction
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Questions 16 1o 18 refer to Fig. 2 which shows a mass m
Iying on a rough plane inclined at an angic 0 to the
horizontal. The angle of friction between the body and
the plane is 1.

Foree X is applied 0 the body and makes an angle ¢
with the plane. The body is on the point of moving up the
plane.

16. 1 4= 30°, 0= 20" and m = Zkg. find the magnitude of X when ¢ is:
@0 ®30

1706 = = 10" and m = Skg, find the magnitude of X when & is:
@220 (b 30 ) 40

18. Show that the least force X' sufficient (o ensure that the body is on the
point of moving up the plane is mg sin (9 + 4) and that it occurs when
)

Exercise 6D Examination questions

(Unless otherwise indicated, take ¢ = 9-8ms~? in this exercise.)

1

A block of mass 1 kg rests in equilibrium on a rough horizontal table
under the action of a force P which acts at an angle of 30° to the
horizontal, as shown in the diagram. Given that the magnitude of P is
253N, calculate

@) the normal reaction exerted by the table on the block,

i) the frictional force on the block.
Given that the block is about to slip, calculate the coefficient of friction,

correct to 2 decimal places. el

2. The diagram shows a particle of mass 4 kg on a rough horizontal
surface. The particle is acted on by a force of PN acting at 30° to
the surfiace and is in limiting equilibrium. Given that the normal
reaction between the particle and the surface is $4N, find
) the value of P
(i) the value, correct to two decimal places, of the coefficient of
friction between the particle and the surface. (UCLES)




3. (Take g = 10ms~ in this question.)

Describe an observation that you could make which would show that

the motion of a sledge on snow is subject 0 a friction force.

A small child of mass 20 kg sits on a sledge of mass 10k that rests on a

horizontal surface of snow. A woman of mass S0kg attempts to push

the sledge with the child on it by applying a horizontal force.

(2) When the woman starts to push, she finds the force she applics is
not sufficient to cause motion. Draw one diagram for the woman
and a second for the loaded sledge, showing all of the forces that
act on each.

@) Toc codficen of fcton bebroen e g s thesacw 102
w that the woman must apply a horizontal force to the

s greatr han 60N s that t will mov forward, asuming
t she does not slip
() Find the miimarm coeTient of fiction required betwcen the
man'’s feet and the snow, in order that she does not slip.
before the sledge moves forward.

(UODLE)

In a school physics experiment, a trolley can move on a horizontal
table. A string connected to the trolley passes over a pulley fixed at the
edge of the table, and a load hangs from the end of the string (:
diagram). In a particular experiment, the mass of the trolley is 3 kg and
the mass of the load is 1 kg. Calculate the aceeleration of the trolley and
the tension in the string when the system is released from rest, and state
any assumptions you have made in the course of your calculation.

When the trolley is replaced by a wooden block of mass 2kg which can
slide on the table, it s found that a load of 1 ky is heavy enough to
move the block while  load of 0-Skg is not heavy cnough to move the
block. Use this information to find out what you can about the size of
the coefficient of friction between the block and the table.  (UCLES)

5. Two particles A and B of mass m and 2 respectively are connected by
a light inextensible string which passes over a smooth pulley attached to
the edge of a rough horizontal table. The particle A is held at rest on
the table at a distance 2a from the pulley with the string taut and B

find the magnitude of the acceleration of each particle and the

‘magnitude of the tension in the string.

After B has fallen a distance a it hits a horizontal floor and does not

rebound. Show that A comes o rest at a distance 3a from the pulley.
(AEB 1992)

Friction

e
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(Take g % in this question.)
The diagram shows a particle of mass 0-5 kg on a rough plane
inclined at an angle 10 the horizontal, where sin z = 75 . The
particle is acted on by a horizontal force of §N and is about to
move up a line of greatest slope. Show that the value of the

coefficient of fiiction between the particle and the plane is 0-71. @

Determine, with working, whether or not the particie will move
when the force of 8N is removed. (UCLES)

i
Fig |

A small parcel P, of mass 1-5 kg, is placed on a rough plane inclined at
an angle of 27° to the horizontal. The coefficient of friction between the
parcel and the plane is 03. A force S, of variable magnitude, is applied
to the parcel as shown in Fig. 1. The line of action of $ is parallel to a
line of greatest slope of the inclined plane.

Determine, in N 10 1 devimal place, the magnitude of § when the parcel
Pis in limiting cquilibrium and on the point of moving

(3) down the plane

(6) up the plane. (ULEAC)

(Take g = 10ms~ in this question.)

A particle of mass 0.8 kg is on a rough plane inclined at an angle z to
the horizontal, where tan 2 = . The particle is acted upon by an
upward force of 4N parallel to a line of greatest slope of the plane.
Given that the particle is about to move up the planc, calculate the
coefficient of friction between the particle and the plane.

Given that the force of 4N is then removed, find the acceleration of the
particle down the plane. (UCLES)

A particle of mass 3kg is placed on a rough horizontal surface and a
horizontal force of gradually increasing magnitude P is applied to .
() Draw a diagram and show the force of friction F acting on the
particle, together with all other forces.
(i) 1 the coefficient of friction between the particle and the surface is
1, state the magnitude of the friction force when the partic
remains in equilibrium, and determine its value when motion

(iii) Draw and label a sketch-graph of F against P. (UODLE)
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10. (Take g = 10ms~? in this question.)
After an unexpected snow fall some children take tin trays out t0 & local
hillside and slide down the hillside sitting on the tin trays.

(a) List three factors that would affect the amount of friction between
the tray and the snow.
“The hill i inclined at 30° to the horizontal.
(b) (i) Show that if friction is et o be zero then the acceleration
of a child on 4 tray will be Sm
(i i the tme it akesfor the ehild 10 travl 20 down the
slope. if the child starts at rest
(@) In reality the child is given a push so that the initial speed is 2ms ™"
d it then takes 4 seconds to travel the 20m. Find the actual
acceleration of the child.
(d) What is the coeflicient of friction between the tray and the snow?
() State one factor that has not been taken into account in the
problem. (AEB Spec)

A toboggan of mass 15kg carries a child of mass 25 kg. It sarts from
est on a snow slope of inclnation 10°, Given that the aceeleration is
12m s and that air resistance may be ignored, find the coefficient of
friction.

Find the speed when it has moved S0m from rest, and find the time
taken.

Having reached the bottom of the slope, the toboggan and child are

pulled back up the slope, at a constant speed, by a light rope which is

parallel to a line of greatest slope. Find the tension in the rope.
(UCLES)

0m s~ in this question.)
‘The diagram shows two slopes: the upper slope is
inclined at an angle § (0 the horizontal where
sin 6 =1, the lower slope at 30° to the horizontal.
A particle A of mass 3ke s held at rest on the
upper slope. This particle s connected by a light
inextensible string, passing over a smooth pulley, to
a particle B of mass 2kg on the lower slope.
(&) In the case where both slopes are smooth and A is released from
rest, find
uy the acceleration of the particles
the tension in the strin
the speed of each particle after travelling 0 6)m. assuming
both particles remain on their respective
(b) In the case where the lower slope is smooth m.d mz upper slope
rough, the system is in limiting equilibrium. Find the coeflicient of
friction between particle A and the upper slupt (UCLES)
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13. A particle of mass amkg is resting on a rough plane inclined at 30° to the
horizontal and is atiached to one end of a light inextensible string. The
string passes over & pulley at the top of the plane and carries at its other
end a mass Mkg. where M > m. The coefficient of friction

between the plane and the mass m is % Initially the mass M is 1m

‘above a horizontal plane as shown in Fig. |

Fig )

If the system is released from rest, show that it will move with an
acceleration of

M = mg

M+ m)
(Assume that the mass 1 does not reach the pulley.)
) Find the speed with which mass m is moving when mass M hits
the horizontal plane.

i) For how much longer will mass m continue to move up the plane?
(i¥) What will happen then? (NICCEA)

Particles A, of mass 0-4 kg, and B, of mass 0-2kg, arc atached (o the
‘ends of a light inexteasible string. Particle A rests in equilibrium on a
rough plane which is inclined at 30° t0 the horizontal. The string passes
over a smooth pulley X at the top of the plane, and the part AX of the
string s parallel to a line of greatest slope of the plane. Particle B is held
in equilibrium by means of a horizontal force in such a way that the
part XB of the string makes an angle 0° with the vertical. The points A,
X, Blie in the same vertical plane (see diagram). The coefficient of
friction between A and the sloping plane s 0-3. Given that A is about to
slip up the plane, find the value of 6. (UCLES)
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Fig. 1 shows a particle P, of mass 5m, on a rough plane, connected by &
light inextensible string passing over a small smooth pulley at the top of
the plane o a particle Q of mass 10m which is hanging freely. The string
is parallel 10 a line of greatest slope of the plane. The coefficient of
friction between P and the plane is | and the planc is inclined at an
angle sin~" } t0 the horizontal. The particles are released from rest. Find
the tension i the string during the subsequent motion.

After © has dropped a distance 10d it hits an inelastic horizontal plane.
Assuming that P does ot reach the pulley, find the further distance
travelled by P before first coming to instantaneous rest. (WIEC)



7 Moments

Moment of a force

From our everyday experience we know that
(i) itis casier to undo a tight nut using a long spanner when the force is applied at the end of the
spanner, rather than by using a short spanner;

(i) i a child sits on one end of a seesaw which is pivoted at its centre, he can be bulanced by @
eavier adult sitting near 10 the centre of the seesa

i) a mm is morecadlyclasd by pusing o the cdge further from the hinges than by pshing at 3
int part way actoss the door, such a

@

In each of these examples, the application of the force is causing or tending
10 cause a body t0 rotate about an axis, k. rotational motion. Previously,
only motion along a line has been considered, ie. translational motion.

diagram shows a rod AB pinned to a
horizontal table by a pin through A.
When a horizontal force of SN is applied at
the point B, perpendicular to BA, the rod
will turn about the axis through A.
‘The turning effect of the force will be
lessened if instead of being applied at B,
applied at C or at D. This turning effect is
Known as the moment of the force about the
point A.




Momenss

Although the phrase “the moment of the force about the point A™ has just
been used, strictly speaking moments are always taken about an axis, and
not about a point. In the last case, the turning effect (or moment) of the
force about the vertical axis through A has really been considered. However
in the questions which follow, all the forces act in one plane, and so for
simplicity, the phrase “moment about a point” will be used.

Definition
The moment of a force about a point is found by multiplying the magnitude

of the force by the perpendicular distance from the point to the line of
action of the force.

‘The moment of the force 7
about the point X is P x .

Hence a force will have no moment about a point on its line of action.

If the force is measured in newtons and the distance in metres, the moment
of the force is measured in newton metres (N'm).

Sense of rotation
A nut is usually rotated in an anticlockwise direction when being undone.
Al rotations should have their sense clearly stated: the moment of  force
about a point has both magnitude and direction.

Example 1

N
Consider the rod AB shown in the diagram. Find the
‘moment about A of the force of SN when it is applied c A
at each of the points B, C and A [ B
‘When the force of SN is applied at B: in im

‘moment about A = force x perpendicular distance from A to force
= 5N % 3m = 15N m anticlockwise

When the force of SN is applied at C:

moment about A = SN x 2m = 10Nm anticlockwise
When a force of 5N is applied at A

‘moment about A = SN x0m = 0
A force through A has no turning effect about the point A and therefore no.
moment about A: it is like trying to close a door by pressing on the hinges.
Itis usual when taking moments about an axis through, say, the point K to
write K to stand for “taking moments about the point K.
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Example 2
Tn the diagram, find the moment of the force at C about each of the points
A, Band C. Stte the direction of the moment in each case.
Taking moments gives: A 8 ¢
A 3Nx6m = I18Nm clockwise i o
B 3Nx2m = 6Nm clockwise In
T aNx0 =0

In the third case, the force has no turning effect (and therefore no moment)
about the point C since the force passes through the point C.

Algebraic sum of moments
IF & number of coplanar forces act on a body, their moments about any
point may be added provided due regard is given to the sense of cach
moment.

Example 3

“Three forces acting on  body have moments of 15Nm clockwise, 10N m

anticlockwise and 13N m clockwise, about a point X. Find the sum of these

moments in magnitude and dircetion.

moment of 10N m anticlockwi ‘moment of 10N m clockwise

The sum of the moments = (15Nm — 10Nm + 13N m) clockwise
= 18N m clockwise

Example 4

A rod AB s firee to rotate about an axis through the point O,
perpendicular to the plane on which the rod rests. Forces of o

»
P and Q newtons act as shown. Find the combined turning effect [ o |

about the point O of these forces if m I
(@ P=6Nand Q= 35N () P=7Nand 0 =3LN.
Taking moments about O gives:
@ T (5x4)Nm clockwise + (6 x 2) Nm anticlockwise
20Nm — 12N m) clockwise
$Nm clockwise

T (3] x4)Nm clockwise +(7 x 2)Nm anticlockwise
14Nm—14Nm
0
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Example 5

Find the moment, or the sum of the moments, about the point O of the
forces shown in each of the following diagrams.

@ w ®

o (Bx4HNm ° ©x1})Nm
= 12Nm anticlockwise = 134 Nm clockwise

©

T GxONm D (5x3+4x 1)Nm clockwise

=0 + (6 x 2) Nm anticlockwise
15 + 4 - 12) Nm clockwise
7Nm clockwise

Example 6

the moment about the origin of a force of 3j N acting at the point
which has posiion veor 4im

Drawing a diagram and taking moments about the point O gives:
T (4x3)Nm = 12Nm anticlockwisc

Example 7

Find the moment about the point P with position vector (~3i +4)m of a
foree (6 + S)N acting at a point Q which has position vector (2i+ J)m.

Again drawing & diagram gives:
P (5 x 5)Nm anticlockwise +(6 x 3)Nm anticlockwise

(25+18)Nm
= 43N m anticlockwise
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Exercise 74
1. Three forces acting on a body have moments of 7Nm clockwise, 12Nm
anticlockwise and 15 Nm clockwise, about a point X.
Find the sum of these moments in magnitude and direction
2. Fourforoct atng on  body have moments of N clockwise SNon
42Nm about a point

X.
Find the sum of these moments in magnitude and direction.
For each of the questions 3 o 23 find the moment (or the sum of the
‘moments) about the point A of the forces shown.




Moments

24. Find the moment about the origin of a force of 4N acting at the point
which has position vector Sim.

B

Find the moment about the origin of a force of 4] N acting at the point
which has position vector ~Sim.

B

Find the moment about the origin of a force of 3iN acting at the point
which has position vector (2i + 3j)m.

8

Find the moment about the origin of a fnm of (4i + 2)) N acting at the
point which has position vector (3i +

28. A foree of (3 — 2j) N acts at the point which has position vestor (5§ + )m.
Find the moment of this force about the point which has position vector
i+ 2j)m.

2

A force of (2i + )N acts at the point which has position vector
(2i-+ 2j)m and & force of 5IN acts at the point which has position
vector (~2i + jym.

Find the sum of the moments of these forces about the origin.

g

A force of (31 -+ 2))N acts at the point which has position vector

(5i+ j)m and a force of i+ J) N acts at the point which has position
vector (21 + m.

Find the sum of the moments of these forces about the point which has
position vector (i + 3j)m.

=

If a line AB represcats the force P, both in magnitude and direction,
show that the moment of force P about some point O is represented in
‘magnitude by twice the area of the triangle AOB.

Parallel forces and couples
Example 8

Two forces, each of SN, are applied at the ends A and B of a rod, 3m in
leagth. The forces are parallel but act in opposite directions.

Find the sum of the moments of the forces about each of the points A, B
and P shown in the diagram.

Since the forces are equal in magnitude but act in opposite directions, they
have no ransltional eicc. However, the forces wil e  uing efect
‘Taking moments gives

(5% 3)+(5x )Nm = 15N m clockwise h

<!

(5% 3)+ (5 X O)Nm = 15N m clockwise

9w )

5% (+ 3)Nim clockwise + (5 x ) Nm anticlockwise
= (5 + 15 — 53) N clockwise
~ 15N m clockwise

Note that the moments about each of the points s the same.
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Like and unlike forces
Forces which are parallel and act in the same direction are said to be like
forces.

Forces which arc parallel and act in opposite directions are said 10 be unlike
orees.

Definition of a couple
Two unlike forces of equal magnitude, not acting along the same line, are
said to form a couple. A couple has & tuming effect but cannot produce a
translatory effect.
Moment of a couple
If the magnitude of each force forming a couple is P newtons and the
perpendicular distance betsween their lines of action is  metres, the
magnitude of the moment of the couple is

PxaNm
‘The turning effect of a couple is independent of the point about which the
turning is taking place.
“This statemeat, which was ilustrated in Example 8, can be verified more
generally by considering the sum of the moments of the forces about each of
the points O, and Oy in the diagram below.

o7 P x (a+b) clockwise + (P x b) anticlockwise "
= (Pa+ Ph - Ph)Nm clockwise _
= PaNm clockwise b
~ o,
07 Pxcclockwise+ P x (a— o) clockwise L
(Pc Pa— P)Nm clockwise ’
PaNm clockwise o

Hence it is found that the moment of this couple is
the same about all points in the plane of the forces

forming the couple.

Itis also possible for three (or more) paralkl forces to form a couple, as is
illustrated in the following example.

Example 9

Show that the system of forces given in the N

diagram forms a couple and find the moment

of this couple. AB— = »
Resalving the forces in a direction paralll .

10 the 7N force gives: N
IN-2N-5N=0

In this case the forces balance in this direction and they have no

components in any other direction; consequently they have o translatory

effect
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Hence,

(a) their moments about any point also balanee and therefore the forces
have no turning effect,
or

(b) the forces have a turning effect, that s they form a couple.
Taking moments gives:
W Tx0)+@x 1)+ (S x4 Nm clockwise

= 22Nm clockwise

Therefore these forces form a couple with a moment of 22Nm in a
lockwise sense.

Example 10

Forces of SN, 2N, 5N and 2N act along the sides BA, BC, DC and DA
respectively, of the square ABCD, in the directions indicated by the order of
the letters. The side of the square is 3m. Show that the forces form a couple:
and find the moment of this couple by taking moments about

(a) the centre of the square and (b) the point A

Find the moment of the couple which must be applied to the system in order
to produce equilibrium.

Resolving parallel to AB gives: sy

~SN+5N=0 ‘

Resolving parallel 1o AD gives:
~2N+2N=0
Hence the system has 1o translatory effect, and
is therefore cither in cquilibrium or reduces o a couple.

3

Taking moments gives: ™~
@K @x1)-6x 15 +@x 1) - (5 x 1) Nm clockwise
=(-74+3-7H)Nm
~9Nm clockwise
= 9 Nm anticlockwise

® A 2x3)—(5x3)Nmclockwise

= 6~ 15Nm clockwise

= 9Nm anticlockwise
As was 10 be expected, the moments about the points X and A are the same,
since the system is eq\nvukm to a couple. The moment of the couple is
9Nm in an anticlockwis
In order to produce a smle ol‘ equilibrium, a couple of the same magnitude,
but opposite in sense is required:

couple required = 9Nm clockwise
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Exercise 7B

1. Find which of the following systems wil reduce to a couple and, in
these cases, find the moment of the couple:

@ 108 ® mLN © 15N
n Ll v-1 T Tm
10N 108 iy BY
@ o8 (@ 3N INC® 2y N
im 3w sm I inh 2w 1m
AN 3N DY aw
[CE—— ® N O
= T ' =
T g e |
cRIERY ) —t— INY Ny
b l =i l
i

pu

2. Find the moment of the couple applied to a corkscrew by two equal and
opposite forces of 25N acting on it, along lines 7cm apart.

3. ABCD is a rectangle with AB = Sm and BC = 2m. A force of 3N acts
along each of the four sides AB, BC, CD and DA in the directions
indicated by the order of the letters.

Show that the forces form a couple and find its moment.

4. ABCD is a rectangle with AB = 6m and BC = 2m. Forces of SN, 5N,
XN and XN act along CB, AD, AB and CD respectively. The
directions of the forces are given by the order of the letters.

If the system s in equilibrium, find X.

5. ABCD is a square of side 40cm. Forces of 20N, 15N and 20N act
along the sides AB, BC and CD respectively and a force ¥ acts along
DA. The directions of the forces are given by the order of the letters
IF the system is equivalent to a couple, find the magnitude of ¥ and the
‘moment of the couple.

6. ABCD is a square of side 60cm. Forces of 6N, 2N, 6N and 2N act
along the sides AB, CB, CD and AD respectively, in the directions
indicated by the order of the letters.

Show that the forces form a couple and find the moment of the couple
that must be applied o the system in order to produce equilibrium.




7. ABCD is a rectangle with AB = 8 m and BC = 3m. Forces, each of

4N, act along AB and CD in the directions indicated by the order of

theeters Show tha e system educes o8 couple and find e

moment of the couple. It is now required to reduce the sy

equilibrium by applying a force PN along AD and another fore PN

along CB. Find the value of .

Alight rod of length S0cm lies on a horizontal table. A man holds the

ends of the rod. The rod s subjected to a couple, of moment 40Nm,

causing it to rotate upon the table. What force perpendicular to the rod

‘must the man exert through cach hand in order to prevent the rotation?

A force of (31 - S))N acts at the point which has position vector

(614 I and  fore o (~31- $p N acts at the point Which s

‘position vector (4 + j)m.

Show that these forces reduce to a couple and find the moment of the

couple.

A force of (41 + 3)) N acts at the point which has position vector

61+ 3)m and a force of (~4i ~ 3j) N acts at the point which has

position vector (3 — j)m.

Show that these forces reduce (o a couple and find the moment of the

couple.

11 Forces of (i+J)N, (~4i+ )N and (3 — 2)) N act at the points having
position vectors (2 + 2))m, (~i + 4)m and (4 ~ 2j) m respectively.
Show that these forces reduce to a couple and find the moment of the

s

DN act at the cpoiis having position

I pectivel
If these forces reduce to a couple, find i and the moment o the
couple.
13. Forces of 6N and —6 N act at the origin and at position vector 2im
respectively.
Show that the moment of the forces about any point P(x. 3) is
independent of x and .

Replacement of parallel forces by a single force

In the last section, systems of parallel forces which reduced to couples were
considered. These systems produced a turming effect but did not have a
translatory effect.

Sysems of paral!:l forces which do not reduce to a couple must now be
consider

Any number of parallel forces, which are not equivalent to a couple, may be
replaced by a single force. This resultant force will be parallel to the given
forces, and it must have the same translational and rotational effects as the
given forces.

The same translational effect is ensured if the magnitude of the resultant is
obtained by resolving in the direction of the given forces.

Moments
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To ensure the same rotational effect, use is made of the very important
Principle of Moments, which states that
When a number of coplanar forces act on a body, the algebraic sum
of the moments of these forces, about any point in their planc, is
equal 1o the moment of the resultant of these forces about that
point
When finding the resultant of a system of forces, it is advisable to draw two
diagrams, one showing the given forces and a second to show the equivalent
resultant force.

Example 11
Two unlike parallel forces of I N and 3N are 4m apart. Find the
‘magnitude, direction and line of action of the resultant of these forces.

First diagram (given forces) Second diagram (esultant force)

o I
N

Let A and B be the points in which a line drawn at right angles to both
forces meets their lines of action. Let R act at a distance of x metres from A
‘The resultant R of the given foroes will act in the same direction as the
larger force.

R must have the same translational effect, Thus, resolving at right angles to
AB gives:

R R=2N

R must have the same rotational effect, Thus, taking moments gives:
R 3x4=Rxx g x=6m

The resultant acts at a distance of 6m from A, is 2N in magnitude and acts
in the same direction as the 3N force.

Example 12

ol paralle forcs of 2N and SN ar 2 m agar.Fid the magnitude,
direction and line of action of the resultant of these force:

e I

Draw two diagrams as before. The resultant R will act in the same direction
as the given forces
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For R to have the same translational effect:

R=2+5

R=T7N in the same direction as the given forces
For R 1o have the same rotational effect:

A SxU=Rxx

105 = 7x or x=15m
The magnitude of the resultant is 7N, acting in the same dlm;uon as the
given forces, and its line of action is 15m from the 2N forc
Position of resultant
It should be carefully noted that the resultant of two like forces will have its
line of action between the two forces: if the forces are unlike, the resultant
will lic outside the given forces.

Exercise 7C

1. Tn each of the following cases, find the magnitude of the resultant of the
forces shown and the distance of its line of action from A.
@ 4n B RUER] ©

| PR ) A

A

=
bz

NN

2. The lines of action of two like paraliel forces of 3N and 2N are 10m
apart. Find the magnitude of the resultant of the forces and the distance
between its line of action and that of the 3N force.

3. The lines of action of two like parallel forces of N and 12N are Sm

apart. Find the magnitude of the resultant of the forces and the distance

between its line of action and that of the N force.

The lines of action of two unlike parallel forces of 5N and 3N are 4m

apart,

Find the magnitude of the reltan o theforces and the disance

between its line of action

m s of cion of o unlike paralel forces of N and 12N are S

s

Find the magitude of the resultant o the forces and the distance
between its line of action and that of the § N force.

6. Two like vertical forces of 4N and QN act at points A and B
respectively where AB is horizontal and of length 6m. Their resultant is
a force of PN and acts at a point X, between A and B, where

Find P and Q.

7. Two unlike vertical forces of 10N and @N act at points A and B
respectively where AB is horizontal and of length 3m. The resultant of
the two forces is a force of PN which acts at a point X on the line BA
produced such that XA = 4:5m. Find P and 0.
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8. A, B and Care three points on a horizontal line with B between A and
C.AB = Imand BC = 3m. Forces of SN, 3N and 2N act at A, B and
C respectively in a direction vertically downwards. Find the magnitude
of the single force that could replace these forces and the distance of its
of action from A.

9. A, Band C are three points on a horizontal line with B between A and.
C; AB = 1m and AC = 3m. Forces of 2N and 0.5 N act vertically
downwards at A and C respectively and a force of 4N acts vertically
upwards at B. Find the magnitude of the resultant of these three forces
and the distance of its line of action from A.

s

A, Band C are three points on a horizontal line with AC =
point B situated between A and C. Vertical forces of 4N, 1N and 3N
actat A, B and C respectively. The resultant of these forces is a force of
6N, vertically upwards, acting through the point X on AB such that
AX = 1{m. State the dircction of the forces at A, B and C and find the
distance AB.

Show that the resultant of two like parallel forces, of magnitudes PN
and QN, is a force in the same direction as the two forces and whose
line of action divides the distance betwee the two forces internally, in
the ratio Q: P.

Show that the resultant of two unlike parallel forces, of magnitudes PN
and QN, where P is greater than 0, is a force in the dircction of the
larger of the two forces and whose line of action divides the distance
between the two forces externally, in the ratio Q: .

Parallel forces in equilibrium

A system of parallel forces is either equivalent to a couple or it can be
replaced by a single force or resultant.

Consider a system of parallel forces in equilibrium. Such forces cannot be
equivalent to a couple because, if they were, they would have a turning
effect and would not therefore be in equilibrium. The second possibility is
that the forces could be replaced by a resultant. However, as the forces are
in equilibrium, this resultant force must be zero. Furthermore, if the
resultant force is 2¢7o, then the moment of this resultant force about any
point must also be zero and so, by the Principle of Moments, the algebraic
sum of the momeats of the forces about any point must be zero.

“Thus for parallel forces in equilibrium
() the resultant force in any direction is zero
and

(i) the algebraic sum of the moments of the forces about any point is z¢ro
. we can equate clockwise and anticlockwise moments
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Example 13

A uniform beam, of length 2m and mass 4 kg, has a mass of 3kg attached
at one end and a mass of | kg attached at the other end. Find the position
of the support if the beam rests in a horizontal position.

Suppose the beam is supported at the point C, 4

s metres from the 3 kg mass, and that the
support exerts an upward force of P newtons on
the beam. The forces due to the two masses are
shown on the diagram. Since the beam is uniform, AN P N
it s assumed that its weight wil act at its cente. im
Method 1

Equate the clockwise and anticlockwise moments:

T Sgxs=dgx(l-5)+1lgx@2—s)

Method 2
Equate the forces in a vertical direction:
Jgtdg+ig=P

P=tg

B agxl+lgx2=Pxs
3 6g=Sgs

im

Thus the beam must be supported at a point  m from the 3kg mass.

‘The first method has the advantage that the unknown force at the support is
not needed, since the moments are taken about this point.

Example 14

A light horizontal beam of length 2m rests with its ends A and B on smooth
supports. The beam carries masses of S kg and 2kg at distances of 60cm
and 150cm respectively, from A.

Find the reaction at each support.

Since the beam is light, its mass can be ignored.

Suppose the reactions are 7 and Q newtons.

Equate the clockwise and anticlockwise

A Sgx06+2x15=0x2
. 0=3%

7
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The force P does not appear in this equation since it has no moment about

the point A.
B 2x05+5gx14=Px2
P=4g

The reactions at the supports are 4g and 3¢ newtons.

IF the forces acting on the beam in a vertical direction are considered:
PrQ=Sgt2e

and this equation can be used, either (o check the values of P and ©, or in

place of one of the moment equations.

Exercise 7D

Questions 1 10 8 involve light horizontal rods in equilibrium. Each diagram
shows the forces acting on the rods. Find the magaitudes of the forces P
and Q and the distance x, as applicable.

110N 0N 2 0 Ee 128
a— E R £ im
»
2m—— 30N 0N
4 s r 6 ’
osm
IPNES tn im e fbim 2m img s
PO 106N 0N 30N @ PO 10N
A 7 2 5 ’
40ene0en 6en [170em I fim  am im
200N 1ogx 200N o 308 1N 10N

Some of the following questions involve wniform beams. This means that the
weight of the beam can be taken as acting at the centre point of the beam.
9. A uniform beam of length 4m and mass 50 kg rests horizontally,

supported at each end. A mass of 20kg is placed on the beam, 1m from
one end.
Find the reactions at the supports

10. A uniform beam of length 6m and mass 8kg has a mass of 10kg
attached at one end and a mass of 3kg attached at the other end.
Find the position of the support if the beam rests in 4 horizontal
position.
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11. A playground seesaw consists of a uniform beam of length 4m
supported at its mid-point. If a girl of mass 25kg sits at one end of the
scesaw, find where her brother of mass 40kg must sit if the seesaw is to
balance horizontally.

12. A broom consists of a uniform broomstick of length 120cm and mass
4kg with a broom head of mass 6kg attached at one end. Find where a
support should be placed so that the broom will balance horizontally.
A non-uniform beam AB is of length 4m and its weight of SN can be
considered to act at a point 1-8m from the end A. The beam rests
horizontally on smooth supports at A and B. Find the reactions at the
supports.

14. A uniform beam AB of mass 10kg and length 4m rests horizontally on
two supports, one at A and the other 1m from
Where must a boy of mass 50k stand on the bea if he wishes to
make the reactions at the supports equal?
15. A non-uniform rod AB of length 4m is supported horizontally on two
supports, one at A and the other at B. The reactions at these supports
are 5gN and 3gN respectively.
Ifinstead the rod were to rest horizontally on one support, find how far
from end A this support would have to be placed.
A pole vaulter uses a uniform pole of length 4m and mass Skg. He
holds the pole horizontally by placing one hand at one end of the pole
and the other hand at a position on the pole S0¢m away.
Find the vertical forces exerted by his hands
Three uniform rods of mass 2, 4 and 8 kg and each of leagth 20cm, are
joined together in the order mentioned to form on long rigid rod of
length 60 cm. This rod is then suspended horizontally by 2 vertical string
attached to the rod at & point xem from its mid-point.
Find the value of x and the tension in the string
. The diagram shows a spade which consists of a handle, a uniform shaft
and a uniform rectangular blade. The handle is of mass 0-5 kg, the shaft
of mass 2kg and the blade of mass 2kg.
(2) 1 the spade i to rest horizontally on one support, where should 90.m
this support be placed? 1
2 cm
+

]

3

(b) 1F a man carries the spade horizontally with one hand on the handle
and the other at a distance of 72cm from the handle, find the
vertical forces exerted by his hands when a brick of mass 6 kg is
placed at the centre of the bla

Non-parallel forces In equilibrium
The results stated for parallel forces in rthbnum also apply to non-
parallel forces which are in equilibrius

I paticalar, o sy v of forcs i o (e algebls s of
the moments of the forces about any point must be zero.

Problems involving forces which are not parallel can be solved by using this
principle.
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Example 15

A pendulum AM consists of a string, of length 2m, mx a bob of mass Skg.
“The pendulum is suspended from A and held in equilibrium by a horizontal
foree F applicd ¢ Mo that the iring makes an angle of 0" ith the
vertical. Find the force F.

Suppose the horizontal and vertical distances of M from
re x and y respectively. Taking moments about the
point A for allthe forces acting on the bob gives

® Sgxx=Fxy
. Sgx2cos 60° = Fx 2 cos 30°
Fofv3y
3
= 283N

Note that the tension T'in the string does not appear in the moment
equation since its line of action passes through the point A about which
moments are taken. It therefore has no moment about this point.

Moment of a force as sum of moments.

When finding the moment of a force about a point, it is sometimes useful
first to resolve the force into its components.

Suppose the force P acts at the point N at a distance s from the point O and
in a direction making an angle 0 with ON produced.

Resolving the force P gives: Ping}

component in direction ON s P cos 6

component at right angles to ON is P sin § ° NPost

‘moment of P about O = sum of moments of these components about O
= Peos %0+ Psinfixs

=Pssind

Example 16

A uniform beam AB of mass 100kg and length 2/m has its lower end A
resting on rough horizontal ground. It is held in equilibrium at an angle
of 20° with the horizontal by a rope attached to the end B which

‘makes an angle of 40° with BA,

Find the tension in the rope.

Let Tbe the tension in the rope. There are two forces acting on the
beam, other than the action between the foot of the beam and the
ground. If moments are taken about the point A, the force at this

point will have no moment and will not therefore appear in the
equation.
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Resolve T'into its components T cos 40° and T sin 40° along and at right
angles to the beam respectivly:

K 100g % T cos 20° = Tsin 40° x 2+ T cos 40° x 0

The tension in the rope is 716N,

It should be noted that, for these bodies in cquilibrium, the algebraic sum
of the forces resolved in any direction must be zero. However, in
Examples 15 and 16 above, and in Exercise 7E, this fact need not be used
as the required answers can be obtained by taking moments about a
suitably chosen point.

Exercise 7E

1. Each of the following diagrams shows a uniform beam, of mass Skg
and length 4 m, freely hinged at a point A and resting horizontally in
equilibrium. Find the magnitude of the force T in each case.

2. Each of the following diagrams shows a pendulum consisting of a light
string with one end freely pivoted at A and the other end carrying a bob
of mass 1kg. The pendulum i held in equilibrium at an angle to the
vertical by a foree F.

Find the magnitude of F in each case.

@

A
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3. Each of the following diagrams shows a uniform beam of mass Skg and
length 4m with one end freely hinged at a point A. The beam rests in
equilibrium at an angle to the horizontal.

Find the magnitude of the force T in each case.

® ©

4. A pendulum consists of a light string AB of length 60cm with end A
fixed and a bob of mass 3kg attached to B. Find the horizontal force
that must be applied to the bob to keep the string at an angle of 25" to
the downward vertical,

5. Alight string AB of length 80cm has end A fixed and a particle of mass
4kg attached to B. Find the magnitude of the least force that must be
applied to the particle 50 that it is held at a distance of 40cm from the

vertical through A with the string taut.

6. A uniform rod AB of mass 10kg and length 2m has its lower end A
frecly hinged at a fixed point and a particle of mass 4kg attached to B.
A horizontal string is attached (o a point X on the rod where
AX = 1:5m. IF the system rests in equilibrium, with the beam making
an angle of 45° with the vertical. find the tension in the string.

7. A uniform horizontal shelf of mass Skg is frecly hinged to a
vertical wall and is supported by & chain CD as shown in the
diagram:
‘The tension in the chain is 98 N, AD = 15cm and angle
DA = 50 o L
Find the length AB.
8. A uniform rod AB of mass m hangs vertically with end A frecly hinged
10 a fixed point. The rod is pulled aside by a horizontal force F, applied
at B, until it makes an angle of 30° with the downward vertical. Show
that F= 2%

9. The diagram shows a uniform rectangular paving slab
ABCD of mass 15kg held in cquilibrium by a horizontal
force F applied at the corner C. Corner A rests on the
ground; AB = 30cm and BC = 40cm. AD makes an
angle of 30° with the horizontal.

Find the magnitude of F.




10. A non-uniform beam AB is of mass 100kg and length 12m. X and Y
are points o the beam such that AX = 4m and AY = 7m. The weight
of the beam can be considered 10 act at point X, The beam has its lower
end A resting on rough horizontal ground and is kept in equilibrium, at
am angle of 26 ta the horizontal, by a rope attached to point Y and
making an angle of S5° with YA. Find the tension in the rope.

11. A uniform beam AB of mass m and length 2/ has its lower end A resting
on rough horizontal ground and is kept in equilibrium, at an angle of
45° 10 the horizontal, by a rope attached to end B. If the rope makes an
angle of 60° with BA and T is the tension in the rope, show

me

Equivalent systems of forces

Tt has already been seen that a system of parallel forces is either equivalent
102 couple o can be replaced by a single force or resultant. In fact any
system of coplanar forces is either equivalent to a couple or can be replaced
by a single force or resultant. In the latter case the magnitude, direction and
line of action of the resultant can be found by resolving and taking
moments

Example 17

“The forces 4, 2, 3 and SN act along the sides AB, BC. CD and DA
respectively of the rectangle ABCD in which AB = 6cm and BC = 3cm.
The forces act in the directions indicated by the order of the letters. Forces
X and ¥, acting as shown in the second diagram, are equivalent to the given
system of forces.

Find the magnitude of X and ¥ and also the distance x. Hence find the
‘magnitude and the direction of the single force which is equivalent to the
given system.

Momenis

——tam —
Resolving both systems parallel to AB gives 4-3=X
X=1N

Resolving both systems parallel to DA gives:

15
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Equating the moments of the two systems gives:

T 20+40)=Txx
3x

Sem
X = 1N, ¥=3Nand the distance x = 8cm.

The single force R equivalent t0 the system is given by:

‘The single force is 3-16 N acting at an angle of 71-57° 1o the line DC.

Use of components when taking moments
The following example illustrates the use of the components of a force when
the moment of a force about  point is required.

Example 18

‘The square ABCD has sides of length a metres. Find the moment of the
force 3/2N, acting along DB, about the point O as shown in the diagram.

(@) The moment, by definition, is

i 3/2%OP 32 sin 45°
=3V2x(a+)) cos 45 9 s P
sy2con a5
=]‘/2x(a+)|xé %
= 3(a+) N m anticiockwise 3v26n 45°] iN
(i) The force acting along DB can bc 0 372 cos 45

resolved into two components.
at D ind the algebraic sum o he momens of these components

G 3y/2 sin 45 x p+ 3y/2 cos 45" x a
! 2xLxa
=323 x T

=3(a+) N m anticlockwise
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(i) Alternatively the force acting along DB can be resolved into two
components at

3 3y/2 sin 45° x (a -+ y) + 3y/2 cos 45° x 0

=3(a+y) N m anticlockwise

Itis seen that the same result is obtained each time, but care is necessary in
distinguishing between case (ii) and case (ii).

Example 19

The forces 2, 4. 2, 5 and 3y2N act along the sides AB. BC, CD. DA and
DB respectively of thesquare ABCD i te irectons idicted by the oder
of the letter he magnitude and direction of the force R which is
cquivalent 10 s sysim of forcc I the i ofacion of e foree R s
BA produced at a point P, xcm from A, and the length of each side of the
square is 10cm, find .

Draw the two diagrams showing the given system of forces and the required
force R

5N Cantinioem

l

——t0em—

Resolving both systems paraliel to AB gives:

2432008452 =X
IN=X .l

Resalving both systems parallel to DA gives:

543/2sind5-4= Y

E aN=Y ..

Squaring and adding equations [1] and 2] gives:
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Equating the moments of the two systems about the point B gives:
B X100+ x10)= Y+ 10)

Now substituting ¥ =4 gives:

7iem

x

“The equivalent force is SN acting at an angle of 53-13° to the line AB and
cutting BA produced 74 cm from A.

Note that alternatively moments can be taken about the point P. In this case
the moment of the system consisting of the resultant R will be zero.

Hence, equating moments of the two systems about the point P gives:

T @x10)+ 4104 x) - St 3y2 sin 455+ 10) = Rx 0
8 20440+ 45— Sx—3x-30=0

and again x = 7} cm is obtained.

Exercise 7F
1. For each of the following, find the magnitude and direction of the single
foree equivalent to the system of forces shown. Find also where the line
of action of this single foree crosses AB.

@ [ ——
o Ton
9 1 L
2n ™ shn
0%
I . s0em
J
i
PR 1.3 L
i
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2. Show that each of the following systems of forces is equivalent to a
couple and in each case find the moment of the couple.

@ 1N c

© c

In the following questions involving geometrical figures, the forces act along
the given lines in the directions indicated by the order of the lettrs.
3. ABCD is a rectangle with AB = 1-Sm and AD = 1m. Forces of 2N,
IN. 1N and 3N act along AB, BC, DC and AD respectivels.
Calculate the magnitude and direction of the single force that could
replace this system of forces and find where its line of action cuts AB.

4. ABCD is a square of side Sm. Forces of 4N, 6N, 8N and 10N act
along BD, DC, CA and CB respectively. When @ force P acts along AD
and a force Q acts along AB, the whole system s equivalent o a couple
Find the magnitudes of P and 0 and the moment of the couple.

5. ABCD is a square of side @ metres. Forces of IN, 4N, 3N and 6N act
along AB, CB, DC and AD respectively.
Calculate the magnitude and direction of the single force that could
replace this system of forces and find where its line of action cuts AB,

6. ABCD is a rectangle with AB = 3m and CAB = 30°. Forces of 10N,
20N and 20N act along AC, AD and DB respectively.
Caleulate the magnitude and direction of the single force that could
replace this system of forces and find where its line of action cuts AB.

7. ABC is an equilateral triangle of side a metres. Forces of 10N, 6N and
10N act along AB. CB and AC respectively.
Find the magnitude and direction of the single force cquivalent to this
system and find where its line of action cuts AB.
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8. Point O is the origin and points A, B and C have position vectors 3,
31+ 2 and 2 respectively. A force of (i-+4) N acts at A, SiN at B and
(-2 +2)NatC.

Find the single force that could replace this system and find the position
vector of the point where its line of action cuts OA.

9. Point O is the origin and points A and B have position vectors 4i and 4j
respectively. A force of (5i+ 7)) N acts at A, a force of (—6i + 3)) N acts.
at B and a force of (4i — 6j) N acts at
Find the single force equivalent to this system and find the position
vector of the point where is line of action cuts OA.

. ABC is an isosceles triangle, right-angled at A with AB = 1 m. Forces
Of 8N, 4N and 6N act along BA, BC and CA respectively.
Find the single force that could replace this system and find where its
lin of action cuts AB.

ABCDEF is a regular hexagon of side 2m. Forces of 2N, 3N, 4N and
5N act along AC, AE, AF and ED respectively.

Find the single force equivalent to this system and find where its line of
action cuts AB.

]

ABCDE s regular pentagon of side 2m. Forces of SN act along AB,
BC and

Find the smglc force that il reptce thee the s ud fnd
where its line of action cuts Al

]

ABCD is a rectangie with AB = [0cm and CAB = 20°. Forces of SN
act along BA, CD :nd AD and forces of 10N and 20N act along DB
and CA

Find the single o equivalent to this system and find where its line of
action cuts AB.

If the SN force along AD were along BC instead, how would this affect
‘your answers?

14. ABCD is a rectangle with AB = 70cm and AD = 20em. Forces of SN,
2N, 3N and 6N act along AB, BC, CD and AD respectively.
Find the single force that could replace this system and find where its
line of action cuts AB.
‘The force along AB is now replaced by a force through A which reduces
the system o a couple. Find the magnitude and direction of this force
and the moment of the couple.

15. ABCD is a rectangle with AB = 4m and BC = 3m. Forces of 4N, SN
and 10N act along CB, DC and DB respectively.
Find the single force equivalent to this system and find where its line of
action cuts AB.
A couple of moment 15N m, in the sense ABCD, is now introduced to
the system.
Find the magnitude and direction of the single force that will replace
this new system and show that it line of action passes through B.



16. Point O s the origin and points A, B, C and D have position vectors
Gi+jm, G+ 3)m, (~2i+j)m and (-2i ively. Forces of
Gi+ 3N, (1 SN, (=S1+ 2D N and Qi+ 3N actat poins A, B, C
and D respec
Find the smgle force that could replace this system and find where its
line of action cuts the horizontal axis through O,

A couple of moment aNm anticlockwise and a force (bi + cj) N acting
through the point which has position vector (2 + )m are now added to
the system.

If these reduce the system to cquilibrium, find a, b and c.

Exercise 76 Examination questions
(Take g = 9-8ms~* throughout this exercise.)

1. In this question the unit of distance is the metre and the unit of force is

‘The force P = 2i acts through the point with position vector 5. The

force Q = 6i acts through the point with position vector j. The resultant
of Pand Q acts through the point with position vector nj. Find the

value of  and the magnitude of the resultant of P and Q. (ULEAC)

2. Three forces are represented by the vectors 2 — 3j, 3i + 4j and
The forees act at the points 2, ), (. 3 and (1, 1) resectivly. Show
that the three forces combine to form a couple, and find the magaitude
of the couple. (AEB)

3. A force P in the direction 41 + 3j and of magnitude 10N acts through
the point with position vector (2j)m relative to an origin 0. Another
force Q in the direction ] and of magnitude 2N acts through the point
with position vector (i)m relative to 0. Find
(@ Pand Qin the form 2 + fj where 7, § are scalars to be determined

(b) the magnitude of the resultant of P and
(©) the magnitude of the total moment of P and Q about . State
whether the moment is clockwise or anticlockwise.  (AEB 1991)

4. (2) The resultant of forces (pi + ), (24i + 3pj) and (i + ¢j) is —6i. Find
the values of p and
(b) The force 5j acts at the point (2, 3) and the force F acts at (6, 1). If
the sy forms 2 couple,
(i) state the forc
() find the |myl|wd= of the couple. (NICCEA)

5. A thin non-uniform beam AB, of length 6m and mass 50kg, is in
equilibrium resting horizontally on two smooth supports which are
respectively 2m and 3-5m from A. The thrusts on the two supports are
equal. Find the position of the centre of gravity of the beam. The
original supports are removed and a load of 10k is attached to the

m at B. The loaded beam rests horizontally on two new smooth
supports at A and C, where C s a point on the beam I m from B.
Calculate the thrusts on each of the new supports. (AEB)

Moments
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6. A light rod AB has length 2m. A body of mass 12kg hangs from 4 and
a body of mass 8 kg hangs from B. The system is suspended from a
point 2 of the rod, where P s xm from A, and is in equilibrium with
the rod horizontal. Find x. (UCLES)

!4

A rectangular gate ABCD, where AB = | m and AD = 3m, is supported
by smooth pins at A and B, where B is vertically above A. The pins are
located in such a way that the force at B s always horizontal. The gate
has mass 120kg and it can be modelled by a uniform rectangular
lamina®. A boy, of mass 45kg, sits on the gate with his centre of mass
vertically above C (see diagram). Find the magnitudes of the forces on

the gate at B and at A. (UCLES)
bt In this book.
introduced in the next chapter (p.168)
8 r " ”
o
Fig. Fig.2

The diagrams show a simple mechanism by which a bridge over a canal
is raised and lowered. The bridge AB is hinged at A, and a rope

attached to B passes over a pulley P located vertically above 4, at the
t0p of a fixed vertical structure. A counterweight C is attached to the

rope.
Fig. 1 shows the bridge in the raised position, with C on the ground and
B at he same horiontal evel as P, and Fig. 2 shows th brdge lowered
to its horizontal bridge 4B is 300kg. and
when rnsedlum Fig. I)d:e mdePAB
Making suitable assumptions, which should be stated, find
() the least mass needed for the counterweight C'if it i to be capable
of holding the bridge in the raised position.
(i) the extra force that needs to be applied to start raising the bridge
rom the horizontal position by pulling on the rope, if the mass of
Cis the minimum value found in (). (UCLES)
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‘The diagram shows the circular cross-section of a vertical telegraph
pole to which horizontal wires are attached at points 4, B. C, D on its
north, east, south, west sides respectively. The bearings of the four
wires are N 30° E, S 60° E, $ 30° E, due W respectively, and the
tensions in the wires are 100N, 100N, 200N, 10N respectively. By
considering the easterly and northerly components of these tensions,

calculate the

magnitude of the resultant force exerted by the wires on

the pole, and the bearing of this resultant (correct Lo the nearest
degree). Show that the resultant force passes through the centre of the
cross-section

EB)

N

‘The diagram shows a square ABCD of side | metre with forces of
magnitude 3N, 6N, SN and 4N acting along the sides AB, BC, DC and
AD, the sense of cach force being indicated by the order of the letters.
Fin

(i) the magnitude of the resultant of the forces

(i) the total moment of the forces abor

ut A

(iii) the perpendicular distance from A to the line of action of the

resultant.

(WIEC)
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11 ABCD is a square of side 2m. Forces of magnitude 2N, 1N, 3N, 4N
and 2/2N act along AB. BC, T, DA and BD respectively. In order
to maintain equilibrium a force F, whose line of action cuts AD
produced at E, has to be applied. Find
() the magnitude of F,

(b) the angle F makes with AD,

and
(@) the length AE. (AEB 1989)

e
The diagram shows a regular plane hexagon with sides of length a.
Forces having magnitudes 617, 10, 3I¥. 61 and SI¥ act along five of
the sides of the hexagon as shown. Prove that the resultant of this
system of forces intersects AB produced at a point X distant }a from B,
The magnitude of the resultant is R and its direction makes an angle §
with AB. Find R and 6.

(OCSEB)



8 Centre of gravity

Attraction of the Earth

Every particle is attracted towards the centre of the Earth, and this force of
attraction is the force previously referred to as the weight of the particle.
As was explained in Chapter 3, a particle of mass m kg has a vertical force
of mg newtons acting upon it i. its weight is mg newtons.

For a number of particies o1y, my and ms, these m

forces may be considered to be parallel, all being n
directed towards the centre of the ea

If the relative positions of these partices are

fixed and known, then the resultant of these

parallel forces can be determined.

g

Centre of gravity of a system of particles

‘The ceatre of gravity of a number of particles is the point through which the
line of action of the resultant of these parallel forces always

. its the point through which the resultant weight of the system acts

In particular, if two equal particles are at the points A and B, then the
centre of gravity of the system made up of these two particles will be the
‘mid-point of the line AB.

Whatever the positions of the two particles, the resultant of the two forces
acting on the particls is known to pass through the point G, where

AG =GB,

Hence G is the centre of gravity.
B

e
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Example 1

e position of the centre of gravity of three particles of mass 4
10K and 6K, which he o the -  the points (3, 0), @, 0) and (7.0)
respectively.

Draw two diagrams, the first showing the forces due to the masses of the
particles and the second showing the resultant force Mg due to the total
mass M.

sk 10k 6k e ——

Tl 1 !
4N 100N N Me
Suppose that the resultant weight Mg acts through a point G on the x-axis,
ata distance ¥ from the origin.
Resolving vertically gives: 4g + 10g + 6g = Mg
2 M=20kg
Equating the moments of the two systems about the point O gives:
(4% 3)+(10g x 4 + (6g x 7

and substituting for M gives: ®

Mg x 5
7
‘The centre of gravity is at a point on the x-axis, 47 units from the origin.

Note that, in this example, all the particles lie on one line, the x-axis. It is
therefore apparent that the centre of gravity is also on this line.

When a system of particles is such that the particles are not at collincar
‘points, then the position of the centre of gravity relative t0 two axes must be
red.

considered. y
Exam
ple 2 £
Find the coordinates of the centre of gravity of the given system -
of particles (Fig. 1).
Draw a second diagram showing the total mass of the particles at 10kg.
the point (%, 7) (Fig. 2). * sk
Resolving vertcally givs: *
lngus“zs,_ Mg i
= S0kg
Equnlmg the moments of the two systems about the y-axis gives:
(10g % 2) + (15¢ x 4) + (25¢ x 6) = Mg x ¥ >,
st 3 =4 oM
and substituting for M gives: 6 @5

Equating the moments of the two systems about the x-axis gives:
(10g x 3)+ (15g x 2) + (25 x 6)
and substituting for M gives:

Mg x5
2
“The centre of gravity is at the point with coordinates (46, 42).

Fig.2
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Example 3
‘The rectangle ABCD has AB = 20cm and AD = 30cm. Particles of mass

4kg, 4kg. Skg and 2kg are placed at the poinis A, B, C and D respectively

Find the position of the centre of gravity of the system of particles

Draw two diagrams A o A o
a3 T

4k

B m—C B

Suppose tha the centre of gravity of the partcies is at the point G, where &
and G from the sides AB and BC respectively.
Hence the rsultant weigh of the partices scts through the point G,
‘perpendicular to the plane of the rectangle ABCD.
Resolving perpendicular to the plane ABCD gives:
lg*lg*fgv»?g'.‘llg
15kg

Equating moments about the axis AB gives:
(48 x 0)+ (4g x 0) + (5g x 30) + (2g x 30)
and substituting for M gives:

Equating moments about the axis BC gives:
(48 % 0) + (4g x 20) + (5 x 0) + (2¢ x 20
and substituting for M gives:

of gravity is at a point 14cm from AB and § cm from BC, and

Ties within the rectangle.

Example 4

Find the position vector of the centre of gravity of particles of mass 0-5kg,
1:5kg and 2 kg which are at the points with position vectors (61 — 3j),
(23+5j) and (3i + 2j) respectively.
Draw two diagrams:

15k
k
@ls

2k

alm bk

05k
[CeN)
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Suppose that the resultant weight acts at the point with position vector (ai + ).
Resolving perpendicular to the plane of the axes gives:
05g+15g42e=Mg . M=dkg
Equating moments about the y-axis gives:
(1:5g % 2)+ (28 x 3) + (0:5g x 6) = Mg x @
and substituting for M gives:
Equating moments about the x-axis gives:
(15 % 5) + (2 x 2) — (0-5g x 3)
The centre of gravity is at the point with position vector (3i + 2-5j).
‘The effect of the negative sign in the position vector of one of the particles
should be carefully noted.

Mgxb Lob=25

General result
Although each example should, at this stage, be considered from first
principles, it is possible t0 state  general result for the position of the centre
of gravity of a system of particles my, ms, m, ... m, at the points with
coordinates (xi 1), (¥272). (¥ J3)- (%

The centre of gravity is at the point (<, §) given by:
PN X s L M= gy m) S

S(mix)
m

or
and similarly for 5.
Exercise 84

1. Find the coordinates of the centre of gravity of each of the following
systems of particies. The grid squares on each graph are unit squares.

@ ®
R
m
ek 2k m *
T T H
@ ” @ y
1
N e
B N iy
b
Sl s




2. Find the position of the centre of gravity of three particies of mass 1 kg,
Skg and 2kg which lic on the y-axis at the points (0, 2), 0, 4) and (0, 5)
respectively.

3. Find the coordinates of the centre of gravity of four particles of mass
Ske, 2kg, 2kg and 3 kg situated at (3, 1), (4, 3). (5, 2) and (=3, 1)
respectively.

4. Find the coordinates of the centre of gravity of four particles of mass
60g. 30g. 70 and 40 g situated at (4, 3). (6, 3), (=6, 5) and (=5, -2)
respectively.

5. Three particles ofmuss 2kg, kg and 3kg are situated at (4, 3), (1, 0)
and (a, b) res
If the centre of gmvlly of the system lies at (0, 2), find the values of a
and b.

6. The ABCD has AB = 4cm and AD = 2cm. Particles of mass
3kg, Ske. 1kg and 7kg are placed at the points A, B, Cand D

respectively.

Find the distance of the centre of gravity of the system from each of the

lines AB and AD.

The rectangle EFGH has EF = 3m and EH = 2m. Particles of mass

2g, 3g, 6 and 1 g are placed at the mid-points of the sides EF, FG,

GH and EH respectively.

Find the distance of the centre of gravity of the system from each of the

lines EF and EH,

Find the position vector of the centre of gravity of particles of mass

2kg. 1 kg. 3kg and 2kg which are at the points with position vectors

(61 6i), (31 + Si), (7 + 3j) and (2§ — ) respectively.

Fmd e pes\hun vector of the centre of gravity of particles of mass

g and 20 g which are at the points with position vectors

(sx - 711 (= B 2j), (31~ 5 and (i — 6) respectively.

0. Parices of mase kg, 2Kg. 3kg and kgl a1 the
vectors 6l, i 5. (31 + 2 and (ai + bj) respectively.
Fihe cenie of grviy of this sysen s a1 point with posiion
vector (24i — 2, find the values of 2 and b.

1. Particles of mass 2m, m, Sm and 2 are situated at (4, ~S), (1,2
(3, ~6) and (0, 3 respectively. Find the coordinates of the centre of
gravity of the system.

2. Three particles of mass 1 kg, 2kg and m kg are situated at (5, 2), (1, 5)
and (1 <2) respectively.

1 the entre of grasity of the system les at (2. ), find the values of m

=

=

©

ints with position

and .
Pariees of mass 2ke, 1 kg and 3kg i on they-axis at the points (0, 7,
(0, 4) and (0, ~2) respectively. Where must & 6 kg mass be placed to
of the entire system lies at the origin?
Particls ofmas S, 4 aod Jm areplced t the pois -5, 0). (
and (—4, —3) respectively. Where must a particle of mass 7m be placed
10 casure hat e centre ofgravity of the entir systm lc at the orgin?
PQRS is a rectangle with PQ = §cm and PS = 6cm. Par\lrln of mass
2g.2g and 3g are placed at points P, Q and R respectivel
Find the mass that must be placed a( § for the centre of y:vllv of the
e system o lie 3cm from the line PQ.
‘With this mass in place, find the distance of the centre of gravity of the
system from the line PS.

g
i
E
'a‘
o

Centre of gravity
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Centre of gravity of a rigid body

igid body is made up of a large number of particies. The position of its
cntieof gravity may be found by considrin th consituent particls, I
the rigi has an axis of symmetry, then the centre of gravity will lic on
it i o there il e equal amount of matter, i.e. number of
particles, in similar positions on either side of the line of symmetry. The
position of the centre of gravity of some rigid bodies can be determined by
considering their symmetry.
Uniform
A uniform body is one in which equal volumes have the same masses. It is
of uniform or constant density throughout. A uniform rod s therefore such
that it length is proportional to its mass. Once again this is an n cramic of

\g made to allow the real situation to be modelled

mathematiclly. In practice most bodics are nat perfecdl aiform. Small
differences in density will exist within the body, but our model chooses to
neglect these differences on the assumption that they will not significantly
effect the validity of our answers. Should we find that the answers supplied
by our model do not agree with reality. we would question the wisdom of
assuming the material (0 be uniform. Later in this chapter the reader will
encounter questions in which  body is not uniform but instead consists of
two or three parts that are of different densitcs.

Lamina
Alamina is a flat body, the thickness of which is negligible compared with
its other two dimensions, its length and breadth. Thus a piece of card,
sheet of paper, or a thin metal sheet may be taken as examples of laminac.
A uniform lamina is therefore one in which equal areas of the lamina have
equal masses, .. the whole of the lamina is ofthe same material.

Uniform rod
“The centre of gravity lies at ts middle point, G
mid-way between its ends A and B.

Uniform rectangular lamina

“The line XX’ which bisects AD and BC, is an axis of

symmetry, as also is the line YY” which bisccts the lines AB A
and DC.
“The centre of gravity must lic on each of these lines of

symmetry, and is thercfore at their intersection G.

Uniform circular lamina
Since all diameters of a circle are lines of symmetry, the centre
of gravity lies at the centre of the circular lamina.

‘The position of the centre of gravity of a sofid can also

be determined by consideration of its symmetry.
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Uniform sphere H
Since this solid has an infinite number of planes
of symmetry, all of which contain the centre of
the sphere, this s therefore its centre of gravity.

Uniform right circular cylinder

The cross-section is a circle, and this means that
the cylinder has an infinite number of planes of
symmetry, all of which contain the axis of the
cylinder. Hence the centre of gravity must lic on
this axis. The cylinder also has a plane of
symmetry which bisects the axis of the cylinder
and is parallel to the plane ends of the cylinder.
“This plane of symmetry intersects the other
‘planes of symmetry, on the axis of the cylinder,
at the point G mid-way between the ends of the
cylinder. Point G is therefore the centre of
gravity of the cylinder.

Uniform triangular lamina.

“This does not, in general, have an axis of
‘symmetry. although an equilateral triangular
lamina will indeed have three. These three axes
are the medians of the triangle, and their point
of intersection is the centre of gravity of the
triangular lamina; it lies on the median and two-
thirds of the distance from the vertex to the
other side of the triangle.

An isosceles triangular lamina has one axis of
symmetry and the centre of gravity lies on it.
‘The centre of gravity will again li at the point
of intersection of the medians of the triangle,
and this result is true for all triangles as the
following reasoning shows.

Suppose the triangle ABC is divided into a large number of thin
paralle strips, all paraliel o the side BC of the triangle. The
centre of gravity of cach of these strips will be at its centre point
. But these points X all lie on the median drawn from
(he point A. Hence the centre of gravity of the triangle must also
lie on this median.

In a similar way the centre of gravity can be shown to lie on
each of the other two mediaas.

Therefore the centre of gravity is at the intersection of the
medians, i.c. two-thirds of the distance from the vertex to the
‘mid-point of the opposite side.
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Example 5
Write down the coordinates of the centre of gravity of each of the following
triangular laminae.

@ ®
B
———
© @ ¥
. x|

@
(@) The centre of gravity willli at the intersection of the medians, i. at a
point two-thirds of the distance from a vertex to the mid-point of the
opposite side.
By considering the median through B, the centre of gravity s seen to be
at the point (1,

s centre of gravity is at (1, 1)

(b) The mid-point of EF is at (5, 14). Call this point M.
‘The point that is two-thirds of the way from D (0, 0) to M (5, 14) is

G.1)-

centre of gravity is at the point (34,1)

(©) The mid-point of HI s at (4,2)
“The point that is two-thirds of the way from (0, 0) to (4, 2)is (23, 13).

. centre of gravity is at the point (23, 14)

(d) The mid-point of JL is at (3},0). The centre of gravity is two-thirds of
the way from K0, 3) to (3}.0).
x-coordinate of centre of gravity is § x 34 =
y-coordinate of centre of gravity is 3 — (3 x 3) = 1
. centre of gravity s at the point (24, 1)
It can also be shown that if three equal particles are placed at the vertices A,

B, C of a triangle, then the centre of gravity of these particles i at the same
point as the centre of gravity of the uniform triangular lamina ABC.



Centre of gravity

Example 6

‘The triangle ABC has its vertices at the points
with coordinates (10, 9), (1, 0) and (13, 0).
Parin e or ‘mass m, are placed at the
points A,

Suppose M is e midy -point of BC.

The centre of gravity of the lamina lies on the
median AM. If G is such that AG = 3 AM, then
G s the centre of gravity.

The centre of gravity of the particles is found by
finding the position of the resultant of the forces
due to their masses.

‘The resultant of mg at (1, 0) and mg at (13, 0) will be a force of 2mg at the
‘mid-point, M, of BC, i.¢. at the point (7, 0),

B M T x
o a0 a0

‘The resultant of 2mg at M and mg at A will be at a point P such that:

or ic AP =AM

Hence the point P and the point G are the same point, and the centre of
gravity of the lamina and the three particles are at the same point.

‘The coordinates of the centre of gravity can be determined as follows.
Through the point P, draw lines PH and AF

parallel to the y-axis.

Since  MP = $(MA)

then  HP={(FA)

‘The coordinates of the centre of gravity are (8, 3).

B MH F C
0.0 a0 o

Exercise 88

Write down the coordinates of the centre of gravity of each of the following
uniform lamina.
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4y

Composite laminae
A lamina may consist of two or more regular
laminac joined together.
The forces due 10 the masses of the two laminae
will act at their centres of gravity Gy and Gy.
“The resultant of these two forces will act through g
a point, G, on the line Gy Gz.
Suppose the masses of the laminac are M, and
int O:

My, Take moments about the point
Mg x (G,0) + Mag x (G30) = (M, + Ma)g x GO

The position of the centre of gravity of the composite body can then be

determined from this equation.

It is advisable to take moments about an axis forming a boundary of the

body so that all the moments are acting in the same sense, rather than using

an axis which intersects the body.

Hence it is seen that the centre of gravity of 2 composite lamina can be
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found in an exactly similar way Lo the centre of gravity of a system of
particles. It is only necessary to know the masses, and the positions of the
centre of gravity, of each of the constituent parts.

Example 7
Two uniform rectangular laminae, of mass per unit area m,
are joined together as is shown in the diagram. A
Find the distance of the centre of gravity of the complete {
lamina from the edge AB. 4em o
The centres of gravity of the rectangles are at Gy
and G, and lic on the line of symmetry of the
lamina. Suppose O is the mid-point of AB.
Draw two diagrams.

A
t M Mix O, + M

Bz

G G, G
B

prrys— pE———

13 e

In this example the composite lamina has a line of symmetry and the point
G will e on it. Hence G lies on the line G; G; at a distance ¥ from O, Take
‘moments about O;

o At,gx6+.w-gx 14
but 3m

AT

The centre of gravity of the complete lamina is 9-2cm from O, the mid-point
of AB.

With 3 s el composte i, whic doss o e a i of

symmetry, it is necessary to take moments about two axes 50 s 10 find both
Coordinmes ofthe cetre of gravy

Example 8

‘Three uniform laminae, all made of the same

material, are joined together as shown in the t65m

diagram. ABCD is a rectangle and the triangles
are isosceles. If the laminac have the dimensions
shown, find the position of the centre of gravity
of the composite lamina.




174 Understanding mechanics: chapter §

The masses and the positions of the centre of gravity of each of the
constituent laminae are known. Suppose the mass per unit area of each
lamina is m.

Draw two diagrams.

o
o

=

o o

o % lp_

O, 40, +MF

Latlo

‘Taking moments about the axis AB and using

M, =16%8m, M, My=1x16x 16m

gives:
16 % 8mg) x (8) + (4 x 8 x 12mg) x (16 4 4) + (§ x 16 x 16mg) x (8) = (304mg) ¢
£=989em
Taking moments about the axis BC gives:
(16 % 8mg) x (4) + (4 x 8 x 12mg) x (4) + (4 x 16 x 16mg) x (8 + 54) = (304mg) 5

]

93cm
‘The centre of gravity is 9:89.cm from AB and 7-93cm from BC.

Tt should be noted that, in the case of a uniform lamina, the constants
and g will cancel from each term of the moments equation; nevertheless it is
essential that they should be written in the original equation.

‘The method used 10 find the centre of gravity of a composite lamina may
also be used to determine the centre of gravity of a composite threc-
dimensional body, provided that the centres of gravity and the masses of the
various parts are known.

Example 9

A solid right circular cylinder and a solid right circular cone are joined
together at their plane faces as shown in the diagram. The solids are made
of the same uniform material. Given that the centre of gravity of a uniform
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solid cone is at a distance % from its plane base, where s the height of the
cone, find the position of the centre of gravity of the composite body.
¢
bem
4
— 42 o=

Draw two diagrams.

—— M oo e B am =

Tem Tem

Let the mass per unit volume, i.. the density, of the cylinder and the cone
beo.

Then Mg (cylinder) =

%3 x 140g and Mg (cone) = x x 3 x 28ag
2670g = $4rog

‘The centre of gravity of the body will lie on the axis of symmetry through
ints O, G, and Gy

Equating moments about the vertical axis through O gives:
126z0g x 7 + 84mag x (14 +7)

$(126r0g + Bdzog)
2:6cm

‘The centre of gravity is on the axis of symmetry and 12.6cm from the base
of the cylinder.

Itis sometimes required 10 find the position of the centre of gravity of a
lamina from which 8 porion bas bcn removed - fo crample,  peforted
disc or a rectangle from which a triangle has been rem

The method of the previous examples can still be used. T ‘portion which is
removed and the part remaining can be considered as the constituent parts,
which together make up the whole lamina,

‘The essential difference to the calculation is that the unknown centre of
gravity will now be that of one of the parts of the whole lamina, rather than
that of the composite lamina itself.

Example 10

A uniform circular disc, of mass per unit area m and radius §cm, has a
circular hole of radius 2cm made in it. The centre of this hole lies 4cm
from the centre of the disc.

Let G be the centre of gravity of the whole disc, and G, and G; be the G, @
&

centres of gravity of the disc which is removed and the perforated disc

respectively.
Gy will e on the diameter passing through Gy. M, and M are the masses Tiem
of the part removed and of the perforated disc respectively.
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Draw two diagrams.

My =z x P (x x 8 = 7 x Pym
Taking moments about the axis through P gives:
(% x 2mg) x (8 +4) + (x x 8 — 7 x X)mg x ¥ = (x x 8mg) x 8
773em
The centre of gr 2 h i
i passing. s the hole.
Standard results

‘The following standard results will be required for some of the questions of
Exercises 8C and 8D.

Uniform semicircular lamina of radius r:

Centre of gravity lies on the axis of symmetry at a distance % from the straight edge.
Uniform solid ight circular cone of height :

Centre of gravity lies on the axis of symmetry at a distance % from the plane base.
Uniform solid hemisphere of radius r:

(Cente of graviy ies on the axis of symmetry at a distance 3 from th plane surface.
Exercise 8C

Questions 1 10 13 show uniform laminae. Find the coordinates of the centre
of gravity of cach one. Each grid consists of unit squares.

2.7
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14. A uniform straight wire ABC is such that AB = 4 metres

AC = 6 metres and B is between A and C. If the wire is now bent at B
until ABC = 90°, find the distance that the centre of gravity of this bent
wireis from:  (a) AB,  (b) BC.

. Four uniform rods AB, BC, CD and DA are cach 4 metres in length
and have masses of 2kg, 3kg, 1 kg and 4 kg respectively. If
joined together to form a square framework ABCD, find the position of
its centre of gravity.

16. Two mds AB and BC are joined together at B such that ABC = 60°.
B is uniform, of length 6m and mass 4kg. BC is uniform, of length
4m and mass 4kg.
Find how far the centre of gravity of ABC is from the point B.

17. Two uniform square laminae, each of side 3 metres, are joined together
to form a rectangular lamina, 6 metres by 3 metres. The squares are not
made of the same material and the mass per unit area of one of them is
twice that of the other.

Find the distance of the centre of gravity of the composite body from
the common edge of the squares.

18. The diagram shows two uniform squares, ‘i -
'ABFG and BCDE, joined together.
‘The mass per unit area of BCDE is twice E 9
that of ABFG. na '
Find the distance of the centre of gravity of |
the composite body from AB and AG. l L"
A

19. A circular lamina, made of uniform material, has its centre at the origin
and a radius of 6 units. Two smaller circles are cut from this circle, one
of radius | unit and centre (~1, ~3) and the other of radius 3 units and
centre (1, 2).

Find the coordinates of the centre of gravity of the remaining shape.

20 Two solid cubes, one of side 4cm and the
other of side 2cm, are made of the same
uniform material. The smaller cube is glued
centrally o one of the l'wc: of the larger

cube, as shown in the di
Find how fur th cente o grasity of the
composite body is from the common surface
of the cubes.
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21. A solid cube of side 4cm is made from
uniform material. From this cube a smaller
cube of side 2cm is removed, as shown in

the diagram.
Find the position of the centre of gravity of
the remaining body.

22, The diagram shows a uniform semicircular
1...m of radius 6m, with a semicircular

f radius 3m missing.

Find the disance of the cnte of ravity of

the remaining shape from the point A shown

in the diagram.

23. A uniform semicircular lamina of radius 6.cm is joined to another
uniform semicircular lamina of radius 3 cm. The centres of the straight
edges of each lamina coincide, but the laminae do not overlap. If the
two laminae are made of the same material, find the position of the
centre of gravity of the composite lamina so formed.

24. Repeat question 23 but now with the smaller semicircular lamina having
a mass per unit area equal to twice that of the larger one.

2. Asldight cicular cylinder has a base radius of 3cm and a hight of
6cm. The cylinder's circular top forms the base of a solid right circular
cone of base radius 3 cm and perpendicular height 4cm. The cylinder
and the cone are made from the same uniform material.

Find the position of the centre of gravity of the composite body.

26. A conical hole is made in one end of a right circular cylinder (sce

diagram). The axis of symmetry of the cone is the same as that
of the cylinder. The cy of radius 2cm and length 6 cm. The
conical hole penetrates 4 cm into the cylinder and the circular
hole at the end of the cylinder is of radius 14cm.
Find the position of the centre of gravity of the remaining body.

27. A body consists of a solid hemisphere of radius 4cm joined t0 a solid
right circular cone of base radius 4 cm and perpendicular height 12cm.
‘The plane surfaces of the cone and hemisphere coincide and both solids
are made of the same niform material.

Find the position of the centre of gravity of the body.

28. A body consists of a solid hemisphere of radius r joined 10 a solid n;hx
circular cone of base radius r and perpendicular height . The plas
Surfaces afthe cone and hemisphere oincide and both solids are made
of the same uniform material.

Show that the cente of gravty of the bodyles on the axi ofsymmetry

' from the base of the cone.

ata distance 22

Wi
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Toppling

Consider a body resting on a slope which is rough enough to prevent

slipping.

With the situation as shown in the diagram, the weight Mg will produce a

clockwise moment about The slope will exert a normal reaction on

the body and this will provide the anticlockwise moment about X necessary x|

to maintain equilibrium. g

1 the angle of the slope were Sul'l')cicnl]y stecp, the situation shown in the
diagram on the right could occy

"The weght of the body now producesan anicockwise moment about X.
“The normal reaction is ot able to counteract this anticlockwise moment. 4
‘Thus equilibrium is not maintained and the body will topple about X.

2
‘When the angle of the slope is such that the weight acts through X the body
will be on the point of toppling. In this situation the centre of gravity of the
body, G, is vertically above point

%

Example 11
A body consists of a uniform solid cylinder of mass 6m, base radius r and
‘height 2, attached at a plane face to the plane face of a uniform solid cone
of mass 4m, base radius r and height r.

T
i
=4

(a) Find the position of the centre of gravity of the body.
is now placed with its plane face in contact with a horizontal
table. The surface of the table is rough enough to prevent the
slipping as the table is slowly tilted.  Find the angle through which the
table has been tilted when the body s on the point of toppling.

(@) Draw two diagrams.

D
Point G, the centre of gravity of the combined body, will i on the axis
of symmetry passing through Gy and Gy, the centres of gravity of the
cylinder and the cone respectively.
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ppose 0G
Taking moments about the vertical axis through O gives:

6mgr +dmg (2r + 1r) = 10mgs
15

The centre of gravity of the body is on the axis of symmetry and 1-5r
above the plane face.
(b) The diagram on the right shows the body on
the point of toppling. Point G, the centre of
gravity of the body, will be verticaly above

point X (see diagram) o
From AXOG: 150
X0
an0=23 NI
al 1
[
=2
3

6=337 (correct to | d.p.)
‘When the table has been tilted through 33.7° the body is on the point of
toppling.
Equilibrium of a suspended lamina

Consider a rectangular lamina, freely suspended by a string attached at the
vertex A.

a resultant moment about the point A, the position shown in the
is not a possible position of equilibrium. Since there are only
two forces acting on the lamina and their lines of action are paraliel, they
can oaly produce equilibsium if they act along the ssme fine. Hence,
equilibrium is only possible if the rectangle hangs so that its centre of
gravity G lies vertically below the point A, as shown in the second diagram.

18
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Example 12

A rectangular laming ABCD is freely suspended by one vertex C. If

€D = 15em, BC = Scm and the lamina is uniform, find the angle 0 between
the side CD and the vertical in the position of equilibrium.

The centre of gravity G of the rectangle ABCD lics on the vertical through
the point C, and G is also the mid-point of the diagonal CA.

From the triangle ADC, %
AD
tan 0= 2D r
DC c
=%
0= 1843 N
‘The angle between the side CD and the vertical
s 1843°,
»
b
Exercise 8D

In questions 17 each body consists of either one uniform solid or two
uniform solids stuck together, and each has a vertical axis of symmetry.
Each body is placed upright on a rough horizontal plane which is slowly
tilted until the body s about to topple.

Find, in cach case, the angle through which the planc is tilted.

Cone: base radius r, height .

Cone: base radius r, height 4r.

@

Sphere: mass m, radius .
Cylinder: mass 4m, base radius r, height 4r.
Cone: mass 2m, base radius r, height 2r.
Cylinder: mass 12m, base radius r, height 3.
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s = 6 .
= =

Sphere: mass 16m, radius 7.

‘Hemisphere: mass 10, radius 7.

Cylinder: mass 3m, base radius r,
Cylinder: mass 6m, base radius 2, height 3r.

C 0
£

Sphere: mass 6m, radi
Conc:mass S, bas racis height 2r.

In questions §-16 the uniform laminac are frecly suspended from point A.
In each case find the angle that the line AB makes with the vertical. Each
grid consists of unit squares.

8




184 Understanding mechanics: chapter §

Use of calculus

In some cases it is not possible 1o treat a lamina as a system involving a
finite number of parts, each of which has a known centre of gravity.

By the methods of the calculus, a lamina is divided up into an infinite
number of clements, all with known centres of gravit

As was explained previously, a general result may be stated in the fo

S me = Tmas,

Using the calculus notation, we may write this as:

& [me s = [mexax

In words, this may be interpreted as stating that the moment of the
whole is equal to the algebraic sum of the moments of the parts about
a given axis.
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Example 13
A uniform semicircular lamina has & radi
6cm and mass per unit area

Find the position of the centre of gravity.

Consider an elementary strip AB of thickness v
paralle to the y-axis and a distance x from it
The centre of gravity of this strip will be on the
eaxis, as will the centres of gravity of all similar
parallel strips.

o th cute of gravty o theLanica will
also lic on the x-

AG+x =6  or  AG= (6 -x)

area of strip = 2y/(36 — x%) x 4x and mass = 2,/(36 ~ x%) x dx x m

area of whole lamina = 176° = 18x and mass = 18zm

Equating the moments of the whole lamina and the sum of the moments of
the siips gives:

187mIg = Y 2/(36 - x) x mdx x xg
=

e dx

.

calculus gives:  18mmsg rlmxl}ﬁ -

~ 2nal-3s-

=mgx72

The centre of gravity is at a distance ol'-—cm from the point O, on the axis
of symmetry of the larmi

In cases where the lamina does not have an axis of symmetry, two
coordinates will have to be found. Also, in many cases an integral giving the
‘mass of the whole lamina will have to be evaluated rather than as in the
above example where the area of the lamina (and hence its mass) was
known,



186 Understanding mechanics: chapter §

Find the centre of gravity of the unift

Example 14
form lamina bounded by the
and x d

g

= 9x, the x-axis and the ordinates x
Iymg in the firs quadrant

‘The lamina is divided into tl:mmury strips like PQ parallel to
the y-axis, and at a distance x from

Let m be the mass per unit area of the lamina, then area of a

o

strip = y5x and mass of a strip = ymdx. The centre of gravity of G
this strip will be at G, at a distance x from the y-axis

Equate the moment of the whole lamina and the sum of the moments of the

strips, about the y-axis:

rrmgck J‘ ymgdx
\

and substitute for y as 3x* from the equation of the curve:

iJ‘h!mgm = J‘x}r‘-mm

Hence. xJ‘zr!dmfzdax

£=266

In a similar way, the y-coordinate of the centre of gravity is found by taking
moments about the x-axis. The distance of the centre of gravity of each strip

from the x-axis will be £

Equate moments about the x-axi

¥ x ymgdx

and substitute for y as 3x*, as before, to give:

241

‘The coordinates of the centre of gravity are (2:66, 2:41).
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Solids of revolution

When a plane area is revolved about, say, the x-axis, a solid body is formed.
Due o the yay n which it fored. it s sometimes eferted (o a5 scfid o
revolution. Stuch bodies will necessarily have an axis of symmi

(the-axi), and consequently the cenre of grawty of the body must lc on
the x-axis. There is therefore only one coordinate to determine.

It will usually be possible to divide up the solid into an infinite number of
elementary discs, each with its centre of gravity on the x-axis. The, by
taking moments about the y-axis, the x-coordinate of the centre of gravity
can be readily determined.

Example 15

A uniform solid cone of height 12cm and base radius ¥
3cm s formed by rotating a line about the x-axis,
as shown in the diagram. Find the distance of the
centre of gravity of the cone from the origin.

Suppose he dnsityofthe coe .

Consider an eleme PQ, thickness 6x and
radius b, with its plm\: at right angles to the x-axis.
If the distance of PQ from the y-axis is x.

then by geometry:

or

n-x 12

mass of clementary disc PQ = nb* 6 5
moment ofPQahmu yeaxis = 7o gx x x

mass of whole cone = 7

‘moment of whole cone about y-axis = 3677 %

Equate the moment ul the whole solid with the sum of the moments of the
discs about the -

3608

% L’ 5029 ogxas

i N
,b] (3ax - 246 + ) dx
o

108, giving £ = 3em
The centre of gravity of the whole cone is 3 cm from the origin.

In the above example, the solid was a cone for which the volume was
known. In many cases, the solid of revolution will be such that calculus is
needed o find its volume.
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Example 16

An area is enclosed by the curve 3
2t i nthe it quadran. The area i rotad about e
one revolut

Find the eoordinats of thecentre of gravity of the uniform sl s0 formed.

S, the x-axis, the lines x = 1, x
is through

The centre of gravity will lic on the axis of symmetry, the x-uxis.

Suppose the density of the solid is o

Consider an elementary disc PQ, thickness 5x
and radius y, with its plane at right angles to the

xeaxis.

mass of elementary dise PQ = 77 0.6x

‘moment of PQ about y-axis = 7 agdx x x

Equate the moment of the whole solid with the
sum of the moments of the discs about the
-axis

eJ x ‘agdr:] ' ogrdx
; h

Substitute for 37 as Sx from the equation of the
curve

205

The centre of gravity of the solid of revolution has coordinates (2,0).

It should be noted that the answers to Examples 13 and 1S agree with the
standard results stated prior (o Excrise $C. The proof of these and other
standard results are covered in questions 1 to 6 of Exercise SE.
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Exercise SE

1. Uniform semicircular
The diagram shows a uniform semicircular
lamina of radius 7; AB is an elementary strip
of the lamina and lies paralle to the y-axis
and at a distance x from it.

‘The strip is of thickness &x.
By considering all such strips, show that the
centre of gravity of the Jamina lies on its axis

of symmetry at a disance o 3 from .

2. Uniform solid right circular cone 4 &
The diagram shows a uniform solid right i
circular cone of height & and base radius r; A
AB is an elementary disc of thickness 6x H

which has its plane parallel o the base of
the cone and its centre at a distance x from
the y-axis. 3
By considering all such discs, show that the
centre of gravity of the cone lies on its axis

of symmetry ata distance of 2 from O.

3. Uniform solid hemisphere
The diagram shows a uniform solid
hemisphere of radius r. AB is an elementary
disc of the hemisphere which has its plane
‘parallel to the plane surface of the
hemisphere, lies at a distance x from this
plane surface and is of thickness dx.
By considering all such discs, show that the
centre of gravity of the hemisphere lies on its

s of symmety at a distance of 2 from O
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Note Questions 4, § and 6 require an understanding of radians and an
ability to integrate trigonometrical functions. The reader may wish to omit
these questions at this stage if such pure mathematics topics have not yet
been covered.
4. Uniform wire in the shape of a circular arc
Fig. 1 shows a uniform wire in the shape of
an arc of a circle centre O, radius r.
‘The arc subtends an angle of 2z at O.
Fig 2 shows an element of this wire.
The clavent sbends  angle of 4310,
All angles are in ra
By allowing 0 1o range from +210 —a, all
such elements of the wire can be considered.
(a) Show that the centre of gravity of the wire
lies on its axis of symmetry at a distance Figl

of L2 from 0,

(b) Show that if the wire were in the form of  semicircular arc of
radius 7, centre at O, the centre of gravity would lie on the axis of

symmetry ata distance 2 rom O,

5. Uniform lamina in the shape of a sector of a circle
Fig. 3 shows a uniform lamina in the shape of a
sector of a circle, centre O and radius r. The sector

subtends an angle of 2x at O. A\
i, 4 shows an cement OAB whichsubtends n ORJ
angle 0 at

All angles are in radians.

By considering this clement as a triangle

and by allowing 6 to range from +x to —z, Fig3
i

show that the eentre of gravity of the scctor lics on &

Zr sinap oo

its axis of symmetry at a point which is

Show that this result is compatible with o question
in this exercise

6 Umkum l-amghmul shell

m shows a uniform hemispherical shell of radius 7.
nz haded portion i  smal crcular slement of the shell
‘This element is parallel to the plane face of the hemisphere and
ata distance r cos 0 from it. The clement may be considered to
approximate to a circular ring of radius r sin 6 and thickness

780,10 is allowed t0 range from 0 o 3., these clements

together form the hemispherical shell.
Show that the centre of gravity of the shell lies on the x-axis at

a dlsunué from O.

Fig.4
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B

- Find the coordinmtes of the centrs of graiy of the wniform lamina

Centre of gravity

Find the moxdm:lu's of the centre of gravity of the uniform lamina
enclosed by the c xeaxis and the line x = 2.

Find the coordinates of the centre uf iy of the uniform lamina
enclosed between the curve y = 2, and the x-axis.

Find the coordintes ofthe cntsofgravityof he uniform lamina
enclosed by the . the x-axis and the lines x = 1 and
x=2

Find the coordinates of the centre of gravity of the uniform lamina
Iying in the first qnadmnl nmd enclosed by the curve 7 = 8y, the x-axis
and the lines x = 2 and

- Find the coordinates of the centre of gravty of the uniform lamina

enclosed between the line y = 3x and the curve

which lies in the first quadrant and is enclosed by the curves
e and the s,

y=

‘The area enclosed by the curve ¥° = x, the x-axis, the line x = 4 and
ying in the first quadrant, is rotated sbout the x-axis through one
revolution.

Find the coordinates of the centre of gravity of the uniform solid so
formed.

The area enclosed by the curve the x-axis, the lines x = 2.

and lying in the first quadrant, is otated about the >axis through one

revoll

Find the coordinates of the centre of gravity of the uniform solid so
rmed.

for
‘The area Iying in the first quadrant and enclosed by the curve y = ¥,
and the lines y = 0, x = 2 and x = 4, is rotated about the x-axis through

one revolution.
Find he coordinates of the centre of gravity of the uniform solid so
rmed.

“The area enclosed by the curve y 4+ 3, the x-axis, the y-axis and the
line x = 2 s rotated about the x-axis through one revolution.

Find the coordinates of the centre of gravity of the uniform solid so
formed.

Find the :nurdvnllcs of the eentre of gravity of the uniform lamina
enclosed betw he line x
T this amina s sotuted sbout th x-axis trough one revotuton, ind
the coordinates of the centre of gravity of the uniform solid so formed.




192 Understanding mechanics: chapter §

Exercise 8F Examination questions

1. A straight piece of uniform wire of length 6(2 + v2)cm is bent 50 as to
form a right-angled triangle ABC, with AB = BC = 6cm and angle
ABC = 90°. Find the perpendicular distances of the centre of s of
the triangle from AB and BC. (WIEC)

cut from a uniform thin sheet of metal. The badge is formed
by joining the diameters of two semicircles, cach of radius I m, to the
liameter of a semicircle of radius 2cm, as shown in the diagram. The
point of contact of the two smaller semicircles is 0. Determine, in terms
of =, the distance from O of the centre of mass of the badge. (ULEAC)

3 A wifors cctangular plae OABC has mass 4m, 0. 2dand

. Particles of mass 2, m and 3m are attached at A, B.

and Cmpec\n\:ly on the plate. Find, in terms of d, the distance of the

centre of mass of the loaded plate

(@) from OA.

(b) from OC.

“Thecomer O of the oaded pat, s fecly binged 0  fixed point and

the plate hangs at rest in equilibrium.

(¢) Calculate, to the nearest degree, the angle between OC and the
dor

waward vertical. (ULEAC)
4 i
A i ‘
)
im
= in
0 T o

A thin uniform square plate originally of mass 12kg has a square part
cut off as shown in the diagram, leaving the shaded shape.
(i) Referred to the axes shown in the diagram, find the centre of mass
of the plate.



(i) What angle will AC make with the vertical if the plate is freely
suspended at

A particle of mass m is added to the shape at M, the mid-point of AB,

so that AC is vertical when the plate is freely suspended at

(iii) Show that m = 3 and find the coordinates of the centre of mass of
the plate with the mass added, giving your answer referred to the
axes shown in the diagram. (OCSEB)

A uniform rectangular sheet of metal ABCD, of mass 10k, is

suspended from A. In equilibrium 4B, which has length 0-3m, is

inclined at 20° to the vertical. Find the length of AD.

A metal ball, of mass Skg is now suspended from D. Find the angle

between 4B and the vertical in the new position of equilibrium.
(UCLES)

‘The diagram shows a rectangular sheet PQRS of uniform thin metal
with PQ = 4m and QR = 3m. Tis a point on RS such that RT = 3m.
‘The sheet is folded about the line QT until R lies on PQ.

() Find the distances from PQ and P of the centre of mass of the.
folded sheet.

‘The folded sheet is freely suspended from the point 5 and hangs in

equilibrium.

(b) Calculate the angle of inclination of the edge PS to the vertical.
(AEB 1994)

A uniform right cylinder has height 40cm and base radius rem. Itis
placed with its axis vertical on a rough horizontal plane. The plane is
slowly tilted, and the cylinder topples when the angle of inclination
(sce diagram) is 20°. Find 7.

‘What can be said about the coeflicient of friction between the cylinder
and the plane? (UCLES)

Centre of gravity
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8. The base of a uniform solid hemisphere has radius 2a and its centre is at
0. A uniform solid S is formed by removing, from the hemisphere, the
solid hemisphere of radius a and centre 0. Determine the position of the
centre of mass of 5. (The relevant result for a solid hemisphere may be
assumed without proof ). (AEB 1990)

9. A uniform body consists of a right circular cylinder of base radius r and
height 2r and a right circular cone of base radius r and height r. fixed
together so that the base of the cone coincides with one of the plane
faces of the cylinder. Show that the centre of mass of the body is at &
distance % r from the vertex of the cone

) The body is placed on a rough piane, which is inclined at an angle
10 the horizontal, with the base of the cylinder in contact with the
planc The lane s roughenough o prevent liding Show tat i
the body remains in equilibrium then tan

(i) The body s now placed on  hrizontal planc with the curved
surface of the cone in contact with the plane. Determine whether
the body remains in equilibrium in this position.

(UCLES)

A uniform wooden “mushroom’”, used in a game, is made by joining a
solid cylinder to a solid hemisphere. They are joined symmetrically, such
that the centre O of the plane fdu of the hemisphere coincides with the
centre of one of the ends of the cylinder. The diagram shows the cross-
section through a plane of symmetry of the mushroom, as it stands on a
horizontal table.
radius of the cylinder is , the radius of the hemisphere is 3, and
the centre of mass of the mushroom is at the point O.
(a) Show that the height of the cylinder is ry/(%).
“The table top, which is rough enough to prevent the mushroom from
sliding, is slowly tilted until the mushroom s about to topple.
(b) Find, t0 the nearest degree, the angle with the horizontal through
which the table top has been tilted. (ULEAC)
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‘The diagram shows a skeich of the region R bounded by m curve with
equation y? = 4x and the line with equation x = 4. The uni

on both the x-axis and the y-axis i the centimetre. 'numgmnxu
rotated through = radians about the x-axis to form a solid 5.

(@) Show that the volume of S is 32x cm’.

Given that the solid § is uniform,

(b) find the distance of the centre of mass of S from 0. (ULEAC)

12. A solid uniform cylindrical piece of metal, of height 4 and radius r, has
a cone shape removed from it as shown in the diagram. The base of the
cone is of radius 7 and its height is &

(i) Show that the centre of gravity of the resulting solid is at

ofﬂ from the point A measured along the axis of symmetry.

distance

‘The solid is placed on an inclined plane with the open end in contact
with the surface of the
(i) Given that & = dr and the coefficient of fiction between the solid
andthe plane i 075, how ha. 2 he inclination of the planc
increases from zero degrees, the solid will topple before it sldes.
(NICCEA)
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13. Tn a uniform triangular lamina ABC the sides AB and AC are
cqual, BC is of length 2k and the perpendicular distance of A
from BC is 3h. Show, by integration, that the centre of mass
of the lamina is at a distance 2 from A

The diagram shows the composite lamina formed by joining the edge
BC of the above lamina to one of the edges of a uniform square lamina,
‘made of the same material, and of edge 2h. Find the distance of the

centre of mass of the composite lamina from the point A. (WIEC)

S

. Use integration to show that the centre of mass of a uniform solid
hemisphere of base radius a is a distance $a from the centre of the base.
of the hemisphere.

‘The diagram shows a childs toy which consists of a head and a body.

‘The head is a uniform sphere of radius a and density p. The head is
rigidly attached to the body, which s spherical, of radius 24 and centre
0. The upper half of the body is a uniform hemisphere of density p and
this s rigidly attached (o the lower haif of the body which is a uniform
hemisphere of density kp. The common plane surface of the two
hemispheres is perpendicular to the axis of symmetry of the toy. Find
the distance of the centre of mass of the toy from 0.
The toy is now placed on a horizontal plane and rests with its axis of
symmetry vertical. Show that when it is displaced to & different position.
it will always retur to the vertical position provided that & > 2.

(AEB 1993)




9 General equilibrium of a rigid body

In Chapter 5, forces acting on a particle were considered, and by the

equilibrium it was only necessary to show that there was no resultant force
acting in any direction.

A rigid body. on the other hand, has size; the forces acting on the body may
B0t be concurrent and so rotation could occur. Thus, for equilibrium we
‘must ensure that there is no resultant force acting and that the forces have
no turning effect.

Three forces

Ira rgd body i fn clffum under e cton of oy hree forces, these
forces must be either concurrent or paral

Suppose the forces are P, @ and § and that the lines of action of any two of
the three forces, for example P and @, intersect at the point A. The forces P
and Q will have no turning effect about the point A; but if the line of action
of the third force § does not pass through A, then the force § will have a
turning effect about A and the forces cannot be in equilibrium. Hence, if the.
forces are in equilibrium, the line of action of S must pass through A: the
forces are then concurrent.

Again, suppose that any two of the three forces (say P and Q) have parallel
ncs of action, then the resultant of these two forces will be parallel to P
and Q. Equilibrium is then only possible if the third force S is equal and
opposite t0 the resultant of P and Q, and hence § must be parallel to the
other two forces.

It is sometimes possible to use these facts in determining the direction of an
unknown third force which is maintaining equilibrium.

three forces are maintaining equilibrium, it is possible t0 solve the
problem either by the use of the triangle of forces or of Lami's Theorem.

‘The next section considers the method of resolving in two directions and
taking moments as a general method of solution for a rigid body in
cquilibrium under the action of any number of forces. This gencral method
can also be used for three forces in equilibrium and is often simpler to use
than the specific three-force properties mentioned above.

General method

In all problems concerning the equilibrium of a rigid body, the following
procedure should be adopted:
i, nerpee the nformation given and draw a disgram
(ii) show on the diagram all the forces acting on the body, indicating
clearly the directions of these forces
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() eguate the clockwise and aniclockwise moments o the forcssacing on

the body, about any convenient poin

(i) in each of two perpendicular reions, equate the resolved parts (or
components) of the forces acting in one direction to those resolved
parts acting in the opposite direction.

Note. Careful choice of the point about which moments are taken may well
simplify the solution of a particular problem. Usually the best directions in
which 10 resolve the forces are:

(3) orizontally and vertically, or

(b) paraliel and at right angles to the surface of an inclined plane.
However, there are examples which are more quickly solved by choosing
other directions.

Example 1

A uniform rod AB of mass 4kg and length 80cm is freely hinged to a
vertical wall.

A'force P, as shown in the diagram, is applied at the point B and keeps the
rod horizontal and in equilibrium. The forces X and ¥ are the horizontal
and vertical components of the reaction at the hinge.

Find the magnitudes of the forces X, ¥ and 7.

‘There are four forces acting on the rod.
Take moments about A:
A PxBO=dgxd0

P2 *
or P=196N

Resolve vertically:

I
Y=dg-2
=196N

Resolve horizontally:
X=0

The force X =0, ¥ = 196N and P = 196N,

Reaction

Instead of considering the horizontal and vertical components of the
reaction at the hinge A, the force on the rod due to the hinge may be
represented by a single force R acting at an angle 0 to the vertical. The
following example illustrates this method.
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Example 2

A uniform rod AB of mass 6kg and length 4m s freely hinged at A to a

vertical wall. The force 7 applied at B as shown in the diagram, keeps the

od bortzonialandfn e R st fors of eaton i the Eings
that the line of action of this force makes with the

mum Find the magaitude of th forccs P nd R and the angle .

Take moments about A:

0y 63x2:Px4su|Jﬂ
. P=

Resolve vertically:

R cos 0+ P cos 60° = 6g
Substitute for P:

Reos=3g i
Resolve horizontally:

Rsin 6= P cos 30°
Substitute for 7.

Rsinf=6gcos30° ...[2]
Divide equation [2] by equation [1]:

R 6g c0s 30°

Reos8 | 3¢

wnf=y3 or  0=60
Substitute i equation [
Rocos 60° =3¢

- 1
The force P = 6gN, R = 6z N and the angle

Alternative method
Since there are only three forces acting on the rod in Example 2, the force R
‘must pass through the point of intersection O of the forces P and 6g, as
shown in the diagram below.

G is the mid-point of AB, and OG is perpendicular 1o AB. Hence the
triangle AOB is isosceles and AO = OB.

angle OAB
=

The angles between the forces are each 120,
Apply Lami’s Theorem at the point O:

T sin 1207

P=6g and R=6g asbefore
Aleratively from the same diagram, if BO s produced to meet the wall at
C, then triangle AOC may be used as a triangle of forces in order to solve
the problem.
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Example 3
A non-uniform rod of mass 3 kg and length 40cm rests horizontally in
equilibrium, supported by two strings attached at the ends A and B of the
rod. The strings make angles of 45° and 60° with the horizontal, as shown in
the diagram.

Find the tension in cach of the strings and the position
of the centre of gravity of the rod.

Since the rod is not niform, the force of 3N

is shown acting at a distance scm from the end A.

Resolve horizontally:

Resolve vertically:

T sin 60° + T, sin 45 2
Take moments about A:
x 3g x5 = (T sin 45°) x 40 B
6g 32
rom equation (1] and and 7 =2V
From equation (1] AT Bz
Substitute in equation [3]:
b
N

‘The tensions in the strings are 21-N and 152N and the centre of gravity is
14:6¢m from end A.

Limiting equitibrium
When a rigid body is in equilibrium under the action of any number of
forces, three equations may be obtained by resolving in two directions and
by taking moments about a point.

I there is a frictional force acting. it s necessary to be clear whether the
body is in limiting equilibrium. It should be remembered that only in the
case of limiting equilibrium, when motion is on the point of taking place,
does the frictional force F have its maximum value uR.

Example 4

“The diagram shows a uniform rod AB of mass 4 kg with its lower end A
resting on a rough horizontal loor, coeflicicnt of friction 1. A string
attached to the end B keeps the rod in equilibrium. 7'is the tension in the
string, F is the frictional force at A, and R is the normal reaction at A. Find
the magnitudes of the forces 7, F and R, and also the ieast possible value of
i for equilibrium to be possible.
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Let the rod be of length 21 If motion were to take
place, the end A of the rod would tend to move
10 the lef so the frictional force F acts in the
opposite direction.

‘Take moments about A:

R 4gxlcos 20 = Tx 2 sin 60

o 2cos20
sin 60°
=213N
Resolve horizontally: ~ 7'cos 40" = £
F=163N
Resolve vertically: R+ T sin 40° = dg
Substitute for 7: R=255N

Since = £22% the least value of u necessary is 2o = 064 and the rod

3

E, 163
55

would then be in limiting equiibrium,

The force 7'= 21-3N, F= 163N, and R
value of 4 is 0.64.

55N, and the least possible

Ladder problems

‘The situation of a ladder resting against a wall, with the foot of the ladder
on the ground, gives rise to a variety of problems. The wall may be rough or
smooth, as also may the ground. The ground may, or may not, be
horizontal

It should be remembered that where the ladder rests against a smooth
surface, there will only be a normal reaction R at that point.

When the surfaces in contact are rough, there is also a frictional force -
which acts parallel to the surfaces in contact, and in a direction opposite to
that in which the ladder would move.

Example §

A uniform ladder AB, of mass 10kg and length 4m, rests with its upper end.
A against a smooth vertical wall and end B on smooth horizontal ground. A
light horizontal string. which has one end attached to B and the other end
attached to the wall, keeps the ladder in equilibrium inclined at 40° (o the
horizontal. The vertical plane containing the ladder and the string is at right
angles to the wall.

Find the tension T in the string and the normal reactions at the points A
and B

Suppose R and S are the normal reaction at the ground and the wall
respectively.
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‘The diagram shows the forces acting on the ladder.

Resolve vertically: 10g
=98N
Resolve horizontally: =5
Take moments about B:
v §x 4sin 40° = 10g x 2 cos 40°
S5g cos 40°
in 40°
BN
It follows that: T=584N

‘The tension in the string is S84 N and the normal reactions at the top and
foot of the ladder are 584N and 98 N respectively.

It should be noted that whether equilibrium is possible or not will depend
upon whether the string can take 2 tension of 584N without breaking.

Rough contact at foot of ladder
I the ladder rests on ground which is rough, then there will be a frictional
force F acting on the ladder at this point. The effect of this force is similar

10 that of the tension in the string in Example 5. The maximum value of this
frictional force depends upon the roughness of the contact between the
Iadder and the ground.

Example 6

The diagram shows a ladder AB of mass 8kg and length 6m resting in
equilibrium at an angle of $0° to the horizontal with its upper end A against
a smooth vertical wall and its lower end B on rough horizontal ground,
caeflicient of friction 4. Find the forces S, Fand R and the least possible
value of  if the centre of gravity G of the ladder is 2m from B.

‘Take moments about B:

O $ 6 sin 50° = 8¢ x 2 cos 50°
. 5 Bgcos S0
3sin 50°
S=219N

Resolve horizontally: ~ F=§
E F=219N
Resolve vertically: R =8¢
R=T84N
Since =20 ang £ 219 05 4 must be at least 0.28

I e

The force 5= 219N, F= 219N, R = 784N, and s must be at least 028,
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Climbing a ladder

Whether or not it is safe to ascend to the top of a ladder will depend upon
the magnitude of the frictional force which acts on the foot of the fadder.
This will depend upon the roughness of the ground on which the ladder

If the ladder is found to be in limiting equilibrium when a person is part
way up a ladder, then any further ascent will cause the ladder to slip.

To determine how far a ladder may be ascended, consider the situation
when the climber is at a distanee s up the ladder and the ladder is n limiting
equilibrium. The following example illustrates the method.

Example 7

A uniform ladder of mass 30 kg and length S rests against a smooth
vestical wall with its lower end on rough ground, coefficient of friction
“The ladder is inclined at 60° to the horizontal. Find how far a man of mass
80kg can ascend the ladder without it slipping.

Assume the man can ascend a distance sm from the foot
of the ladder, which is then in limiting equilibrium.

‘maximum frictional force #R will then act at the
foot of the ladder.

“The forces acting on the ladder are then as shown.
Resolve vertically:

R = 30g + 80 n
Resolve horizontally:
s=1r ]
“Take moments about A:
R 30g x4 cos 60° +80g x s cos 60° = S x Ssin 60 ...[3]
From equations [1] and [2]: S =3(110g) = 44¢

Substitute in equation [3): % 4 40gs = 44g x 5 sin 60°

or s=383m

‘The man can climb 3-83m up the ladder, at which point the ladder
on the point of slipping.

Example 8

A uniform Iadder rests in limiting equilibrium with its top end against a
rough vertical wall and its lower end on a rough horizontal floor. If the
coefficients of friction at the top and foot of the ladder are § and
respectively. find the angle which the ladder makes with the floor.
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Let the ladder be of length 2/ and weight ¥
TM ((\I'us acting on the ladder will be as sho\m in the

Since e taddr i limiting equilibrium, both ends of
the ladder will be on the point of moving, so the
maxinwum frictional forces will act at both ends.

Resolve vertically:
iseR=W
Resolve horizontally:
S=iR ..
Take momeats about the foot of the ladder:
W lcos 0= §x2sin 0435 x 2 cos 6 6]

Eliminate R from equations (1] and [2}:
iSas=w
or

Substitute for § in equation [3):
Wecos 0= 35 W x 2 sin +3 x 3 Wx 2 cos 0

cos 0=} sin 0+ cos 0

wnf=§ or 0=5904
‘The angle the ladder makes with the floor is 59.04°,
Note that, even though the ladder i in limiting equilibrium when the angle
of inclination 1o the horizontal is 59.04, it is possible for a person to ascend
part way up the ladder without it slipping.

se that a man of weight 3 ascends the ladder of Example § to a

‘point at a distance s from the foot of the ladder, and that the ladder is then
on the point of slipping, i.c. it is in limiting equilibrium.

“The three equations then become:
EE

and W fcos 0+ 31 x scos @ = S x 2sin6+35x 2cos b

Eliminate R as before:

Then  Wicos 0+ 3Wscos =4 Wx2sinf+4Wx2cos
' 5= (F an 6+ 3)0

Substitute
to give:

The man can therefore ascend half-way up the ladder.
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Practical explanation
“The point 10 notice n this cxample is that as soon as the man steps on to the
footoftheladder, th normal reaction R a thit poit s increased. Therefore

‘This means
that more frict of the ladder and
state of limiting equilibrium. As the man ascends the ladder, his weight has an
the di the foot of the ladder,

and this together with the moment due t0 the weight of the ladder wil

eventually balance the maximum clockwise moment of S and 1 5 about the

point A. This explains why it s safer to ascend a ladder when another person is
of the ladder, or the bottom rung.

Exercise 94
For all those questions in this exercise which involve a rigid body in contact
with a vertical wall, take the vertical plane through the rigid body as being
perpendicular to the wall.

1. Each of the following diagrams shows 2 uniform rod AB of mass 10kg
and length 4m freely hinged at A 10 a vertical wall. An applied force P
keeps the rod in equilibrium. Forces X and ¥ are the horizontal and
vertical components of the reaction at the hinge. By resolving vertically
and horizontally and taking moments, find the magnitudes of the forces
X, Yand P.

@ 7 p ®

2. Each of the following diagrams shows a uniform rod AB of mass § kg
and length 6m freely hinged at A to a vertical wall. An applied force P
keeps the rod in equilibrium. R i the force of reaction at the hinge and
0 i the angle the line of action this force makes with the wall
For each case, find the magnitudes of the forces P and & and the size of
the angle 6.

@
I3 .

SN

208
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Each of the following diagrams shows a uniform rod AB, of mass 10kg,
with its lower end A resting on a rough horizontal floor, coefficient of
friction . A string attached to end B keeps the rod in equilibrium. T'is
the tension in this string, £ is the frictional force at A and R is the
normal reaction at A.

Find the magnitude of 7, F and R and the least possible value of j for
cach situation below.

@ T

3
106N

Each of the following diagrams shows a uniform ladder AB of mass
30kg and length 6m resting with its end A against a smooth vertical
wall and end B on a smooth horizontal floor. The ladder is kept in
equilibrium by a light horizontal string which has one end attached to B
and the other end attached to the wall. R is the normal reaction at the
floor, S is the normal reaction at the wall and T'is the tension in the

g,
Find the magnitude of T for each situation below
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5. Each of the following diagrams shows a uniform ladder of mass 20kg
and length 2/ resting in equilibrium with its upper end against a smooth
vertical wall and its lower end on a rough horizontal floor, coefficient of
friction . §is the normal reaction at the wall, F is the frictional force at
the ground and R s the normal reaction at the groun
Find the magnitude of S, Fand R, and the least o value of i for
cach situation below.

@ ©

14

6. The diagram shows a uniform ladder AB of weight N
and length 4m resting with its end A against a smooth
vertical wall and its end B on a smooth horizontal floor.
‘The ladder is kept in equilibrium at an angle € to the
floor by a light horizontal string attached to the wall and
t0.a point C on the ladder.

Iftan 6 = 2, find the tension in the string when BC
is of length:
@lm  ©2m  ©3m

7. The diagram shows a uniform ladder of mass m and
length 2 resting in limiting equilibrium with its upper
end against a rough vertical wall (coefficient of
friction ;) and its lower end against a rough
horizontal Roor (coeffcient of friction e).

‘The normal reactions at the wall and the floor are
S and R respectively with S and /3R the
corresponding frictional forces.
“The ladder makes an angle & with the loor.
Find & fop exchofth Fllowing case:

"
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The disgram shows a uniform ladder AB of weight "
and length 2/ resting in equilibrium with its upper

end A against a smooth vertical wall and its lower
end B on a smooth inclined plane. The inclined

plane makes an angle  with the horizontal and the
ladder makes an angle ¢ with the wall.

Find ¢ when 0 equals:

@10 )20 © 30

uniform beam AB of mass S kg is freely hinged at A 10 4 vertical wall
and s maimained horizontally in equilibrium by a light string
connecting B to a point on the wall, above A. The string makes an angle
of 30° with BA.

Find the tension in the string and the magnitude and direction of the
reaction at the hinge.

A non-uniform beam of mass Skg rests horizontally in cquilibrium,
supported by two light strings attached to the ends of the beam.

‘The tensions in the strings arc 7; and T and the strings make angles
of 30° and 40° with the beam, as shown in the diagram.

Find the magnitudes of Ty and 7.

A non-uniform beam AB of weight 20N and length 4m, has end A freely
hinged to a vertical wall. A light string linking B to a point on the wall
above A, makes an angle of 60 with BA and allows the beam to rest
horizontally in equilibrium.

If the tension in the string is 12N, find the magnitude and direction of the
reaction at A and the distance from A to the centre of gravity of the beam.
A non-uniform beam AB is of length 8 m and its weight of 10N acts
from a point G between A and B such that AG = 6m. The beam is
supported horizontally by strings attached at A and B. The string
attached to A makes an angle of 30° with AB.

Find the angle that the string attached to B makes with BA, and find
the tensions in the strings

A uniform beam AB of length 4 m and weight SON is freely hinged at A
(0 a vertical wall and is held horizontally, in equilibrium, by a string
which has one end atiached to B and the other end attached to a point
C on the wall, 4m above A.

Find the magnitude of the reaction at A.

A uniform pole AB of mass 100kg has its lower end A on rough
horizontal ground and is being raised into a vertical position by a rope
attached 10 B, The rope and the pole lie in the same vertical plane and
A does not slip across the ground.

Find the horizontal and vertical components of the reaction at the
ground when the rope is at right angles to the pole and the pole is at 20°
1o the horizontal
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15. A non-uniform pole AB of mass S0kg has its centre of gravity at the
point of trisection of ts length, nearer o B. The pole has its lower end
A on rough horizontal ground and is being raised into a vertical
position by a rope attached to B. The rope and the pole lie in the same
vertical plane and A does not slip across the ground.
Find the horizontal and vertical components of the reaction at the
‘ground when the rope is at right angles to the pole and the pole is at 30°
1o the horizontal.

. A uniform beam AB of length 2 rests with end A in contact with rough
horizontal ground. A point C on the beam rests against a smooth

support. AC is ofkength 2/ with C higher than A, and AC makes an

angle of 60° with the horizontal. If the beam is in limiting equilibrium,
find the coefficient of friction between the beam and the ground.

A uniform ladder of weight 1 and length 2/ rests with one end on a
smooth horizontal floor and the other end against a smooth vertical
wall. The ladder is held in this position by a light, horizontal,
inextensible string of length /, which has one end attached 1o the bottom
of the ladder and the other end fastened 10 4 point at the base of the
el vericalybelow the o of the e S st thetemsin o e
string is =

z\/x

A uniform ladder of mass 8 kg rests in equilibrium with its base on
smooth horizontal floor and its top against a smooth vertical wall. The
base of the ladder is 1 m from the wall and the top of the mm is2m
from the floor. The ladder is kept in equilibrium by a light

stachd 1ot baxc of he I e 1o point o8 the i Nenically
below the top of the ladder and 1 m above the floo

Find the tension in the string,

A uniform ladder of mass 25kg rests in equilibrium with its base on a
rough horizontal floor and its top against a smooth vertical wall. If the
ladder makes an angle of 75° with the horizontal, find the magnitude of
the normal reaction and of the frictional force at the floor, and state the
minimum possible value of the coefficient of friction 4 between the
ladder and the floor.

8

A uniform ladder of mass 15 kg rests with its foot on a rough horizontal
floor (angle of friction 15°) and its top against a smooth vertical wall.
Find the minimum horizontal force that must be applied to the foot of
the Jadder to keep the ladder in equilibrium inclined at 60" to the
horizontal.

L

A uniform ladder rests in Ilmllmg cquilibrium with its base on rough
horizontal ground (coefficient of rnmun 1) and its top against a rough
vertical wall (coefficient o[ friction |

If the ladder is inclined at 30° to llve verllu:L find the value of .
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22. A non-uniform ladder AB of length 6m has its centre of gravity at
point C on the ladder such that AC = 4m. The Iadd:r rests in hmumg
equilibrium with end A on rough horizontal ground
friction }) and end B against a rough vertical wall 1cocrl'v:vzn| o“nﬂmn
4). 1f the ladder makes an acute angle 6 with the ground, show that

by

23, A non-uniform ladder AB of length 10m has its centre of gravity at a
point C. The ladder rests in limiting equilibrium with end A on a rough
horizontal floor (angle of fiction 17°) and end B against a smooth
vertical wall.

If the ladder is inclined at an angle of 63° to the floor, find the length
AC.

24, Each of the following diagrams shows a uniform rod AB of weight ¥,
with end A freely hinged t0 a vertical wall. The rod is in equilibrium
under the forces shown.

Prove ¥ tan 0= Prove: 2¥ = Prove: tan 0 tan & =

25, Each of the following diagrams shows a uniform ladder AB of weight
W, with its lower end on a horizontal floor and its top against a smooth
vertical wall. The ladder is in equilibrium under the forces shown,

@

3

e

Prove: 2T tan 6 = W Prove: R = 3W tan 6 Prove: (a) R =2W tan 6
) tan 6 tan ¢ =

26. A uniform ladder rests in limiting equilibrium with its top end against a
smooth vertical wall and its base on a rough horizontal floor (coefficient
of friction ).

If the ladder makes an angle of 0 with the floor, prove that
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27. A uniform ladder rests in limiting equilibrium with its top end against a
rough vertical wall (coefTicient of fiction ), and its base on a rough
horizontal floor (coefficient of friction i)

If the ladder makes an angle of 6 with the floor, prove that tan

28. The diagram shows a uniform ladder resting in 4
equilibrium with its top end against a smooth vertical
wall and its base on a smooth inclined plane. The
planc makes an angle of 0 with the horizontal and
the ladder makes an angle of ¢ with the wall.

Prove that tan ¢ = 2 tan 6.

2

A uniform beam AB is supported at an angle 0 to the horizontal by a
light string attached to end B, and with end A resting on rough
horizontal ground (angle of friction 7). The beam and the string lie in
the same vertical planc and the beam rests in limiting equilibrium with
the string at right angles to the beam.

30. A uniform ladder of mass 30kg is placed with its base on a rough
horizontal floor (coeficient of friction 1), and its top against a smooth
vertical wall, with the ladder making an angle of 60° with the floor.
Find the magnitude of the minimum horizontal force that must be
applied at the base of the ladder in order to prevent slipping.
What is the maximum horizontal force that could be applied at the base
without slipping occurring?

31. A uniform ladder of mass 25kg is placed with its base on a rough
horizontal floor (coeflicient of friction 1), and its top against a rough
vertical wall (coefTicient of friction 4), with the ladder making an angle
of 61° with the floor.

Find the magnitude of the minimum horizontal force that must be
applied at the base of the ladder in order to prevent slipping.

What is the maximum horizontal force that could be applied at the base
without slipping occurring?

. A uniform ladder of mass 10 kg and leagth 4m rests with one end on a
smooth horizontal floor and the other end against a smooth vertical
wall. The ladder is kept in equilibrium, at an angle tan™" 2 to the
horizontal, by a light horizontal string attached to the base of the ladder
and to the base of the wall, at a point vertically below the top of the
Iadder, A man of mass 100kg ascends the ladder.

If the string will break when the tension exceeds 490N, find how far up
the ladder the man can go before this occurs.

‘What tension must the string be capable of withstanding if the man i to
reach the top of the ladder?
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33, A uniform ladder of mass 30 kg and leagth 10m has its base resting on
rough horizontal ground and its top against a smooth vertical wall. The
ladder rests in equilibrium, at 60° to the horizontal, with & man of mass
90kg standing on the ladder at a point 7-Sm from its base. Find the
‘magnitude of the normal reaction and of the frictional force at the ground.
Find the minimum value for the coeflicient of friction between the ladder
and the ground that would enable the man o climb to the top of the
ladder.

34. A uniform ladder of length 10 metres and wng.hl W N rests with its hr.ﬂt
on a rough horizontal flor (coeffcient of friction +
smooth vertical wall. The ladder makes an ang]cﬂwuh the horizontal,
where tan 8 = 1.7. A man of weight 2 W N starts. mc b the ladder.
How far up the ladder can the man climb before slippi rs?

Find, i e of Y, he magaitod o the least horionta ocethat st
be applied to the base of the ladder to enable the man to reach the top
safel;

35. A uniform ladder AB is of weight 2 I N and length 10 metres. Tt rests
with end A on a rough horizontal floor and end B against a rough
vertical wall. The coefficient of friction at the wall and at the floor i
£0d e laddr makes an ange 0 with the horizontal, such that

A man of weight S ¥ N starts to climb the ladder.

How far up the ladder can the man climb before slipping occurs?

When a boy of weight X N stands on the bottom rung of the ladder, i.

at A, the man is just able to climb (o the top safely.

Find X in terms of .

36. A non-uniform ladder AB of length 12m and mass 30kg has its centre
of gravity at the point of trisection of its length, nearer to A. The ladder
rests with end A on rough horizontal ground (coefficient of friction 1),
and end B against a rough vertical wall (coeflicient of friction
ladder makes an angle @ with the horizontal such that tan 8 =
straight horizontal string connects A to a point at the base of the wall
vertically below B. A man of mass 90kg begins (o climb the ladder.

How far up the ladder can he go without causing tension i the string?
What tension must the string be capable of withstanding if the man is to
reach the top of the ladder safely? L

Exercise 98 Exami

on questions.
(Take ¢ = 9-§ms-? throughout this exercise.)

1. A uniform ladder of length 2/ and mass m kg, rests
with one end against a smooth vertical wall and the
other end on horizontal ground. The ladder s inclined van
at 010 the vertical
() Explain why the ladder will lip if the ground is
smoot
‘The bottom of the ladder is attached to a
horizontal rope, the other end of the fope is
attached to the wall as shown in the diagram.
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(i) A man of mass 4m kg stands on the ladder at a distance ol' = from
the bottom of the ladder.

Find first the tension in the rope, and then the reaction normal 1o
the ground at the bottom of the ladder, and the reaction normal to
the wall at the top of the ladder.

(i) 1f the maximum tension which the rope can bear without breaking
is 4mg tand, find how far up the ladder the man can safely climb.
(NICCEA)

A uniform ladder of length Sm and weight 80 newtons stands on rough
level ground and rests in equilibrium against a smooth horizontal rail
which is fixed 4m vertically above the ground. If the inclination of the
Iadder to the verical is 6, where tan 0 < 3, find expressions in terms of
6 for the vertical reaction R of the ground, he friction F at the ground
and the normal reaction N at the rai
Given it he adder doss ox slip. shmr. that Fis a maximum when

n 0 = % and give this maximum value. (OCSEB)

The diagram shows a uniform rod AB, of length 2a, in equilibrium in a
vertical plane with the end A in contact with a vertical wall and the end
Bin contact with a horizontal floor. The normal reaction and frictional
force at B are R and F respectively, acting in the directions shown. The
corresponding forces at A, in the directions shown, arc denoted by §
and P, especively The rod i of weght W and i inclinedat an angle 0
10 the horizontal.

.
A ‘—S

By resolving horizontally and taking moments about the centre
of AB, or otherwise, express R ~ P in terms of S and 6.

Also obtain an equation relating K. Pand I¥ and show that
LW +2Stan 6), P =$(W 25 tan 6).

(@) Find, for the case when the wall is smooth and the coefficient of
friction at 81 1, the value of tan ¢ for limiting equilibrium.

(b) Show that, when the wall and floor are equally rough, the
coefficient of friction being 1, limiting equilibrium is not possible
for 0£ 0. (AEB 1992)

2
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4 5

A smooth horizontal rail is fixed at a height of 3m above a horizontal
playground whose surface is rough. A straight uniform pole AB, of
mass 20kg and length 6m, is placed to rest at a point C on the rail with
the end A on the playground. The vertical plane containing the pole is
at right angles o the rail. The distance AC is Sm and the pole rests in
lumung equilibrium (sec diagram).

Calculate:

(@) the mag.mulde of the force exerted by the rail on the pole, giving
your answer to the nearest N,
(b) the coeflicient of friction between e pole and the playground,
giving your answer to 2 decimal pl
© m=  mgitadooftho s mmd b'y the playground on the pole,
g your answer 10 the nearest (ULEAC)

‘The diagram shows a uniform rod 4B of weight W and length 2a freely
hinged to a fixed point at A. When a weight 2¥ is attached at B, the
od s kept i ot by  foreof maguitde Pacing 11 C
AB, in the verti

equilibrium position AB is inclined at angle 6(>0) to ihe horentl and
AC= b(a < b < 2a). By taking moments about A, or otherwisc, find P.
Find also

(i) the vertical and horizontal components of the reaction at 4,

@ the maxion vaoe of the borioouta coraponest of the reaction at

Aas 0 varies,
(i) the yalue of a/b when the reaction at A is along the rod,
@) m’ 1w the eaction a 4 cts 3t an ngle 010 the upward
[

WIEC)
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6. A uniform diving board AB, of length 4 metres and mass 40'kg, is fixed
at A to a vertical wall and is maintained in a horizontal position by
means of a light strut DC. D s a point on the wall I metre below A and
Cis a point on the board where AC = | metre. An object of mass 60kg
is placed at end B.

(i) Draw a neat and clearly labelled diagram of the board showing all
rces acting o
(i) Find the position of the centre of mass of the 60 kg mass and the
mass of the board AB combined.

i) Using a triangle of forces, or otherwise find
(a) the thrust in the strut
(b) the magnitude of the reaction at A, (NICCEA)

7. A uniform rod AC, of mass 2kg and length 120 cm, hangs at rest in a
vertical plane with end A in contact with a vertical wall. An inclastic
string, of length 70 ¢m, is attached o a point B on AC such that AB is
90cm. The other end of the string is attached to the wall at a point D,
140cm vertically above A.

If the string is taut and the angle DAC is 25:2° find
(i) angle DBA,
(i) the tension in the string. (NICCEA)

8. The diagram shows a uniform ladder AB, of length 24 and mass m,
with the end A resting on a rough horizontal floor.

<

The ladder is held at an angle 6 10 the vertical by means of a light rope
attached to the point N, where AN = {a. The other end of the rope is

attached to a point C, which is at a height 3a vertically above the end 4
of e ader. B akin it about C how Ut the gt of

the force of friction acting on the ladder at 4 is 7€ sin 6. Also show
that the magnitude of the vertical component of he resction a1 4

ZE (1 +eos .
Given that the coefficient of friction between the ladder and the floor is
= show that when the ladder is on the point of slipping at A its
inclination to the vertical is given by 0 § (AEB 1993)
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9. The diagram shows a man of mass 70kg at rest while absciling down a
vertical Clff. Assume that the rope is attached to the man at his centre
of mass. You should model the man as a rod and assume that he is not

holding the rope.
L.

() Draw a diagram to show the forces acting on the man.

(b) The angle between the man's legs and the cliffis 60°. By taking
moments show that the man can only remain in this position if the
coefficient of friction between his feet and the wall is greater than or

1

cqualto

%
In the position shown above, the rope is at 90° to the man'’s body.
Express the resultant force on the man in terms of the unit vectors i
and j which act horizontally and vertically respectively
Show that the tension in the rope is 594N correct t0 3 significant
figures.

When the man has descended a further distance he again stops and
remains at rest. How would the magnitude of the Normal Reaction
ween the man and the wall now compare with s valuc in the
position illustrated above? (AEB Spec)

A smooth uniform rod AB, of length 3 and weight 2w s pivoted at A
so that it can rotate in a vertical plane. A light ring is free to slide over
the rod. A light inextensible string s attached to the ring and passes
over a fixed smooth peg at a point C, & height 4a above A, and carries a
particle of weight w hanging freely, as illustrated.

(You may assume that the weight of the rod is a force acting af the mid-
point of AB)

H

A

(@) Give reasons why in equilibrium, as shown, the string will be at
right angles to th

(b) Show that the angle  that the rod makes to the vertical in
equilibrium is given by tan 0 = §

© Fmd m= magmnm of the force of the pivot on the rod at A in
(UODLE)
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11. A smooth uniform rod 4B, of length 3 and weight ¥, is pivoted at A
S0 that it can rotate in a vertical plane. A light ring is free to slide along
the rod. A light inextensible string is attached to the ring and passes
over a fixed smooth peg at a point C, a height 4a above A, and carries @
particle of weight w hanging frecly, as illustrated.

2

¢
Al

(@ Give reasons why in equilibrium, as shown, the string will be at
right angles to the rod.
(b) (i) Show that the angle @ that the rod makes to the vertical in
cquilibrium is given

S
tan 9= 30
T

(i) Find the smallest value of the ratio w/ W for which equilibrium
is possible. (UODLE)

‘The diagram shows a heavy uniform rod of mass m and length 2
resting in equilibrium with its ends on two smooth inclined planes. The
‘normal reactions at the ends of the rod have magnitudes R and 5. The

inclinations of the planes to the horizontal are = and = and the rod
lies in a vertical plane containing fines of greatest slope of both planes.
s

(@) Show that

(b)* By taking moments about the centre of the rod, prove that the
inclination of the rod to the horizontal is cot™* (1 + v3).
(AEB 1993)

*Note. The following expansions may be useful for (b):
<05 (A + B) = cos A cos B~ sin A sin
<08 (4~ B) = cos A cos B+sin A sin B

27
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13. Prove, by integration, that the centre of mass of a uniform
hemispherical shell of radius a is a distance La from the centre of its
plane face.

‘The figure shows 4 uniform hemispherical shell of mass m resting with
its curved surface in contact with a rough horizontal floor and a rough
vertical wall.

The reactions between the shell and the floor and wall have components
Ri. Fi, Ry and F; as indicated. Given that the coefficient of friction at
both points of contact is s and that equilibrium is limiting at both
points of contact, show that

Find, in terms of 1, an expression for sin 6. (AEB 1992)



10 Resultant velocity and relative velocity

Resultant velocity

Velocity is a vector quantity since it has both magnitude and direct
velocities can thercfore be combined by the same method as used for forces
in Chapter 4.

Example 1

Find, in vector form, the resultant of the following velocities: (4 — 2j)ms
(=Ti+ Spms* and (8i - 6)m

Resultant velocity = (4i - 2j) +
= (5i-3)ms"!

The resultant velocity is (5i— 3)ms™"

+5))+ (8 - 6)

‘The following example shows how the magnitude and direction of the
resultant velocity may be found by a scale drawing.

Example 2

Find, by scale drawing, the magnitude and
velocities 16ms~! due east and 10m ™" in a direc
Draw a rough sketch showing the given velocitis.

of the resultant of the
n N 3§ E.

Using a scale of I em = 2ms~!, construct a
vector triangle ABC for the given velocities.

AB=§cm  BC=Sem fomh
angle ABC = 1257 3
‘The resultant velocity is represented by AC.

By measurement: 16mis

‘The resultant velocity is 23-Sms-"!
in a direction N 70" E.

A omis B
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Example 3

Calculate the magnitude and the lllmcuon ofme resultant of the velocities
Skmh~" in a direction N 80° W a direction $ 257 W.

Draw a rough sketch showing the given velocitis.

angle ABC = 105",
Let BAC =2

‘The resultant velocity is represented by AC.
From triangle ABC, by the cosine rule:

AC? = 8 + 52— 2(5)(8) cos 105°
9+ 80 cos 75°
AC=1047

From triangle ABC, by the sine rule:
AC s

sin 1057 sina

Substituting for AC gives:

5 sin 105
sin o= 2SI
1047
2=2747° or 152:53° (The obtusc angle is not applicable.)

W,

‘The resultant velocity is 10-Skm b~ in  direction § 72-

Components of velocity

Itis sometimes useful to consider the components of the velocity of  body,
particularly if the motion of the body is the resuit of the combination of two
velositis.

Crossing a river by boat
Consider the problem of crossing from & point on one bank of a river to a
point on the other bank. There are three cases to consider.
() In order to cross from a point O on one bank to
a point P directly opposite to O on the other

bank, the course set by the boat must be D
upstream. If the speed of the boat in still water is
vand the speed of the current is w, then the B

‘component of v upstream must counteract i. —>u
o
L wsin@=u
ho

The speed across the river s then v cos 0
and the crossing is made from O to P.
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(i) If the course set is directly across the river, then the current will carry
the boat downstream. The boat has two velocities, v the velocity in still
water, and u the velocity of the current downstream. The resultant
velocity V of the boat can be found from the vector triangle. IF the
‘magnitude of V is written as . then:

v A
Vietiad —
and he boat il travel at an angle (0 the N J—
line OP where: gy
tana v
or :
The time to cross the river is £ = = and the boat s carried
downstream a distance PA, where PA = i x t.
“This will be the quickest crossing.
In order to cross the river and reach a point B on the other bank, the
course set must be in such a direction that the resuliant velocity of the
boat is in the direction OB.
5
Suppose B is upstream. e
From the diagram: —
et o
V=viu ¥
* -
Example 4
A boat can travel at 3:5m s in stll water. A river is 80m wide and the
current flows at 2ms~". Calculat
(a) the shortest time taken t0 cross the river and the distance downstream
that the boat is carried
(b) the course that must be set o cross the river L0 a point exactly opposite
the starting point and the time taken for the crossing.
() To cross in the shortest time, the course set
is dircctly across the river JE—
or 2me)
time to cross = 2 aurrent 2m st
35 —_— 89m
80 35ms
5 S—

= 22865
distance downstream = 2 x 2286 = 4572m

‘The time for the quickest crossing is 22:9's and the distance downstream
is457m.
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(b) To cross the river directly, the course is set at an angle 6, where:
35sin0=2

e
Speed across the river is 3:5 cos 0
time to cross =

80
35cos0

80
== 27855
35 cos 3485
‘The time taken to cross the river dircctly is 27-95 and the course to be
set is upstream at an angle 5515° 10 the bank of the river.

Example §
A pilot has to fly his aircraft from the point A to the point B, where B is

600km due east of A. There is a wind of 80km h~! blowing from the north-
west and the aircraft flies at 350 km b in stll air. Find the course which

the pilot must set and the time taken for the flight.
‘This s similar (o the oarsman crossing a river to a
previously determined point on the opposite bank. N

Draw a rough sketch in which AC represents the velocity
of the wind and CD represents the velocity of the aircraft
in still air

Sokmh!

The resultant AD of these two velocities must lie along

the line AB since this is the line along which the aircrafl is (o travel.
‘The line CD gives the direction of the course to be set by the pilot.
From triangle ACD, by the sine rule:

9:30° or 170-70° (The obtuse angle is not applicable.)
© — 45 - 9.30°

From triangle ACD, by the sine rule:
AD 350

Sin 12570°  sin 45°

AD = 350sin 125:70°

. 600
time of flight = %% — 14931
e of flight = 252

The course to be set is 080.70° and the time taken for the flight is 1-49h.
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The modelling process

Some of the examples encountered so far in this chapter have involved such
things as the flow of a river, the motion of a boat, the fight of an aircraft
and the effect of wind. In cach case the velocities involved were assumed to
be constant. Once again this is an example of an assumption being made to
allow  mathematical model 1o be set up and answers to be determined.
Should we find that the answers supplied by our model do not agree with
reality we would question the wisdom of assuming the velocities to be
constant. Of course in reality, the situation is continually being reviewed.
‘The pilot of an aircraft frequently checks the wind speed and the aircraft's
position and the captain of a boat frequently monitors any changes in wind
and water conditions.

Exercise 104

1. Find in vector form the resultant of each of 6, The resultant of two v:luuuu is a velocity
the following sets of velocitics: of 10kmh!, N 30°
(@) (Si+2jms, (Jl Snmx" 1f one of the' velocmzs is 10kmh! due west,

) (a + mm s Qi+ ms” find the magnitude and direction of the

other velocity.

et

© ‘?m 5”'“’ ,‘"”""‘5 7. The resultant of two veloities is a velocity
- of 6ms* due

@ (16 ok, (1055 ons-

(© (151 - Sjms~, (151 + 3kmh-", if one of the

£f

iesis Sms~! N 30° W,

find the magnitude and direction of the
(64 Ispkmh~. ) et velooy.
2. Find by scale drawing the magnitude and
direction of the resultant of each of the 8. The resultant of two velocities s a velocity
following pairs of velocities. of 1I9ms™' § 60° E.
(@ 24ms-1 due north, 7ms-'due east If one of the velocitiesis 10m s~ due east,
(b) Skmh-'due north, Skmh-' N 60° E find the magnitude and direction of the
() Sms~* due north, Tms™' S 60° E other velocity.
@ 10ms™! N 30° E, 8ms™ N 70° E 9. A man wishes o row across a river to reach
(¢) 70kmh™' S 35° E,%0kmh~' N 25° E. a point on the far bank, exactly opposite his
3. Find by calculation the magnitude and starting point. The river is 100m wide and
direction of the resultant of each of the flows at 3ms~". In still water the man can
following pairs of velocities. row at Sms~"
@ 9me) due west, 1224 dueorth Find at what angle to the bank the man
(b) 6ms~! due cast, 4mas ! must steer the boat in order to complete the
(© 17kmh°" due north, St N 26 crossing. and the time it takes him.
(d) 10kmh~! N 35° W, 1Skmh™' $ 40° W
© T26mhet N 65" E 20meti SE, 10. A man wishes to row across a river to reach
. a point on the far bank, exactly opposite his
4. If the resuliant of (31 + 4 ms”! and starting point. The river is 125m wide and
(@i +bjyms™" is (7i ~ Pms-", find the values Fows at 1ms-"
of aand b. If the man can row at 3ms~" in still water,
5. If the resultant of (ai + b kmh-' and find the dircction the man must steer in
(bi - aj) kmh~" s (10i ~ 4) kmh~", find the order to complete the crossing, and the time

values of a and . it takes him.
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1. A boy wishes to swim across a river, 100m
wide, as quickly as possible. The river flows
et 3kmb~" and the boy can swim at
4kmh-" in stll water
d the time that it takes the boy 10 cross
the river and how far downstream he travels.

12. A man who can swim at 2ms™" in still
water, wishes to swim across a river, 120m
wide, as quickly as possible.

If the river flows at 0-5ms~", find the time
the man takes for the crossing and how far
downstream he travels.

3. A pilot has to fly his aircraft from airport A
10 airport B, 100km due cast of A. In still
air the aircraft flies at 12Skmh~'.

If there is a wind of 35kmh-" blowing from
the north, find the course that the pilot must
set in order (0 reach B and the time the
journey takes.

14, Two airficlds A and B are 500 km apart with
B on & bearing 060° from A. An aircraft
which can travel at 200kmh~" in sill air, is
to be flown from A to B.

If there is a wind of 40km h-" blowing from
the west, find the course that the pilot must
set in order 1o reach B and find, 10 the
nearest minute, the time taken.

An aireraft capable of flying at 250kmh~" in
stillair, is to be flown from airport A to
airpor 5, situated 300km from A on 3
bearing 32

TF e e wind of 0k blowing from
030°, find the course the pilot must set and
find, (0 the nearest minute, the time taken
for the journey.

A man swims at Skmh~" in still water.
Find the time it takes the man to swim
across a river 250m wide, flowing at
3kmh~", if he swims 50 as 0 cross the river
(@) by the shortest route

(b) in the quickest time.

A man wishes (o row & boat across a river to
reach a point on the far bank that is 35m

®

2.

downstream from his starting point. The
‘man can row the boat at 2:5ms ' in
water. If the river is S0m wide and flows at
3ms~!, find the two possible courses the
‘man could set and find the respective
crossing times.

Airfield A is 500 km due south of airfield B.
A pilot, wishing to fy his aircraft from A to
B, is told that there is a wind of S0 kmh~!
blowing from N 60 E. In sl air the
aireraft flies at 300 km

What course should the pilot set in order
10 reach B and how long will the flight
take?

Assuming the wind does not change, how
fong would the return flight take?

Two heliports A and B are 150km apart

helicopter to fly from A to B and back to A
again, i the helicopter can fly at 100 km h"
in still air.

When swimming in a river a man finds that
he has a maximum speed v when swimming
downstream and u when swimming

stream.

(@) Find an expression for his maximum
speed when swimming in stll water.

(b) 1f the river is of width s, show that the
shortest time in which the man can swim

2 .
across is ~=*- and that such a crosing

would take i a distance of 20—t

downstream from his starting point

If the man wishes to swim as quickly as
possible from a point on one bank to a
point exactly opposite on the other
bank, show that he must swim in a
direction that makes an angle

with the bank and that

the crossing will take a time —*—.
Vi)
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Relative velocity

Suppose A and B are two moving bodies. The velocity of A with respect to

Bis the velocity of A s it appears to an observer on B and this is usually
by avy. The simplest case to consider is when A and B are moving

along parallel lines.

Example 6
A man M on a train travelling due west at 25 ms-" notices a second train
passing him on a parallel track at 40ms~". Calculate the velocity of the
second train § relative 10 the frst train if the directions of motion are

(@ thesame,  (b) opposite

(@) Draw a diagram showing the velocities
(@) The velocity of § as it appears to M is:

sne = 4025
Sms! due west s

S appears 10 be travelling more slowly than it is doing.
(b) The velocity of S as it appears to M is: R s S
s =40+25
= 6Sms~ due east s
S appears 10 be travelling more quickly than it is doing.

Note that the observer is only concerned with the motion of the other train
relative to himself, i.e. as though he were not moving.

Non-paraliel courses
‘The previous example suggests the general method. Since the observer takes

o account of his own motion, the velocity of A relative to B is found by

reducing the observer on B t0 rest "

Suppose bodies A and B have velocities v and
v ely, as shown in Fig. 1.

To find the velocity of A relative to B,

ie. Avg. B must be reduced to rest. To do this, Fig. 1
Bis given a velocity equal and opposite to its B
own velocity. The same velocity must be applied w“ "

10 A, as shown in Fig. 2.

“The resultant velocity of A will then be the

velocity of A relative to B. Thus. from Fig. 2 we

have the vector equation: N »

a-ve ) N

a

1 the velocites vy and vg are given in vector |

form, vy can be found very casily from \, 2
1.

cquation | Fig.2
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If vy and vg are not given in vector form, then
the vector equation [1] can be thought of as
A¥a = ¥+ (~vg) and the corresponding vector
triangle can be drawn.

‘The magnitude and the diection of the rel
velocity can be found in the usual way either by
calculation, or by scale drawing.

Example 7
Particle A has a velocity of (3 + 7 — 3k)ms~" and particle B has a velocity
of (1 + 2] + 4k)ms~". Find the velocity of A relative to B.

Given Yp =G+ 7 - Wyms!
o= (4 2+ K)ms !
We are required 1o find vy
A=A -

3I—7] m—(sl«uwh

A
‘The velocity of A relative to B is (-2 + 51 - 7|()ms"

Example 8
A girl walks at Skmh~' due west and a boy runs at 12km h~" on a bearing
of 150°. Find the velocity of the boy relative to the girl.

N

Given v gHimb PR 4

Weare required to find v
Taking i as @ unit vector due east and j as & unit vector due north gives:

Vo= -Sikmh and v

6i—
Therefore, the velocity of the boy relative to the girl is given by:

12 sin 30°4 12 cos 30°Dmht
W3)kmh!

o

-
(61 - 633 - (~5D)

g = i~ 63}

The velocity of the boy n-lallvzwlhcpd is (1i - 6v3)km b,
15-1kmh~' on & bearing

Alternatively Example § could be solved by scale drawing or by
trigonometry.
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True velocity

Suppose vy, the true velocity of A, is known and g, the velocity of B
relative to A, s also known, then by using avo = v — va the true velocity of
B can be found.

Examples 9 and 10 demonstrate this idea with Example 9 using a
‘component vector approach and Example 10 a trigonometry approach.

Note also that Example 9 reminds you that the vector ai + bj can be written

as the column matrix (;) as introduced in Chapter 1.

Example 9

To the captain of a ship S travelling with velocity (Jg) kmh, a second
ship T appears to have a velocity of (;g) kmh-". Find the true velocity of T.
Given .(:(J;)kmhd and ﬂg:(;:)lmh'

we are required to find  vp
Use

)

The true velocity of T is (252) kmh!

Example 10

To a girl running at 6ms~' on & bearing 155°, a low flying bird appears to
be moving at 7ms~' on a bearing of 250°. Find the true velocity of the bird.

H
3
%

h
i
I
I

Gmst
we are required to find vy
From the relation Wa = Vs~ v it follows that

o+ VG =Ty

and thus a veetor triangle can be drawn, as on the right
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From triangle BCD, by the cosine rule:
CD? = 7%+ 6 - 2(7)(6) cos 85°
=85 - 84 cos 85
CD=8813

From triangle BCD, by the sine rule:

“The true velocity of the bird is §-81m ™ in a dircction S 27:30° W,

Example 11

To a man rowing due south at 4m ™", a boy in a boat appears to be
moving due west. To a woman swimming at 14ms~" in a direction

N 65° W, the boy appears to be moving in a direction § 10° W. Find the
true magnitude and direction of the velocity of the boy

Denote the man by M, the woman by W, and the boy by B.

We are given i vector triangle s
w M1 o'
amet s
amst i
sad ! vector triangle

| B =g vy

B

D
3
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Since the two vector triangles have a common side which represents the true
velocity vy of the boy, they an be combined in one diagram.

From triangle ACD, right-angled at D:

4
cos =" 1]
fval i
From triangle ACB, by the sine rule:
i
- 2] -t
wasoy dmy

Substituting for va in cquation 2] from 1] gives:
4sin (8- 10) = 1] sin 75" cos 0

4sin 0 cos 10° = (14 sin 75" + 4 sin 10°) cos &

14 sin 75" +4 sin 10°
dcos 107

tan 0=

0=2855

and from equation (1)

‘The true velocity of the boy is 455ms ! in a direction § 28.55° E.
Alternatively, the solutions could be obtained:

by making an accurate scale drawing of ABCD,
or e by expressing the original data as i-] vectors, letting vy = ai

determining @ and b and hence the true magaitude and direction of

the velocity of the boy.

Exercise 108

1. A cruiser is moving at 30km h-' due north
and a battleship is moving at 20 kmh~" due

h.
Find the sloity of theenicr rlative (o
the battleship.
Particle A is moving due north at 30ms~' and
particle Bis moving due south at 20ms~".
Find the velocity of A relative to B
3. A yacht and a trawler leave a harbour at
8a.m. The yacht travels due west at
10kmh~! and the trawler due cast at
20kmh-
What is the velocity of the trawler relative to
the yacht?
How far apart are the boats at 9.30a.m.?

4 AC10.30am. & car, travelling at 25ms-" due
cast, overtakes a motorbike traveling at
10m s~ due cast
‘What s the velocity of the car elative to the
motorbike and how far apart are the vehicles
at1031am?

5. Particle A has a veloity of ( 'é) ms! and

particle B has a velocity of (;) mst.

Find the velocity of A relative to B.
Particle A has a velocity of

(@i + 6]~ SK)ms~" and particle B has a
velocity of (~10i~ 2} + 6k)ms.

Find the velocity of A relative to B.

”
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Bird A has a velocity of (7 ~ 3+ 10k)ms ™!
and bird B has a velocity of (61 ~ 17K)ms-
Find the velocity of B relative to A.

A pigeon is flying with velocity (7 — ms™!
and 3 sparrow s ying with velociy

(51 +6)ms!

Find the vlosity of the pigeon relaie to
the sparrow.

A bomber aircraft is moving with velocity
(3003 — 100 km b~ and a fighter aircraft is
moving with velocity (400i + S00j) kmh~"
Fin the vlocy o e Fgher ltive to the
bomber

. Joe rides his horse with velocity <z4) kmh~

while Jill is riding her horse with velocity
5 n
( u) kmh

Find Joe's velocity as scen by Jill,
‘What s Jill's velocity as seen by Joe?

Tom walks at 4km h~" duc north and Jane
walks at 3kmh~? due cast

Find Tom’s velocity relative to Jane.

A and Bare two yachts. A has a velocity of
Skmh~! due ouh und B b = selocty of
15kmh~! due

Find the velociy W A relaie 0 B.

‘What s the velocity of a cruiser moving at
20km h~" due north as seen by an observer
on a liner moving at 15km h~" in a direction
N30 W,

A car i being driven at 20m s~ ona
bearing 00" The wind i blowing from 330
with a speed of

Find the uloclly e wind experienced
by the driver of the car.

An aircraft is moving at 250kmh~" in a
direction N 60° E. A second aircraft is
moving at 200km h~" in a direction N 20°W.
Find the velocity of the first aircraft as seen
by the pilot of the second aircraft.

Find the velocity of a crow flying at 16ms~!
jue north as seen by a blackbird flying at
12ms~" due

Wit the wlocny of the blackbird as seen
by the cror

g

2

17. To a man standing on the deck of a ship

which is moving with a velocity of
(~6i +8j)kmh~", the wind seems to have a
velosity of (7 — 5 km -
Find the true velocity of the wind.
To the pilot of a bomber aircraft travelling
with velocity ( J;‘;) kmh", a ighter
aircraft appears o have a velocity

150 -

Mﬂ) kmh

Find the true velocity of the fighter.

. To a pigeon flying with a velocity of

(=214 3] +K)ms", a hawk appears to have
a velocity of i — 5} — 10k)ms-"
Find the true velocity of the hawk.

. To the pilot of aircraft A, flying with a

velocity of (1603 + 100f - 10K)ms~, a
second sierah, B, appears 1o bave  vlocy
of (401 —

Findthe st elocty of B

To a cyclist riding at 3ms™" due cast, the
wind appears to come from the south with
speed 3y/3ms !

Find the true speed and direction of the
wind.

To the pilot of an aircraft A, travelling at
300km h-! due south, it appears that a
aircraft B is travelling at 600kmh-" in a
direction N 60° W.

Find the true speed and direction of aircraft
B.

Jane is riding her horse at Skmh-! due
north and sees Sue riding her horse:
apparently with velocity 4 kmh~!, N 60° E.
Find Sue’s true velocity.

To a person walking due east at 3kmh-!,
the wind appears to come from the north-
eastat Tkmh-'

Find the true velocity of the wind.

To the driver of & motorboat moving at
6kmh-! on a bearing 345°, a yacht appears
to be moving at 18 kmh-' on a bearing 220,
Find the true velocity of the yacht

. A starling, flying at $ms~) on a bearing

240, sees a thrush apparenly ying at
Sms on bearing
Find the true v:locny of the thrush.
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27. A train is travelling at 80km ™! in a to have a velocity (~8i + 29D kmh~"
direction N 15° E. A passenger on the train someone on the yacht m wind zppurs o
observes a plane apparently moving at have a velocity (~5i
125kmh~ in a direction N 50° E. Findthe tre velcity o te wind, giving
Find the true velocity of the plane. your answer in vector form.

28. To a passenger on a boat which is travelling 32, When a man cycles due north at 10kmh-",
at 20kmh~" on a bearing of 230°, the wind the wind appears (o come from the east.
seems (0 be blowing from 250° at 12km b~ When he cycles in a direction N 60° W at
Find the true velocity of the wind. 8kmh~" it appears to come from the south.

29, To a jogger jogging at 12kmh~' ina Find the true velocity of the wind.

direction N 10° E, the wind seems to come

N 10 3 c 33, o bird fying due cast at 10m s, the
from a direction N 20° W at 15km b wind seems to come from the south. When
Find the true velocity of the wind, the bind altesfs irection of ight to

30. A, Band C are three aircraft. A has velocity N 30° E without altering its speed, the wind
(2001 + 170)) ms". To the pilot of A it seems to come from the north-west.
appears that B has velocity Find the true velocity of the wind.

(50— 270} m . To the pilot of B it
appears that € has  velosity

(S04 + 170j) ms”

Find, in vector fmm‘ the velocities of B and
C.

To an observer on a trawler moving at
12kmh~! in a direction $ 30° W, the wind
appears to come from N 60° W. To an
observer on a ferry moving at 1Skmh ™! in &
direction S §0° E, the wind appears to come
. To an observer on a liner moving with from the north,

velocity (18§ — 17)km h~", a yacht appears Find the true velocity of the wind.

Interception and collision

Consider two sips B nily s pics P "
and Q. Suppose A is moving with unif

locty x and it wniform veocky v v

By imposing & velocity of ~vy on both A and B,

then B can be considered (o be at rest and the

velocity of A is then relative (o B, i. uvp. o
“Thus,if avy is in the dircction of PQ, then during the course of the motion

Aand B will meet. This may be by design (i, one ship intending to

intercept the other) o by accident (.. one ship colliding with the other).

Thus for collision or interception o occur, Ava must be in the dircction of

the line joining the original position of A 1o that of B

Example 12

A specdboat A and a ship B are initially $70m apart and B s duc north of
A. The ship has a constant velocity of (7i + $[)ms~" and the speed boat has
a constant speed of 25ms~".

Find, in vector form, the velocity of A if it s to intercept B, and find the
time taken to do so. (i represents a unit vector due east and j & unit vector
due north.)
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Draw a diagram showing the initial positions of A and B. M+ gmst

@+ Bj)ms
A~V

@i + bj) ~ (73 + 5)) 8
@ =T+ (b~ 5)
For interception, Vs must be in the direction due north.

sT0m
Hence AV =0+ (b~ 5)f 2Bme
and (b~ 5) must be positive
B 7=0 or a=7
But the speed of A is 25ms ™.
V(@ +8) =25 N
@48 =65

Substituting for a gives:

62549

24 (negative value not applicable as
(b~ 5) must be positive)

Yo =i+ 2 ms!

b

velocity of A relative to B
AVa is 19ms~! due north.

(@~ T)i+ (b~ ) =i+ 19

time (o intercept

Velocity of A is (7i +24j)ms™" and the time to intercept B is 30s.

Relative position

“The next example refers to *“the position vector of B relative (0 A,
In the diagram on the right the position vectors r and ry give the positions
of A and B relative to an origin O. The position vector of B relative to A
will take A as the origin and give B's position relative to A.

‘The position vector of B relative to A is written as ars, where:

Similarly the position vector of A relative to B is written Arp and:

e
The reader will notice the similarity between this relative position
I

and the relative velocity result:  A¥a = Vo ~ Va.

Note in the next cxample that the vectors in the uestion are written in the
form ai -+ 4] but the working is performed using the column matrix form.
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“This s quite all right, and you can use whichever style you wish but do note
that any answers are stated in the style consistent with that used in the
question itself.

Example 13
At8am. the position vectors r and velocity vectors v of two particles, A
and B, are as follows:

A= (5= 3+ 4K)km Y= (245 + I)kmh

v = (i + 5§ - ) km Vo = (=30 - 15j+ 18K kmh

(@) Find yra(7), the position vector of B relative to A at time 1 hours past
Sam.

(b) Show that if the velocities remain constant, a collision will occur, and
find the time of the collision and the position vector of the point where
it oceurs.

(&) position vector of A, ¢ hours after Sam. = ra(1)
=t i)

position vector of B, ¢ hours after 8 a.m. = ra(1)
7 -3 7-3
= 5] s] = soase ¥
-2 18 2418
‘Thus the position vector of B relative to A ¢ hours after Sa.m. will be given by:
73 S+2r 2-5
= osoas) o Sas) = s-200
~2418 443t —6+15t

The position vector of B relative to A at 1 hours past $a.m. is
@~ 50+ (8 = 200 + (=6 + 150k

(b) The particles will collide if yra(1) = 0.
e, 2-8 and  8-200=0 and
2

3
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S0 they do collide and substituting ¢ = § into [1] or [2] gives the position

58
NE— (,. ) .
52

The particles will collide at 8.24a.m. at the point with position vector
(581 -+ 5:2K) k. (Note that

Alternatively Example 13 can be solved using the fact that for a collision to
occur the velocity of A relative to B must be in the direction of the line
joining the initial position of A to that of B.

‘Thus for collision we require xvy to be in the direction of AB (see diagram)

But
45+ 3k) — (=31 - 15} + 18k)
= 5+ 20j— 15k
and
= (7 + 5] — 2Kk) ~ (5§ - 3+ 4k)
=20+ 8j - 6k
(Si+ 20§ — 15k)
Thus AB and svs are parallel vectors. because one is a multiple of the other.

a
Therefore a collision will oceur.

Froms=vr 2+ 8§ — 6k = (S + 20§ - 15K)r

giving 1=}

‘Thus again the collision is found to occur at 8. 24a.m. and its location may
be found as before.

Velocities and positions not in vactor form
lisions and i be posed where

it pr involving
the data is not given in vector form.

Example 14

Ata crtain it tmo i P a1d Q are st the ot A und B whic

are 150cm apart with B due east of A. P is |mvellin5 at 10y/3 ems”

south snd Qs traveling st 20caie i o Show that it
the velocities of P and Q remain um:h:mgcd s collision will iake place and
i th time which clapses befoe  does 50
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Ifa velocity of —vp is imposed on both Pand Q, ., 150
then P will be at rest and gvp must be in the
direction BA if a collision is to occur.

From the diagram:
10
0=103
sin v

V3

5 10y3ans

hence for collision 0 = 60
But we know that the direction of motion of Qs § 30° W, so angle #is 60",
Collision occurs when Q, relative to P, s at the point A.

and time taken = A8

From the diagram:
lavel

lavel =10 =B

A collision does take place after 15,

Note that if the actual position of the collision is required, then the position
of cither P or Q after 15 has to be found.

Alfter 155, P is 103 x 15 em or 1503 em due south of A and this is where
the collision occurs.

Example 15

At 8am. two particles Pand Q are at the points A and B, 12km apart, with
B on a bearing of 2 A. P is moving at 4km h~' on a bearing of
320°,If the maximum speed of Q is 7kmh-", find the course on which Q
should be set in order o intercept P as soon as possible, and find when the
interception occurs.

Draw a sketch showing the initial positions of P
and Q.

If a velocity of ~vp is imposed on both P and Q.
then P will be at rest and, for interception to
occur qvp must be in the direction BA.

Draw a scale diagram in which D lies on BA
(see below, p.236)

and BC= v
= 4kmh~" on a bearing of 140°

£
gl

=y

=Tkmh~'

2ns
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By measurement:

=73em
angle BCD 78

AB_ 12 ) 644h=1h39min
Tovwl 73
‘The course to be set is 038° and interception takes place at 9.39:.m.
Again, it should be noted that these answers could have been calculated
from the triangle BCD using trigonometry.

Time to intercept

Exercise 10C

1. With O as the origin and points A, B, C, D, E and F as shown in the
diagram determine

[ORN ® © e @ o
JOREN () ary (2) Ao (h) pra
() ore () e &) pre () ero

2. Points A, B and C have position vectors of 2 + 3 — 5k, 6 — j + 2k and
34 + 4k respectively.
Determine: (@) ats (D) sfa () arc () src () crn

The followingquestionsare presnted i vector orm with | rpresentinga
it vector due cast and j a unit vector due nort}

3. Initially two particies X and Y arc 100m apart with X due cast of Y. X has
a constant velocity of (2i + 3j)ms~" and Y a constant speed of Sms"
Find, in vector form, the velocity of Y if itis to intercept X and find the
time taken to do so.

4. Initially two particles X and Y are 48 m apart with Y due north of X. X

ias a constant velocity of (Si +4j)ms" and Y a constant speed of
13ms”
Find, in vector form, the velocity of Y if it is to intercept X and find the
time taken to do so.
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5. At 12 noon the position vectors r and velocity vectors v of two ships A
and B are as follows:
£y = (04 T)km (6i+ 2j)kmb~!
1y = (61 + 4)) km o= (~4i+ B kmh !

Show that if e ships do not alter their velocities, & collision will occur
and find the time at which it occurs and the position vector of its
location.

6. At 12 noon the position vectors r and velocity vectors v of two ships A
and B are as follows:

e
e (Y

‘Show that if the ships do not alter their velocities, a collision will occur
and find the time at which it occurs and the position vector of ts
Tocation,

7. AC11.30a.m. a battleship is at a place with position vector
(=6i+ 12j) km and is moving with velocity (161 — 4j) kmh~'. At 12 noon
eruiser is at a place with position vector (12§ — 1)) km and is moving.
with velocity (81 + 16]) km b
Show that i these velocities are maintained the two ships will collide
and find when and where the colision occurs.

8. At11.30a.m. a jumbo jet has a position vector (~100i + 220 km and a
velocity vector (3001 + 400 kmh-". At 11.45a.m. a cargo planc has a
position vector (—60i + 355]) km and a velocity vector
(400i + 300 kmh-'.

Show that if these velocities are maintained the planes will crash into
each other and find the time and position vector of the crash.

9. At 2p.m. the position vectors £ and velocity vectors v of three ships A,
Band C are as follows:
ra = (it Dkm o= 00+ 18) kmh!
= (2+5)km vy = (=124 6) kmb!
3i-3)km ve =@+ 12)kmb!

o

(a) Assuming that all three ships maintain these velocitics, show that A
and B will collide and find when and where the collision occurs

(b) Find the position vector of C when A and B collide and find how
far Cis from the collision.

(6) When the collision occurs, C immediately changes its course, but
not its speed, and steams direct to the scene. When does C arrive?
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10, At 12 noon the position vectors ¥ and velocity vectors v of three ships.
A, Band C are as follows:

1051+ 6)km vy

T+ WPk v

9% + 18) kmh~!

120+ 6)kmh~?

61+ 12 kmb-!

Assuming that all three ships maintain these velocitics, show that A and
B will collide and find when and where the collision occurs.

When the collision occurs, C immediately changes its course but not its
speed, and steams direct to the scene. When does C arrive?

At certain times the position vectors r and velocity vectors v of three
ships A, B and C are as follows:

6+ 17 km at1130am.
— 18 km T atlidsam
Fe = (2 - S km ' ati2noon

Asuming hat l theesips wainain these veocte, ottt of
them will collide and find when and where the collision will o

When the collision occurs the ship not involved immediately clungts its
course but not i spesd, and steamsdiret 0 th scene. When i
aive’

12. At certain times the position veetors r and velocity vectors v of three
ships A, B and C are as follows:

A= (814 26)km vy = (74 24)kmh! at 7.48am.

~ 10§ km 158+ 5pkmh! at8.00a.m.

re = (10i + 6j) km ve = (10i - 15j)kmh~! at 8.00a.m.

‘Show that, if the ships maintain these velocities, two of the ships will
collide and find when and where the collision will occur.
‘When the collision occurs the ship not involved immediately changes its
course but not its speed, and steams diret to the scene. Find, in vector
form, the velocity of this ship during this part of its motion and find its
time of arrivi

A fighter pilot wishes to rendezvous with a supply aircraft for mid-air
refuelling. At 0900 hours the position vectors of the two aircraft were as
follows:

2300 220
Frgpier = | =350 | KM Fusggy s = | =300 | km
2 1

“The fighter pilot immediately changes the velocity of his aircraft to vy
and the supply plane maintains vs where:

1000 800
we=| 900 | kmh v = [ 400 | kmh-!
-10 0

‘Show that if these velocities are maintained interception will occur, Find
the position vetor of its location and the time it occurs.
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14. At time 1 = 0 seconds the operator at space traffic control headquarters,
position vector (0i +0f + 0K)m, notifies the pilot of Space Velicle Alpha
that she tisks collision with a piece of space debris. At this time the

29

position and velocity vectors of the space vehicle and the debris are as
follows

Fiuce b = (~3300i + 1000] + 500Ky m
Facran = (27001 +4500K) m

Vipacsencie = (4001 + 150 + 250K)m s~
Vaches = (1003 + 200) + SOK) m s~

(2) Show that if these velocities are maintained Vehicle Alpha will
:nll.nk \mh the debris and find the time and position vector of the

®) Imlr«d ufchdngmg her vehlcle s \:lncny the

lector missile™
path This misie s fred when'
2= 10. For this period of time find:

t of Velhicle Alpha

deflect the space debris from its
S and hitsthe debris when

(i) the velocity of the missile (assumed constant)
(i) the velocity of the missile relative to the space vehicle.

Exercise 10D

1. At 12 noon two ships A and B are 10km
apart with B duscast ol & A fs travelng e
20kmh~" in a direction N 60° E a
travelling at 10km h~! due north,

Show that, if the two ships maintain these
velocites, they will collide and find, to the
nearest minute, when the collision occurs.

which is, at that time, Skm duc south of the

harbour and is drifting due west at 8kmh~"

IF the lifeboat travels at 20 kmh~", find the

course it should set 0 as t0 reach the yacht

as quickly as possible and lh: time when it
ves (to the nearest half minute).

5. At 12 noon two ships A and B are 12km

2. A1 pm. two ships A and B are 10km apart with B on a bearing 140° from A. Ship
apart with B due north of A. A s travelling ‘A bas & maximum specd of 30 kmh-! and
north-cast at 18 kmh~! and B is travelling wishes to introcpt ship B, which s traveling
due east at 9y/2km " at 20kmh! on a bearing 340
Show that, if the two ships do not change Find the course A should set in order to
their velocities, they will collide and find, to intercept B as soon as possible and the time
the nearest minute, when the collision when interception occurs.
oeeurs. 6. A helicopter sets off from its base and flies

3. A coastguard vessel wishes to intercept a
vacht suspected of smuggling. At 1a.m. the
yacht is 10km due east of the coastguard
vessel and is travelling due north at
15km ! I the coasteuard vessel travels at
20kmh-", in what direction should it steer
in order to intercept the yacht? When would
this interception occur?

IS

. A lifeboat sets out from 2 harbour at
9.10p.m. 1o g0 to the assistance of a yacht

at S0ms™" to intercept a ship which, when
the helicopter sets off is at & distance of
Skm on  bearing of 335 from the base.
The stip b v a0 Tona
bearing 09

Find the course that the helicopter pilot
should setif he is to intercept the ship as
quickly as possible and the time interval
between the helicopter taking off and it
reaching the ship.
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7. The driver of a speed boat travelling at
Skmh-! wishes to intercept a yacht

ravlling 20 kmh~' in @ direton
N 40° E. Initially the speedbo:
postoncd (0l rom the ,mn ona
bearing § 30°
Find th coure that the deiver ofthe speed
boat should set to intercept the yacht and
how long the journey will take.

Closest approach

8. A batsman bits a ball at 1Sms ! ina
direction S 80° W. A fielder, 45m and
S 65° W from the batsman, runs at 6ms™"
10 intercept the bali. Assuming the velocities
remain unchan d in what direction the
fielder must run to intercept the ball as
quickly as possible.
How long does it take him, to the nearest
tenth of a second?

If two bodies do not collide, then there will be an instant at which they are

closer to cach other than they are at any other instant.

Example 16

Attime ¢ =0 the position vectors and vlocity vestors of two bodies A and

B are as follows:
j+Skm
u—(n-ank)m

Find:
() the position vector of B relative to A, at time
) the value of ¢ when A and B are closest together

(©) the least distance between A and B,

() position vector of A at time ¢ is given by:

A= @i+ - 3k)ms!
Yo = G424+ 2Kms!

A() = (3 4§+ 5K) 4 14+~ 3K)
= (3 408+ (14 D)+ (5= 30k

position vector of B at time ¢ i given by:

Fa(t) = (= 3§+ 2K) + 1+ 2§ + 2%)
=(1+ 01+ (=3 + 20+ 2+ 20k

Therefore

wralt) r-(n — 0

= 30+ (=4 + 0+ (-3 + S0k

The position vector of B relative to A, at time ¢,is:

(=2 =30+ (4 + )+ (=3 + Sk,

(b) IF the distance between the ships is AB, then:
=3P+ (A 0+ (=34 50

|AB[ = AB

358 - 260429

|

‘The value of 7 which gives the minimum can be found using calculus.
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“The distance AB is not negative and so will be & minimum when

AB? is  minimom, Any maximum or minimum value of AB? will oceur
dAB

hen YABD)
"

=0
e T0r-26=0
giving

Furthermore
value.

When 1= '—" the bodies A and B are closest.

70 which, being positive, indicates a minimum

() The minimum value of AB is now found by substituting this value of ¢

into [1] giving ;
() -(3) =

(AB.
AB = 492m
“The least distance between A and B is 492m.

Example 17
Two ships A and B are initially 20km apart with B on a bearing of N 67° E
from A. Ship A s moving at 18kmh~" in a direction § 20° E and B is
moving at 12kmh~! due south. Assuming the velocities of A and B remain
unchanged, find the least distance apart of the ships in the subsequent
‘motion and the time at which this position s reached.
Draw a diagram showing the initial positions of

the ships and consider the motion of A relative

©B.

Relative to B, ship A travels along AC and

AVB=VA -V

‘The least distance apart s d.
From triangle ALM

X-+IZ'—21IXH|Z!L\“ 20

125in 20
7877
0=3140

sin 0=
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20° - 67° = 61.60°

‘Then angle BAC = 180° — ¢
d

AB sin BAC = 20 sin 61-60°
= 17.59km
time to reach this position ‘C‘
KA
20 cos 6160
20005 SL60° _y 5,
7877

‘The least distance between the ships is 17-6km and occurs after 1 hour and
12 minutes.

Exercise 10E

‘The following questions are presented in vector form with { represcning 3
unit vector due east and j & unit vector due nord
1 At 12 noon the position vectors ¥ and v:lomy Vectors ¥ of two ships A
and B are as follows:
~9i+6)km vy =i+ 12)kmh
16+ 6 km (=9 3pkmh-!
(@) Find how far apart the ships are at 12 noon
{b) Assuming the velocities do not change, find the least distance
between the ships in the subsequent motion.
(©) Find when this distance of closest approach occurs and the position
vectors of A and B at that time.
AtBam. two ships A and B are 11 km apart with B due west of A
A and B travel with constant velocities of (~4i + 3 kmh-! a
Qi+ 4 kmh~! respectively.
Find the least distance between the two ships in the subsequent motion
and the time, to the nearest minute, at which this situation occurs
3. AC7.30a.m. 0 ships A and B are § km apart with B due north of A.
‘The velocities of A and B are 12jkmh! and —Sikmh~' respectively.
Assuming these velocities do not change, find the least distance between
the ships in the subsequent motion and the time, to the nearest minute,
at which this situation occurs.
A and B arc two tankers, and at 1300 hours B has a position vector of
(41 + 8j)km relative to A. Tanker A is moving with a constant velocity
of (6i+ 9f) km h~' and tanker B is moving with a constant velocity of
(=3 + 6 km b~
Find the least distance between the tankers in the subsequent motion
and the time at which this situation occurs.
5. At certain times the position vectors r and velocity vectors ¥ of two
ships A and B are as follows
0= 20jkm o= (- 2kmh-t at 1400 bours
ry = (i 4)km vo = @i+ 8 kmh! at 1500 hours
Assuming these velocities do not change, find:
(@) the position vector of A at 1500 hours
(b) the least distance betwoen A and
(©) the time at which this least separation occurs.

-
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6. At 12 noon two ships A and B have the following position vectors r and

velocity vectors
7 -
(3) kmh

(G
we(fm (e

If both ships maintain these velocities, find the least distance between
the ships and the time, o the nearest minute, at which this situation
occurs.

7. Two ships A and B have the following position vectors r and velocity vectors v at the times
icated:

o

21+ 3)kmh-! atilam
i+ 7 kmh~! at 12 noon
Assuming that the ships maintain these velocities, find:
(a) the position vector of ship A at 12 noor
(b) the distance between A and B at 12 noon
(©) the least distance between A and B during the motion
(d) the time, to the nearest minute, when the least separation oceurs.
8. A bautleship B and a cruiser C have the following position vectors ¥ and
velocity vectors v at 12 noon:
= (34 S)km vy = (i 10 kmh!
re = (- $)km 151+ 14 km !
Assuming that the ships do not alter their velocities, find the closest
distance that they come to cach other.
‘The battleship has guns with a range of up to Skm. Find the length of
time during which the cruiser is within range of the battleship’s guns.

9. Two ships A and B have the following position vectors r and velocity
vectors v at the times stated:

S243km va=(2A-4)kmh atildsam

8i + 7)) km ~14jkmh' at 12 noon

Assuming that the ships do not alter their velocities, find their least
distance of separation. If ship B has guns with a range of up to 2km,
find for what length of time A is within range.

10. At time £ = 0 the position vestors and velocity vectors of two partiles

Aand B are as follows
-6

w=[ o)ms
i

Find:
(@) the position vector of B relative to A at time ¢ seconds
(b) the value of ¢ when A and B are closest together

(© the least distance between A and B,
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1T pamd:s A and B move with constant velocities 4im s

5
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+K)ms~" respectively. At time ¢ = 3 seconds the position
Vot 1 and B o 130+~ kym and (7 — 27) +4K)m respectively.
Find the least distance between A and B,

At time ¢ = 0 the position vectors and velocity vectors of twa particles
A and B aze as follows:

V= Q+j-Skms
Vo= (- 5j +Kyms?

where is a constan
Findth vl of 1 whe A and B e closettogther and show that the

6iv/2
least distance between A and B is metres.
V73

. Two particles A and B move with consant clociis

G+ 3+ 30K)m s~ and (@ - 2 - 15K m. mpecmel) where 7 is a
constant. At time £ = 0 the position vectors SorA and Ba
k)m and (=i +4j + 12K)m respectively.
{8) P th e of 7 such that A and Bl clie,and the vae o
‘when this collision occurs.
(b) In the particular case when &
and B.

2find the least distance between A

Two particles A and B move with constant velocities im s~ and
~ 3Kyms! respectively. At time ¢ = 0 the position vectors of A and
Bare (@ + bj + ckym and (i + 4§ — 7k)m respectively. Show that if the
particles are closest together at a time , > 0 then 44 — 3¢ > 25.
Given that the particles are closest together when ¢ = 2 and at this
instant the position vector of A is (32i +7) + 15k)m, find the values of
aband ¢

s
Alizard lies in wait at point A, position vector s = («)) em.
0

At time 1 = 0 seconds a fly has position vector r; and velocity vector v
as follows:

37 5
={16)cm ve={ 2|ems?
2 -1

T the fly were to continue with this velocity, find the closest distance it
would come to the lizard and the value of 1 when this occurs.
‘With respect 10 a stationary bird watcher, the position vectors, m, and
velocity vectors, vms~. of a pigeon and a bird of prey, at time ¢ = 0
scconds, were as follows:

L4384 10m Y = B+ 6~ Kyms™!
== 60 SBIM Yooty = (44 20§ = 12K)ms !

(a) Assuming the above velocities are maintained determine the least
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distance between each bird and the bird watcher, for 1 > 0, and the
values of ¢ for which these least distances oceur.

(b) Again assuming the above velocities are maintained, show that the
bird of prey will intercept the pigeon and find the value of £ when

this would occur.

(6) When 1= 6 the pigeon suddenly changes its velocity to

(6 - K)m

1. 1f the bird of prey does not alter its velocity what is

the least distance between the birds in the subsequent motion? (Give

your answer to the nearest 0-1 m.)

Exercise 10F

1. Tnitially two ships A and B are 65km apart
fue east of A. A is moving due east at

10kmb-! and B due south at 24kmh-'. The
wo xhips continue moving with these
veloci
Find the eat distance between the ships i the
subsequent motion, and the time taken to the
nearest minute for such a situation to occur.

Two aircraft A and B are flying at the same
alttude with velocities 180ms-" due east
240ms~' due north respectively.
Initially B is Skm due south of A.
Given that the aircraft do not change their
velosities, find the shortest distance between
the aireraft in the subsequent motion. and
the time taken for such a situation 1o occur.

A road running north-south crosses a roa
running cast-west at a junction O. Initially
Paul is on the east-west road, 1.7 km west of
0, and is cycling towards O at 1Skmh~'. At
the same time Pat is at O cycling due north
at 8kmh-
If Paul and Pat do not alter their velocities,
find the least distance they are apart in the
wbsequent motion and the time taken for
that situation to occur.

4 AU7302.m. two ships A and B have
velocities 1Skmb~!, N 30° E and 20km h-'
due east respectively, with B S km due west
of A. In the subsequent motion A and B do
not alter their velocities
Find the distance between A and B when
they are closest together and the time at
which this situation occurs, (o the nearest

inute.

5. A road running north-south crosses a road
running east-west at a junction O. John
cycles towards O from the west at 3m s~ as
Tom cycles towards O from the south at
4ms~". Initially John is 600m from O and
Tom is 250m from O.

1 Tom and John do not alter their
velocities. find the least distance they are
apart during the motion and the time taken
t0 reach that situation.

How far, and in what direction, are Tom
and John then from O?

6. Two aircraft A and B are flying, at the same
lttode,wils vociies 200 v, N 30 B
and 300ms~', N S0° W respectively. nidally
A and B are 3m apart with B on s
S70°E from A.

Given that A and B do not alter their
velocities find the least distance of
scparation between the two aircraft in the
subsequent motion and the time taken to
reach such a situation.

7. At 1500 hours a trawler is 10 km duc east of
a launch, The trawler maintains a steady
10kmh-' on a bearing 180° and the launch
‘maintains a steady 20 kmh-' on a bearing
o71°,

Find the minimum distance the boats are
apart in the subsequent motion, and the time
at which this occus

Find, t0 the nearest minute, the length of
time for which the two boats are within § km
of cach other.
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8. A battleship and a cruiser are initially 16km Find:
apart with the battleship on a bearing (a) the least distance between the cruiser
N 35 Efrom tho emier The baclaip. and b etk in the mubmoquest
travels at 14kmh~" on a bearing S
and the cruiser at 17kmh~" on a btﬂnn ® the Imglh of time for which the
N 50° E. The guns on the battleship have a battleship has the cruiser within range of
range of up (o 6 km. its guns.

Course for closest approach

‘The following exampie illustrates the method used to find the course which
must be set in order that one body may pass as close as possible to a second.
body.

Example 18

A ship A is moving with a constant speed of 18km h~' in a direction

N $5° E and is initially 6 km from a second ship B, the bearing of A from B
being N 25° W. If B moves with a constant speed of 1Skmh', find the
course B must set in order to pass as close as possible 10 A, the distance
between the ships when they are closest together, and the time for this to
occur, to the nearest minute.
Draw a disgram showing the initial positions of A and B, and consider the
motion of B relative to A. To pass as close as possible 0 A,
B must travel relative t0 A along a line BC which makes as
small an angle as possible with BA.

In the vector triangle BLM, LM must be

perpendicular 10 BC.
Hence cos 0=
‘. 0=3356

and course o be st 3555
\-ul ,/usx- 15%)
angle ABC = 180° — 25° — 55" (90" )
=43-56"

‘The closest approach is d.

d=65in 43.56°
- d=4135km
time taken = —2€
luval
_ 6cos 43567

C o 99%0

= 0437h % 26min
The course to be set by Bis N 21-44° E; the least distance
apartis 414 km, and this occurs after 26 minutes.




Exercise 10G

1. Motorboat B is travelling at a constant
velocity of 10ms~" due east and motorboat
Ais travelling at a constant speed of §ms .
Initially A and B are 600m apart with A due
south of B. Find the course that A should
set in order (o get as close as possible to B.
Find this closest distance and the time taken
for the situation to oceur.

2. At8a.m. two boats A and B are 52km
apart with A due west of B, avelling
due north at a steady 13kmh~". If A travels
with a constant speed of 12kmh! show
that, for A (o get as close as possible 10 B, A
should set a course of N ” E where
sin 6=
Find this closest distance and the time at
‘which it occurs.

3. Two aircraft A and B are flying at the same
alttude with A initially §km due north of B,
and B flying at a steady 300ms~!
bearing 060°.

IF A flies at a constant speed of 200ms",
find the course that A must set in order (o
fly as close as possible to B, the distance
between the planes when they are closest,
and the time taken for this to occur.

4 A dhip A is moving mh a constant speed of

in a direction N 40° E and is

.mmlly 10k from a second sip B, the

bearing of A from B being N
I B moves with a constant 22 km#-, find
the course that B must set in order to pass as
close as possible to A, the distance between
the ships when they are closest, and the time
taken (10 the nearest minute) for this to
occur.

Exercise I0H Examination questions

1. A river with long straight banks is S00m
wide and flows with a constant speed of
ms™. A man rowing a boat at a steady
speed of Sms, relative to the river, sets off
from a point A on one bank 50 as to arrive at
the point B directly opposite A on the other
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5. At 12 noon a eruiser is 16km due west of a

destroyer is travelling at 20kmh~".

If the velocity of the cruiser and the speed of

the destroyer do not change, find the course

that the destroyer should set to get as close
as possible to the cruiser, and find when this
closest approach occurs. IF the guns on the
destroyer have a range of up to 10km, find
the length of time for which the cruiser will
be within range (to the nearest minute).

If the guns on the cruiser have a range of up

to 9km, find the length of time for which the

battleship wil be within range (to the nearest
minute).

A fielder is positioned 40m from a batsman

and on a bearing of $ 70° W from the

batsman. The fielder can run at 8ms ! and

the batsman hits a ball at 17ms~ in a

direction N 70° W.

Assuming that the fielder runs at §ms ™

from the moment the ball is hit and

neglecting any change in the velocity of the
ball, find the closest distance that the fielder
can gt to the ball and how long it takes him

10 get there, from the time the ball is hit.

. A battleship commander is informed that
there is a lone cruiser positioned 40km away
from him on a bearing N 70° W. The guns
on the battleship have a range of up to §km

ind the top spesd ofthe battehip is
30km h~". The cruiser maintains a constant
velocity of SOkmh~!, N 60° E.
‘Show that whatever the course the battleship
sets it cannot get the cruiser within range of
its guns.

‘bank. Find the time taken to cross the river.
A woman also sets offat A rowing at Sms!
relative to the river and crosses in the shortest
possible time. Find this time and the distance
downstream of 2of e oin a which she
lands. (AEB 1991)
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2. Aiver flows with a constant speed of 7ms
from North to South and a man sets off
from a point A on the West bank so as to

iver. Relative to the river he sets
off 10ms~" atan angle 0 to
North. Toxing uit vecors §and i the

Northerly and Easterly directions,

respectively, express his actual velocity in the

Easterly bank dircetly opposite 4. (WJEC)
3. Two towns S and 7 are 360 km apart and
are such that T'is on a bearing of 070" from
5. A plane whose speed in still ar is
300k~ flies dircetly from S o T. Given
that there is a wind blowing from the north
at60kmh~", find
@) the direction in which the pilot must
steer the aircral
(i) the time taken, to the nearest minute,
for the journey.
When th aferat curns from 710 S, t
speed of he wind has changed, bt t s sl
blowing from the north. Given that the pilot
teers the plane on a bearing of 270°, find
the new speed of the wind. (UCLES)
Acity A5 600 km west of a city B. The time
taken foran aircraft to fy directly from 4 to B
is 25 hours. The aircraft steers a course of
120°. The speed of the aircraftin still air is
250km h-'; the velocity of the wind i constant.
(i) Sketch a vector triangle showing the
velocity of the aircraft, the velocity of
the aircraft relative to the wind. and the
velocity of the wind.
(i) Using the vector triangle, calculate the
velocity of the wing
By drawing the corresponding vector
triange for the return journey from B
to A, determine the direction that the
aircraft should steer to complete the
return journey.
(@) Would you expect the journcy from B
10 4 10 take longer than that from 4 to
B Give a reason. (UODLE)
5. (i) State how the velocity of B relative to 4
is related to the true velocity of 4 and
the true velocity of
(i) Ship 4, travelling due East at 15kmh-',

IS

is 12km due North of ship B. Ship B,
which can travel at 25kmh~", wishes to
intercept ship A. In which direction
should ship B travel for this to happen?

(iif) 1 ship B travels along this path, what is

the position of B relative to A after 30
mins have clapsed?

(@) Ship B now changes direction and sails
in the new direction N 50° E. What is
the shortest distance between the ships
during the subsequent motion?

(NICCEA)
Two long straight roads intersect at right
angles at a cross-roads 0. Two vehicles, one
on each road, travel with constant speeds of
25ms~! and 30m s~ respectively. At time
£ 0 they arc both at a distance of 610m
from 0 and are approaching 0. Write down
0 at time 1

the
vehicles are closest together.  (AEB 1992)
Two cars travelling with constant speeds
30ms~ and 20ms~' on perpendicular
straight roads are approaching O, the point
of intersection of the roads. At time 1 = 0
both are at a distance of 442m from O.
Determine their displacements from O at
any subsequent time 1 seconds and find the
value of ¢ when the cars are closest together.
(WIEC)

. A car A is travelling with a constant velocity

of 20km est and a cyclist B has a
constant velocity of 16km h~! in the
direction of the vector (~i + 3j), where i
and j are unit vectors due cast and due north
respectively. At noon, A is 12 km due north
of B. Take the position of A at noon as the
origin and obtain expressions for the
position vectors of A and B at time ¢ hours
after noon, and hence show that the position
vector of A relative 10 B is rkm, where

Sr= 661+ (1 ~ 8.
Deduce that the distance between A and Bis
dikm, where

254 = 3610062 ~ 161+ 1),
Hence show that the minimum separation
between A and B is 720m and find the time
at which this occurs. (AEB 1994)




9. Attime £ = 0 seconds, the position vectors
(in metres) of two particles A and B are
7i-+9j and 51+ 3] respectively, and the
particles are moving at all times with
constant velocities (in ms~') of 4i - 7j and
9i + 8§ respectivel
() Write down the velocity of B relative to A.
(b) Find the position vector of 8 relative to

A at time £ second:
(©) Determine whether the particles will
collde.
(d) Find the cosine of the angle htl\\«n
their veloities. (WIEC)

0. Two joggers, A and B, are each running
with constant velocity on level parkland.
At a certain instant, A and B have
position vectors (~60 + 210)m and
j)m respectively, referred to a
e origin 0. Ninety seconds later, 4 and
B meet at the point with position vector
(2101 + 120 m.
(@) Find, as a vector in terms of i and j, the
velocity of 4 relative to B,
(b) Verify that the magnitude of the velocity
of d e to 8 cqua ot weod
(ULEAC)

Two small boats move at constant velocity

' unit vectors f and j in
directions East and North respectively, write
down, in terms of i and j, the velocity of 7.
the velocity of Q, and also the velocity of Q
relative to P.

ce determine the magnitude and
direction of the velocity of Q relative to P.
At time 1= 0, Q is at 4 position §00m South
and 180m West of P, Write down the
distance P at this moment
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Show that the shortest distance between the
two boats in the ensuing motion is
approximately 142m, and find the time ¢
scconds at which they are closest to each
other (UODLE)
At noon, a ship. A, ling with a
elocity of 4+ 0jkam-) and s second shi,
B, due north of i, is traveling with
velocity o 4jkm b~ where i and j are
unit vectors actng due East and Nort
respectively.
() Find the velocity of A relative to B.
i) IF the shortest distance between the
vessels is 42km find
(a) the time, to the niearest minute, at
which they are closest together, and
(& ther arigon digacce part

(i) 1 Vit at the time i 125im show
that they arc within sight of each other
for 54 minutes (to the nearest minute),
When the distance apart is a minimum
whatis the bearing of B from A?
(NICCEA)

A particle A has speed 6ms~! in the
direction i +2j — 2K and particle B has speed
7ms~" in the direction 2i + 3j ~ 6k. Find the
position vectors of A and A relative to a
fixed origin O at time 1 seconds, given that
o ion vectors are
G-+ 2kym and (i+ 5]+ 4k)m
respectively. Show that in the subsequent
motion the minimum distance between A
and Bis 2y/Sm and find the time at which
this position of minimum separation occurs.
1= 1 particle Cis at the point with
position vector (i + 4] — 4k)m relative to 0.
ven that C moves with constant velocity
um s~ and that B and € collide whe
u

en 1 =
find (AEB 1993)

[




11 Work, energy and power

Work done by a constant force

If the point of application of a constant force of _J{: _:]

F newtons moves through a distance s metres
in the direction of the force, then the work
done is defined to be:

Fxs joules

The unit of work is the joule, abbreviated J.

Work done against gravity Fam

In order to raise a mass of nrkg vertically at a constant

work done against gravity will be:

mgs joules e

Example 1
Find the work done against gravity when an object of T @'
mass 3-5kg is raised through a vertical distance of 6m. 6m .
“The vertical force required is F: l
work done =Fxs

=35g % 6=2058J

“The work done against gravity is 2058

General motion at constant speed

In order to move a body at a constant speed, a force equal in magnitude to
the forces of resistance acting on the body has to be applied to the body.
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Example 2
A block of wood is pulled a distance of 4m across a horizontal surface
against resistances totalling 7-5 N. If the block moves at a constant velocity,
find the work done against the resistances.

Let the pulling force be F. 15N
Resolve horizontally:  F=7:5N

work done against resistances

-5 x horizontal distance moved
=7.5x4=30]

The work done against the resistances is 30J.

Example 3

A horizontal force pulls a body of 2:25 kg a distance of §m across a rough
horizontal surface, coefficient of frction } . The body moves with constant
velocity and the only resisting force s that due to friction. Find the work
done against friction.
“The frictional force is jR

Resolve vertically: R =225

work done against friction = iR x distance moved
=12259) x8 = 588)

The work done against friction is 58-8J.

Work done against gravity and friction

When a body is pulled at a uniform speed up the surface of  rough inclined
plane, work is done both against gravity and against the frictional force
which is acting on the body due 1o the contact with the rough surface of the
plane

Example 4

A rough surfuce i inclined at tan~' ; to the horizontal. A body of mass
kg lies on the surface and is pulled at a uniform speed a distance of 75cm
up the surface by a force acting along a line of greatest slope. The
coefficient of friction between the body and the surface is . Find:

(a) the work done against gravity

(b) the work done against friction.

75 i

Frosin 0=, cos 0= N

N anf=

(@) work done against gravity = force x vertical distance moved

‘The work done against gravity is 10-3) SN



15. A rough surface is inclined at 30° to the
horizontal. A body of mass 100kg is pulled
ata uniform speed a distance of 20m up the
surface by a force acting along a linc of
greatest slope. The coefficient of friction
between the body and the surface is 0-1.
Find
(@) the work done against friction
(b) the work done against gravity.

16. A rough surface s inclined at tan~' £ t0 the
horizontal
Find the total work done when a body of
mass S0kg is pulled at a uniform speed a
distance of 15m up the surface by a force
acting along a line of greatest slope.

Energy
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‘The coefficient of friction between the body
and the surface is 4 and the only resistances
1o motion are those due to gravity and
friction.

A rough surface is inclined at an angle 6 1o
the horizontal. A body of mass m s pulled
ata uniform speed a distance x up the
surface by a force acting along a line of
greatest slope. The coefficient of fiction
between the body and the plane is 4.

If the only resistances to motion are those
due 10 gravity and friction, show that the
total work done on the body s

mgx(sin 0+ p cos 6),

The energy of a body is a measure of the capacity which the body has to do
work.

When a force does work on a body it changes the energy of the body.
Energy can exist in a number of different forms, but we shall consider two

main types: kinetic energy and potential energy.

Kinetic energy

‘The kinetic energy of a body is that energy which it possesses by virtue of its

‘motion.

When a force does work on a body 50 as to increase its speed, then the work
done is a measure of the increase in the kinetic energy of the bods

Suppose a constant force F acts on a body of mass r, which is initall

reston
surface the body has a

work done on the body = Fx s

But  F=mass x acceleration. and aceeleratior
m?
=%
work done on the body = 22~ x 5
The quantity ™

ly at
a smooth horizontal surfice, and after moving a distance s across the

s defined as the kinetic energy of mass m moving with

velocity . A body at rest therefore has zero kinetic energy.
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Example §

Find the Kincic enrgy o a parice of mass 250 moving ith  seed of
4/2m

Kinetic energy =

(025)4y2F =43

The kinetic energy of the particle is 4J.

Potential energy
“The potential encrgy of a body is that energy it possesses by virtue of its
sition.

When a body of mass kg is raised vertically a distance  metres, the work
done against gravity is mgh joules. The work done against graviy is a

the creme inth poatal cnrgy of the body, .. the capacty
of the body to do work is increas
When a body is lowered vmmny its potential energy is decreased.
There is no zero of potential encrgy, although an arbitrary level may be used
from which changes in the potential energy of a body may be meas

Example 6

Find the change in the potential energy of a child of mass 4 kg when
(a) ascending a vertical distance of

(b) descending a vertical distance of 2m.

(a) change in potential energy = work done against gravity

Sg x 2 = 94081
The change in potential energy is 940-8.

(b) When descending, the child is losing potential coergy, .. losing its
potential to do wor

loss in potential energy = mgh
8g % 2 = 940.8]

‘The loss in potential energy is 940.8.J.

Example 7

A ericket ball of mass 400 g moving at 3ms~' and a golf ball of mass 100g
have equal kinetic energies. Find the speed at which the golf ball is moving.

Kinetic energy of ericket ball

kinetic energy of golf ball
i$

‘The golf ball is moving at 6ms~"
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The total energy possessed by the body will then be the total of ts kinetic
energy and its potential encrgy and, by the Principle of Conservation of
Energy, this will be a constant.

ie.  total energy = kinetic energy (KE)+ potential energy (PE)

constant
Expressing this in another way, convenient for problem solving:

total energy in the initial state = total energy in the final state

Example 9

The point A is 4 metres vertically above the point B. A body of mass 02kg
s et from A vertally dommards with hspecd 3

Find the speed of the body when it reach

There s no friction, and gravity is the only external force.

w: shall calculate the total energy at A and the total energy at B and then
se the Principle of Conservation of Ener

We shall chooke to measure the poretialenergyfrom the vl of B and we

will et v~ be the speed of the body

By the Principle of Conservation of Energy:

total energy at A = total energy at B
01

=874

v=93s

The speed of the body at B is 9-35ms

s

02N
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Let the constant force be F N (see diagram). 3 ms, m
B

3m———e

AUB:

Gain in energy in moving from A to B

625 - 225))
J

“This energy gain has come from the applied force doing work on the body

Thus: work done by force = 47
g force  distance moved = 41

giving

The magnitude of the force is 14 N.

Example 12

A body ofmass 2kg fnlls veically pasing through two poiats A and B
‘The speeds of the body as it passes A and Bare Ims~' and 4m

respectively. The resistance against which the body falls is 96N. Uleencrty
considerations to determine the distance Al

Let the unknown distance be /im (sec diagram).
We will measure potential energies from the level of B.
AtA: total energy = *
-+ meh
+ QN8 o
:u‘w.u.u o8N l
AtB: total eaergy = KE + PE n
=1y +0

61 2N
body has done work against a resistance force and so, in

falling from A to B, it will have lost energy.

Thus: work done against resistance = loss in energy

96k = (1 +1965) 16

giving h=15

The distance AB is 1-5m.
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Example 13

From the point A situated at the botiom of a rough inclined plane, a body

is projected with a speed
“The planc is inc
between the body and the plane is § and th

point B. By cnergy considerations, find the distance AB.

Let AB
We will measure potential energies from A.

With tan 0 = $ it follows that sin 0
ALA: total energy = KE + PE
AtB: total energy

m and the mass of the body be mkg.

of 5:6ms™" along and up a line of greatest slope.
ined at tan~' § to the horizontal. The coefficient of friction
e body first comes to rest at

The body has done work against friction and so, in travelling from A to B,

it will have lost energy. Thu

work done against resistance =

Toss in energy

HRs = 1568m — 7.84ms

Resolving perpendicular to the plane gives:

R=mgcos

Thus

Substituting this into (1] gives
336ms = 15:68m —

Hence s=14

‘The distance AB is 1-4m.

Exercise 11D

Use energy considerations to solve cach of the
following.

1. A and B are two points 4m apart on a
smooth horizontal surface. A body of mass
2kgis initially at rest at A and is pushed by
a force of constant magnitude acting in the
direction from A to B. The body reaches B
with a speed of 4ms~"

Find the magnitude of the force.

A constant force pushes a mass of 4kg in a
straight line across a smooth horizontal

784ms

o

surface. The body passes through a point A
with a speed of Sms~' and then through &
point B with a speed of §ms~1. B is 6m

Fmd Ih: magml\u.\e of the force
the

ting on

A and B are two points 3m apart on &
smooth horizontal surface. A body of mass
6kgis nitially at rest at A and is pushed
towards B with a constant force of 9 N.

d the speed of the body when it reaches B,




4. A constant force of magnitude 8N pushes a
body of mass 4kg in a straight line across a
smooth horizontal surfuce. The body passes
through a point A with a speed of 4ms !,
and then through a point B, Sm from A
Find the speed of the body at B.

A particle of mass 100g moves in a straight

line across a horizontal surface agains

resistances of constant magnitude. The

particle passes through a point A with a

ms~", and then through a point B

with a speed of 3ms, B being 2m from A.

Find the magnitude of the resistances.

A body of mass Skg moves in a straight line

across a horizontal surface against a

constant resistance of magnitude 10N The

body passes through a point A and then

comes (o rest at a point B, 9m from A.

Find the specd of the body whea it is at A.

A'body of mass Skg slides over a rough

horizontal surfce. In sliding $m the speed of

the body decreases from §m s~ 10 6ms .

Find:

(@) the work done against friction

(b) the coefficient of friction

8. Aand B are two points 15m apart in the

same vertical line, with A above B. A body

of mass Skg is released from rest at A and
falls vertically against a constant resistance
of 25N.

Find the speed of the body when passing

through B.

A body of mass Skg falls vertically against a

constant resistance. The body passes through

two points A and B, 25m apart, with A

above B. Its speed is 2ms~" when passing

through A and 6ms~! when passing through

B. Find the magnitude of the resistance.

10. A body of mass of 2kg falls vertically
against constant resistance of 14N. The
body passes through two points A and B
when travelling with speeds 3ms~' and

»

”

~

°

A bullet of mass 15 grams is fired towards a

fixed wooden block, and enters the block

when travelling horizontally at 400ms". Tt
5 (o fest after penctrating a distance of

H

&

7
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Find the work done against the resistance of
the wood, and find the magnitude of the
resistance (assumed constant throughout).

A bullet of mass 8 g s fired towards a fixed
wooden block and enters the block when
travelling horizontally at 300ms~". Find
how far the bullet penetrates if the wood
provides a constant resistance of 1800 N.

A tough slope of length S is mclinvd atan
angle of 30° t0 the horizontal. A

‘mass 2kg is released from the top of|h:

Find the work done against the resistance,
and the magnitude of the resistance.

A rough siope o ength 10m i incined at
an angle of tan™" J to the horizontal. A
block of mass K s released from retat
the top of the slope, and travels down the
slope reaching the bottom with a speed of
Smst.

(@) the work done against friction
(b) the magnitude of the frictional force
(©)  the coeficient of fri u
and the surface.

Point A is situated at the bottom of a rough
plane which is inclined at an angle tan ' § to
the horizontal. A body is projected from A
with & speed of 14ms™" along and up a line
of greatest slope. The coefficient of friction
between the body and the plane is 025, The

y first comes to rest at a point B.
Find the distance AB.
Point A s situated at the bouom of & rough
plane which is inclined at 45" 1
Rorzontl, A body of mas 05k kg s projected
from A along and up the line of greatest
slope. The coefficient of friction between the
body and the planc is § . The body first
‘comes to rest at a point B, at a distance
4/2mfrom A, befor ersing 1 A.

—"rx

W lhe work done against friction when the
body moves from A

(b) the initial speed of the body

(©) the work done against friction when the
body moves from A to B and back to A

@) the speed of the body on return to A.
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17. Point A s at the bottom of a rough planc body moves from A to B and back to A
which is inclined at an angle 0 (o the is given by 2umgxcos 0
horizontal. A body of mass m s projected (b) the iitial specd of the body is:
from A song and wp e o rsiess I T e B
slope. The coefTicient of friction between 1 s et
plentons bl (@ the s of the by on it et 0 A
comes to restat a point B, a distance x from o e
A. Show that: g{ein 6= p cos 0)
(@) Are there any circumstances under
(3) the work done against riction when the which the body will not return to A?

Work done by a force acting in a direction different to that
of the motion of the body

Up to this point the work done by a force has been calculated rm situations
in which the direction of the force has been the same as, or dircetl

1o, the ditecrion o motion of he body. This il ot atways be the cae. For
example if we drag a load up a hill by a rope slung over the shoulder the
direction of motion is up the slope but the force doing the work points in

the direction of the rope.
-

Figure | simplifies this picture. The force is represented by a vector F at an
angle 6110 the planc. The length rom A to B is AB.

&

E B AT A

Fig. 1 Fig.2

Figure 2 shows the components of F along and perpendicular (o the plane.
“The magnitude of F is written F and is assumed constant. The component
(F sin 6) does no work because it s perpendicular to the plane and its point
of splction s 0 maton i his oo Only the component (F cos )
contributes to the work done which is given

work done by F = (F cos ) AB

ie. the wor coduet of the omponct o theforce i the
direction pos motion,and the distance moved
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1f AB s the vector from A 10 B, then:

work done by (F cos 6) AB
FAB
where. Iht dot signifies the scalar product of the two vectors, introduced in

Chapter
This muk applies in one, two and three dimensions.

Remember from Chapter | that if a = i + asj + ask and b = bji + bsj + bik,
then

ab = aby +aby +ashy

Example 14

‘The diagrams below show a constant force acting on a particle P. The force
continues 0 act as the particle is made to move along a straight line path
from A to B, a distance of 3 metres. Find the work done by the force in
each case.

(@) component of the force in the direction
of motion

6 cos 30°
V3N

work done by foree = 3v3 x 3
=9v3J

The force does 9v3 J of work. The force does —15J of work.

Note. The negative answer for part (b) arises because work has to be done
against the force.

Example 15
A constant force F acts on a particle as it moves along a straight wire from
point A to point B. Point A has position vector (i - )m, B has position
vector (2 + 2))m and F = (2i + IN.
Find the work done by F.
— -t =
AB A+ Ty 1
(i =)+ 20+ 2)
+3)

=

Work done by F = F. AB
Qi+J).(+3)
=@+

The work done is 5J.
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24. When 1 = 0 a body of mass 5 kg is at rest at a point A, position vector
@+ 71 20)m. The body i then sbject 10 constant orce
= (108 + 15§ - $K) N causing it to accelerate and, 2 seconds later, the
bud\‘ passes through the point B, Find:
(@) the aw:]:m ion of the body in vector form
(b) the velocity of the body as it passes through B
© the kinetic encrgy o the body when 1 = 2 seconds
@) AB
(€) the position vector of paint B
(f) F.(AB), the work done by the force in these first 2 seconds, and
verify that m.s equals the change in the kinetic energy of the body
from A to

Power

Power is a measure of the rate at which work is being done.

If 1 joule of work is done in | second, the rate of working is 1 watt (W).
Hence a machine that does 1000 joules of work per second is working at a
rate of 1000 watts or | kilowatt (i.c. 1000 W = [ kW).

Example 17

Each of the diagrams below show a particle moving along a straight wire
under the action of 4 constant force. In each case the particle travels the
leagth of the wire in 5 seconds.

Find the work done by the force and the average rate at which the force is
working in each case.

(a) The force of 6N is in the direction

of motion. of m 0 cos
. work done by force = 6 x 10 2N
J work done by force = 25 x §

=60
rate of working = 60
2

=200
rate of working = 200 + 5

The force does 60J of work and its =4

average rate of working is 12 watts. The force does 200J of work and its average

rate of working is 40 watts.
Example 18
Find the rate at which work is h:mg done when @ mass of 20kg s ifed
vertically at a constant speed of
work done = increase in PE.
20gh wher s heght e verically
work done in one second = 20g(3)J = 980.
rate of working = 9301 per etond o 950w

‘The rate of working is 980 W.




272 Understanding mechanics: chapter 11

11. A car of mass 900 kg can attain a maximum
specd of 48 ms ™" when travelling along a
level road against a constant resistance to
motion of 350N, Find the rate at which the
car engine is working.

‘With the engine of the car working at the
same rate and the resistances unchanged, the
car ascends  hill of inclination sin-!
Find the maximum speed of the car up the
hill.

]

A cyclist and his bike have a combined mass
of 75kg and the maximum rate at which the
cyclist can work is 0-392kW.
IF the greatest speed with which the cyclist
can ride along a level road is 8 ms
the magnitude of the constant resistance to
‘motion. With this resistance unchanged, find
greatest speed at which the cyclist can
ascend a hill of inclination sin~!

13, (a) With its engine working at a steady rate
of 32kW, a car of mass | tonne travels
ata constant speed of 40m s~ along a
road.
Find the magnitude of the resistance to

directly proportional to the speed at

Exercise 11H Examination questions

which the car is travelling, find the
magnitude of the resistance experienced
by the car when travelling at 30ms™"
Find the rate at which the engine must
work fr theca o ssend a sope of
Uin 98 at a constant speed of 20

he resistunce to mation st obeing the
same rule of proportionality.

14. When a car of mass 900 kg has its engine

working at a constan rate of 735 kW, the
car can ascend a hill of 1 in 63 at a constant
speed of 1Sms". Find:

(4 the rsistanceto moton xperienced by

() llre maximum speed of the car when
travelling down the same slope with its
engine working at the same rate as
before and the resistance to motion

unchanged.

15. With its engine working at a constant rate of

W, a car of mass 800 kg can descend a
slope of 1 in 56 at twice the steady speed
that it can ascend the same slope, the
resistances to motion remaining the same
throughout.

Find the magnitude of the resistance and the
speed of ascent.

(Unless otherwise indicated take g = 9-8m s~ in this exercisc.)

1. (Take g = 10ms~ in this question.)
A boy throws a stone st
travelling at a speed of $ms!

ight up into the air. 1t leaves the boy's hand

(2) Draw a diagram to show the forces acting on the stone afte it has

et the boy’s hand.
(b) Find the ma
resistance forces are assumed to be zero.

wm height that the stone would reach if all

(¢) In fact the stone, which has a mass of 0-1 kg, only reaches a
‘maximum height of 2m. Find the work done by the stone against

air resistance.

2. A rough channel i

calculate the speed of the particle at Q.

in the form of a quarter circle PQ. The radii OP
00 are horizontal and vertical respectively and OP = 00 = 2m. A parice
of mass 15 kg s released from rest at P. Given that the channel offers a
frictional resistance whose magnitude has an average value of 08N,

(AEB, Spec)
and

(UCLES)
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6

‘The diagram shows a vertical section ABCD of a block of wood fixed
on a horizontal plane. A8 is horizontal and BC is inclined at an angle @
10 the horizontal where sin a = 4. Particles P and 0, of mass m and Sm
respectively, are placed on AB and BC and joined together by a light
inextensible string passing over a smooth pulley at . The particies are
then released from rest. Find. assuming that P does not reach B a

does not reach ., the aceeleration of the particies and the tension in the
string when

(2) ABand BC are smoo

(b) 4B and BC are both equally rough, the coeflicient of fiction being
Find. for the second case, the loss of energy due to friction after bulh
particies have moved a distance d. (WIEC)

7. A water pump raises 40 kg of water a second through a height of 20m
and cjects it with a speed of 45m . Find the kinetic energy and
poteatial energy per second given to the water and the effective rate at
‘which the pump is working. (WJEC)

8. A car has an engine of maximum power 1SkW. Calculate the force
resisting the motion of the car when it is travelling at its maximum
speed of 120 km b~ on a level road.

Assuming an unchanged resistance, and taking the mass of the car Lo be
800kg. calculate, in ms 2, the maximum acceleration of the car whea it
is travelling at 60 km ! on a level road. (UCLES)

A train of mass 5 x 10°kg travels along a straight lmmonml track. The
Tesistance 1o motion s consan:and s magniade 2.5 « 10°N.
(e Find e fore peoroced by the cxgine when the sectraion
and the power which is developed at the instant when the
pecd o the trin s 10ms-
(b) IF the engine then works at a constant rate of S00kW, determine the
greatest possible speed of the train along the same track. (UODLE)

A car of mass 800 kg tows a trailer of mass 200kg. The constant

resistances acting on the car and trailer are R and 200 Newton:

respectively.

) I the car is travelling at a constant speed of 54 kmh~' and the

engine is working at a rate of 9-75kW, find the tension in the tow.
bar and the value of R

Duc o2 i the o bas the masicon tzasion whichte tow bee

can take is 350 N. When the car is travelling at 72km

() the maximm acolration if the resistances mnam:d unchanged,

(i the maximums power st which theengin can work, i the
resistances remain unchanged. (NICCEA)
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11, A car of mass 800kg tows a caravan of mass 480 kg along a straight

2.

Tevel voad “The tow-bar conneeting the car and the caravan is horizontal
and of
SAKW, the ca and caravan are travelling at a constant speed of
25ms~

() Calculate the magnitude of the total resistance, in N, to the motion of

‘The resistance to the motion of the car has magnitude 8007 newtons
and the resistance 10 the motion of the caravan has magnitude 4807
newtons, where 7 is a constant

(b) Find the value of 4.

(¢) Find the tension, in N, in the tow-bar. (ULEAC)

A tmcor of mass T00kg puls  traier of mase J0kg along ¢ ssiht
level road. The total resistance to motion is 100N and the tra
using its full power of 30KW. Show that when the tractor’s peads
36kmh, its acceleration is 1-Sms 2.
Assuming that the resistive force is divided between the tractor and
trailer in the ratio of their masses, find the tension in the coupling
between the tractor and the trailer when the speed is 36kmh-"

(AEB 1990)

A car of mass 1-5 tonnes moves with constant speed 6ms~" up a slope
of inclination sin~" (2). Given that the engine of the car is working at a
rate of 18 kW, find, in Newtons, the resistance (o the motion.

(AEB 1994)

A car of mass 1000 kg, whose engine is working at a rate of P Wats,
moves al a constant speed of 20ms- on & horizontal road. Find,
terms of P, the total frictional resistance exerted on the car.
The car then freewheels (i.c. without the engine excrting any force)
down a slope of inclination sin"' (1;) to the horizontal at & constant
speed. Assuming that the total frictional resistance is unchanged, find P.
Assuming the same total frictional resistance and that the engine is
working at the rate P Watts, find the numerical value of the acceleration
at the instant when it is moving up the above slope with speed
EC)

. A car of mass $00kg is pulling a trailer of mass 200 kg up a hill inclined

atan angle sin ' (1) to the horizontal. When the total force exerted by

the engine is 1000 N the car and trailer move up the hill at a steady

speed. Find the total frictional resistance (o the motion of the car and

trailer during this motion.

‘When the car and trailer are travelling at a steady speed of 10ms~* up

the hill, the power exerted by the engine is instantaneously increased by

2kW. Find

(i) the instantancous acceleration,

(i) the instantaneous tension in the coupling between the car and the
trailer, given that the total frictional resistance on the trailer is
SN, (WJEC)

s
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16. (Take g = 10ms~ in this question.)

A car has a mass of 600 kg and 2 maximum power rating of S was.
“The car has a 10p speed of 40m s~ on a flat road and a top speed of
24ms~' up a hill inclined at an angle 0 10 the horizontal, where

sin 6= 02. Given that the resistance to the motion of the car on both
roads is FN where F is constant, write down two equations connecting
S and F. Hence find the value of § and of F. (UCLES)

When a car is moving on any road with speed vm ™! the resistance to
its motion is (a + b") N, where a and b are positive constants. When the
car moves on a level road, with the engine working at u steady rate of
SIKW, it moves at a stcady speed of 40m s~". When the engine is
working at a steady rate of 24 kW the car can travel on a level road ata
steady speed of 30m s~ Find a and b and hence deduce that, when the
car is moving with speed 34m s, the resistance o its motion is 992N.
Given that the car has mass 1200kg find, in m s~ correct to 2 decimal
places, its acceleration on a level road at the instant when the engine is
working at a rate of 51 kW and the car is moving with speed 34ms ' s
that the resistance to the motion is 992N,

“The car can ascend a hill at a steady speed of 34m s~ with the engine
orking at 8 sieady i of 8KW. Find, n degee comst 1o ne
decimal place, the inclination of the hill to the horizontal.

(AEB 1992)



12 Projectiles

Horizontal projection

In order to investigate the motion of & projectile, we should consider the
horizontal and vertical motions separately.

‘The horizontal velocity of a projectile is constant since there is no force
acting in this direction.

The verica wlocity. on the othr hand, i subjct to e foree of graviy,
and the usual equations of motion v = u+at, ¥ =1 +2as, s = ul+ tar*

! ace used. In some cases i and j, the unit vectors in a

horizontal and vertical direction, are used in stating the position and
velocity vectors

Example 1

A particle is projected horizontally at 36 ms-* from a point 122:Sm above &
horizontal surface. Find the time taken by the particle 10 reach the surface
and the horizontal distance travelled in that time.

horizontal motion vertical motion st
w=36ms! u=0
s=125m |
1=t
1o aceeleration a=98ms? |

Using 5 = ut -+ Lar’, for a vertical motion gives:
1225 = 0.+ L ©08)°

25

20225
98
1=5s

Using distance = velocity x time for horizontal motion

365
x=180m

‘The time taken is S and the horizontal distance travelled is 150 m.
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Example 2

A particle is projected horizontally with a speed of 14.7ms~!. Find the
horizontal and vertical displacements of the particle from the point of
projection, after 2 seconds. Find also how far the particle then is from the

point of projection.

horizontal motion vertical motion
u=147ms"! 0
s=x vl
1=2s s 5
no acceleration a=98ms™ |

Using 5 = ur + $ar* for vertical motion gives:

y=0+408)2
196m

Using distance = velocity x time for horizontal motion gives:
147x2
294m

distance from point of projection = /(x* +
= VA4 + (1967}
=3533m

Ims

After 2 seconds the horizontal and vertical displacements are 29-4m and
19:6m respectively, and the displacement from the point of projection is

353m.

Example 3

A particle is projected horizontally from a point 44-1m above a horizontal
plane. The particle hits the plane at a point which is, horizontally, 39m

from the point of projection. Find the initial speed of the particie.

horizontal motion vertical motion
s=39m
1=t

no acceleration 8ms~? |

Using s = ur + 4ar’, for a vertical motion gives:
41=0+108)7
=9 ie r=3s

Using distance = velocity x time for horizontal motion gives:
9=Ux3
U=13ms”!

The speed of projection is 13ms™".




Projectiles

Example 4
A particle is projected horizontally with a velocity of 39-2ms~". Find the
horizontal and vertical components of the velocity of the particle 3 seconds
after projection. Find also the speed and dircction of motion of the particle
at this time.
horizontal motion vertical motion
ms® 0
horizontal velocity

U=392ms"

Using v = u + at for a vertical motion gives:

V=0408)x3

v=294ms"!
Speed after 3sis given by: (U? + V?) = y{(392)" + (294)'} = 49ms"
Direction of motion is given by: tan 0= = 2%

U392
0=3687

‘The horizontal and vertical components are 39-2ms~" and 29-4ms-
respectively after 3s; the speed of the particle is then 49m s~ and it is
travelling at an angle of 36:87° below the horizontal.

Example §

Attime 1 = 0 a particle is projected with a velocity of 2ims! from a point
with position vector (10i +90j) m. Find the position vector of the particle

initial vertical velocity is zero and initial horizontal velocity is 2m s~

horizontal motion vertical motion (103 + 90
u st u=0 =0

1=4s
1o acceleration
Using s = ut + }ar, for a vertical motion gives:

»=04308@} 5 =i
y=T84m

Using distance = velocity x time for horizontal motion gives:
x=2x4=8m
Position vector after 4 seconds = 101 + 90 + 8 — 78.4] = 18 + 11.6]

The position vector after 4 seconds is (181 + 11-6)m.

m
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Modelling real objects as “particles”

Examples 1 10 S all involved “particles™. Earlier in the book we defined a
particle as something so small in size that the distance between its
extremities is negligible. In practice of course, projected objects such as
cricket balls, tennis balls, bullets etc., do have size and are not particles
However, by assuming them to be particles, we simplify the real situation to
give mmalhcmahul ‘model that is cas ork with. Particles have no

e “point masses” and 5o cannot rotate. By modelling the flight
oFacrcket bl as that of  partice we an ignar the rovtion of the bal
and our model becomes more manageable.
In such models we also tend to assume that there is no air resistanee, that
the only force acting is the weight and that the motion is in one vertical
plane. The appropriateness of the model can then be checked by comparing
the outcomes predicted by the model with the real-life situation.

Setting up the mathematical model

‘The questions of previous chapters have required us to make various
assumptions in order (o create a simplified, manageable, model of the real
situation. You do not need t0 list all of the assumptions you have made in
order to create the model unless the question specifically asks you to do this
Remember in this text 4 question may do this by asking you to “set up the
‘model”. In such cases you should clearly state any assumptions you need to
make in order to create the model and to solve the problem, as the next
example demonstrates.

Example 6

A ball is dropped from a height of | metre in the back of a van which is
moving with a constant speed of 20ms-". Set up a mathematical model of
this situation and use it to find the horizontal distance moved by the ball
from the point from which it is dropped to the point at which it hits the
floor of the van.

Step 1. Set up the model.
» Consider the ball as a particle.

o Assume that any air resistance is negligible.

o Assume that nothing impedes the motion of the ball and that its motion
is in one vertical plane.
Take g, the acceleration due to gravity, as 9.8 m
The il loity of the ball will be taken as 20m s horizontally,

it of the van. (Although the ball hits the floor of the
iy point v:mc:lly below the point, relative to the van, from which
it was dropped. (The ball and the floor of the van have both moved
forward in thi




Step 2. Apply the mathematics,

horizontal motion vertical motion

=15
s=Rm
1o acceleration
Using
L gives 1

Substituting for ¢ from (2} into [1] gives:

R=,
2

=904
‘The horizontal distance moved is 9-04 m.

Exercise 124

1. A particle s projected horizontally, at
20ms, from a point 78-4m above a
horizontal surface.

Find the time taken for the particle to reach
the surface and the horizontal distance
travelled in that time.

2. A particle is projected horizontally with a
speed of 21 ms~".

Find the horizontal and vertical
displacements of the partice, from the point
of projection, 2§ seconds after projection.
Find how far the particle is then from the
point of projection.

3 A pustcle e projectd boriaatally from 8
point 2:$m above a horizontal surface. The
pesico bt e ertace at & polo which s,

0m from the point of

i he it speed of the

-

Atme =0 paricle e peofecod wih
velocity Sims™" from a point with

Vecor 20jm. Find the postion vectorof the
particle when:
@ r=1s () 1=2s

5. At time £ = 0 a particle is projected with a
velocity of 3ims-! from a point with
position vector (Si + 25)m. Find the
position vector of the particle when ¢

s=ur+yat
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6. A stone is thrown horizontally at 21 m
from the edge of a vestical ciff and falls to
the sea 40
Find the horizontal distance from the foot of
the cliffto the point where the stone enters
the sea.

7. A batsman strikes a ball horizontally whea it
is 1 m above the ground. The ballis caught
10cm above the ground by a fielder standing
12m from the batsman.

Find the speed with which the batsman hits
the ball.

8. A darts player throws a dart horizontally
with a speed of 14ms~". The dart hits the
board at pint 0 below the level at
which it
i the horsont disance tavlled by the

dart.
9. A tennis ball is served horizontally with an
initial speed of 21ms~" from a heigh
2:8m. By what distance does the ball clear a
net 1 m high situated 12m horizontally from

10. A fielder retrieves a cricket ball and throws
it horizontally with a speed of 28ms™" 1o the

2m above level ground, find the height of
the bali when it reaches the wicket-keeper.
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11. A particle s projected horizontally at
20ms.
Find the horizontal and vertical components

of the paticle’s velocity two seconds after
projection.

2. A particle is projected horizontally at
168ms"

Find the magnitude and direction of the
elocity of the particle five scconds after
projection.

13. Tnitially a particle s at an origin O and is
projected with a velocity of aims~'. After
 seconds, the particle s at the point with
position vector (303 — 10 m.

Find the values of £ and a

z

Two vertical towers stand on horizontal

ground and are of heights 40m and 30m. A

ball is thrown horizontally from the top of

the higher tower with a speed of 24-5m s~

and just clears the smaller tower.

Find the distance

() between the two towers

(b) between the smaller tower and the point
on the ground where the ball first lands.

&

“The top of a vertical tower is 20m above
ground level. When a ballis thrown
horizontally from the top of this tower, it
first hits the ground 24m from the base of
the tower.

By how much does the ball clear a vertical
wall of height 13m situated 12m from the
to

E

. A stone is thrown horizontally with speed u
from the edge of a vertical chiff of height /.
‘The stone hits the ground at a point which is
a distance d horizontally from the base of
the cliff.

Show that uc’ = gd°.

B

A vertical tower stands with its base on
horizontal ground. Two particles A and B
are both projected horizontally and in the
same direction from the top of the tower
with initial velocities of 14ms~! and
17:5ms"! respectively.

I A and B hit the ground at two points 10m
apart, find the beight of the tower.

18. O, A and B are three points with O on
level ground and A and B respectively
3.6 metres and 40 metres vertically above
. A particle is projected horizontally from
B with a speed of 21ms~" and, 2 seconds
later, a particle is projected horizontally
from A with a speed of J0ms~'. Show that
the two particles reach the ground at the
same time and at the same distance from
0, and find this distance.

19. A and B are two points on level ground. A
vertical tower of height 4k has its base at A
and a vertical tower of height / has its base
at B. When a stone is thrown horizontally
with speed v from the top of the taller tower
towards the smaller tower, it lands at a point
X where AX = } AB. When a stone is
thrown horizontally with speed u from the
top of the smaller tower towards the taller
tower, it also lands at the point X

how that 3u = 2v.

20. A gun is situated at the edge of a il of
height 90m and has its barrel horizontal and
pointing directly out 10 sea. The gun fires a
shell at 147ms-". Set up a mathematical
model of this situation and use it 10 find
how far from the base of the cliff the shell
strikes the sea.

21. When an aircraft i flying horizontally at a

speed of 420km h™!, it relcases a bomb. The
lease oceurs when the aircraft

is a distance 2km horizontally and #km
vertically from a target. Set up
mathematical model of this situation and,
given that the bomb hits the target, find the
value of .

2. A window in a house is situated 49 m above
the ground. When a boy throws a ball
horizontally from this window with a speed
of 14ms~", the ball just clears a vertical wall
situated 10m from the house. Set up
‘mathematical model of this situation and
determine the height of the wall and how far
beyond the wall the ball first hits the
ground.
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Example 9

A particle is projected from an origin O with a velocity of (30i + 40j) m s~
Find the position and velocity vectors of the particle S seconds later.
Hence find the distance of the particic rmm 0 and the speed and direction
ofits motion at this time. Take g = 10

horizontal motion vertical motion
'
ms

Using s = ut + §ar*, for vertical motion gives:
4005) - {10)5*

3 =75m

Using v = i+ ar, for vertical motion gives:
V=40-(03
V=10, ic. 10ms~! downwards

Using distance = velocity x time for horizontal motion gives:

x=30x$

x=150m
Position vector is: (4 3) = (1500 + 75 m
Velocity vector is: Ui+ 7)) = (301~ 10)ms~!

Distance of particle from O is: /(x* + 3 VIS0 + 75

Speed of particle is: I+ msm- (~|m i
=10,

‘The direction of motion is at an angle 6 below the hnnmnul. Hms
iven < >

‘The position vector is (1501 + 75))m and the velocity vector is
(30i — 10 ms"; the distance from O at this time is 75/5m and the s
of the particle i 1010m -1 at un angle of 1843 below the horizontl

Example 10

A stone is thrown from the edge of a vertical cliff with a velocity of S0ms
atan angle tan~! % above the horizontal. The stone strikes the sea at a
point 240m from the foot of the cil

Find the time for which the stone is in the air and the height of the cliff.

25



e parice s pm]scl:d from an origi

H

B

9. A particle is projected from an origin O at a

velocity of (4i + 13)ms™"

Find the position vector of the particle

2 sconds after projcton and the distance he
particle s then from O. (Take g = 10m

A particle is projected rmm the origin at a
velocity of (10i + 20j)m

Find the posiion and wlosity vectors of the
partie 3 sconds afer projction

(Take g =

A panlclc is ymjnclvd ata velocity of
25ms~' at an angle of 30° above the
horizontal.

Find the horizontal and vertical components
of the particle’s velocity fer
projection. Hence find the speed and
dimuinn of motion of the particle at that

nd

o
locity of 30y2ms~" at an
angle of 45.above the horiontal

Find the horizontal and vertical
displacements from O of the particle

2 seconds after projection. Hence find its
distance from O at that time.

A particle is projected from an origin O at a
velocity of (4 + 11))ms ' and passes
through a point P which has a position
veetor (8i + xj)m. Taking g = 10ms~, find
the time taken for the particle to reach P
from O and the value of x.

A stone is thrown from the edge of a vertical
cliff and has an initial velocity of 26ms™" at
an angle tan”" & below the horizontal. The
stone hits the sea at a point level with the
base of the cliff and 72m from it.

Find the height of the cliff and the time for
which the stone is in the air.

(Take g = 10ms~*

A batsman hits a bal at a velocity of
17:5ms " angled at tan"! § above the
horizontal, the ball initially being 60cm
above level ground. The ball is caught by a
fielder standing 28 m from the batsman.

Find the time taken for the ball to reach the
fielder and the height above ground at which
he takes the catch

A vertical tower stands on level ground. A
stone is thrown (rom the top of the tower
and has an initial velocity of 24-5 ms~

8

B

2,
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angled at tan!  above the horizontal. The
stone strikes the ground at a point 73-5m
from the foot of the tower.

Find the time taken for the stone to reach
the ground and the height of the tower.

A particle projected from a point on level
ground has a honlnnlu! range of 240m and
a time of flight of

Find the magmludg and direction of the
velocity of projection. (Take g = 10ms~*.)
A partice is projected from ground level
with an initial speed of 28 ms ! and during
the course of its motion it must not go
higher than 10m above ground level.

Find the angle of projection that would
allow the particle to go as high as possible.
‘Ten scconds after its projection from the
origin a particle has a position vector of
(150 - 200)m.

Find, in vector form, the velocity of
projec

tion.
. A football is kicked from a point on level

ground, 15m from a vertical wall. Three
seconds later the football hits the wall at a
point 6m sbove ground.
Find the horizontal and vertical components
of the inital velocity of the ball

ms)

A football is kicked from a point O on level
ground and, 2 seconds later, just clears &
vertical wall of height 24 m.

0'is 22m from the wail, find the velocity
with which the ball is kicked.
A particle is projected from a horizontal
plane and has an initial velocity of 49m s~
atan angle of 30° above the horizontal.
For how long is the particle at least 19-6m
above the Jevel of the plane?
A particle is projected from a horizontal
plane and has an initial velocity of S0ms"!
atan angle of tan~' 4 above the horizontal.
For how long is the particle at least 60m
sbovethe level of the planc?

time taken for this 10 occur and the value of x.
(Take g = 10ms™
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A stone s thrown from the top of a vertical
cliff, 100m above sca level. The initial
velocity of the stone is 13m s at an angle
of elevation of tan™" . Find the time taken
for the stone 0 reach the sea and its
horizontal distance from the cliff at that

ime. (g = 10ms

A golfer hits a golf ball with a velocity of
30ms~ at an angle of tan™" 4 above the
horizontal. The ball lands on a green Sm.
below the level from which it was struck.
Find the horizontal distance travelled by the
ball. (Take ¢ = 10ms ™)

. A ball s thrown from the top of a vertical
ial

tower, 40m above level ground. The i
velocity of the ball is 10y/2ms~" at an angle
of 45° below the horizontal. Find the
distance from the foot of the tower to the
‘point where the ball frst lands.

(Take g = 10ms™2)

A particle is projected at 84ms" 10 hit a
int 360 m away and on the same

horizontal level as the point of project

Find the two possible angles of projection.

A golfer hits a golf ball at 30m s~ and
wishes it to land at a point 45m away, on
the same horizontal level as the starting

point.
Find the two possible angles of projection.

A ball s projected from hunmn!al ground
and has an initial speed of 35ms~'. When
the ball s travelling. Rorizontlly, it stikesa
vertical wall.

If the wall is 25 m from the point of
projection, find the two possible angles of
projection of the ball.

A particle is projected from a point O, and
‘passes through a point A when travelling
horizontall

If A'is 10m horizontally and $m vertically
from O, find the magnitude and direction of
the velocity of projection.

3

32. Two particies A and B are projected

simultancously, A from the top of a vertical
cliff and B from the base. Particle A is
projected horizontally with speed 3ums!
and B is projected at angle 0 above the
horizontal with speed Sums~'. The height of
the cliff is S6m and the particles collide after
2 seconds

Find the horizontal and vertical distances
from the point of collision to the base of the
cliff and the values of u and 6.

Two stones are thrown from the top of a
vertical GHff S0m above level ground. The
stones are thrown at the same time and in
the same vertical planc, one at 25ms™ and
angle of elevation tan-!  and the other at
25ms-" and angle of depression tan ! 3.
Find the time interval between the stones
hitting the ground and the horizontal
distance between their points of impact.
(Take g = 10ms2)

Two particles A and B are projected
simultancously from the same point on
borzuata) ground aod both travel i the
same vert ;A atan
angle of ek:v.lmn of 45° and a speed of
"and B is projected with a speed of

35m
I the two particles land at points 15 metres
apart, find the four possible angles of
projection of particle B.

A golfer wishes 10 hit a ball from a tee to a
green which is at the same level as the tee. The
front edge of the green is 160m from the tec
and the back edge is 185 from the tee.

I the golfer hits the ball with a speed of
49ms~", find the possible angles of
projection.

A batsman hits a ball from ground level and
gives it an initial velocity of 28ms~" at an
angle of inclination of 15°. The ball lands
10m short of the boundary. Set up a
‘mathematical model for this situation and
determine, for this angle of projection, the
least speed of projection necessary for the
ball to clear the boundary.




37. Sarah throws a message, wrapped around a
stone, with a speed of 12ms! from the top
of a clifl S0m high, to Callum who is in a
boat 40m from the bottom of the chiff
Set up a model to determine the possibl
angles of projection with which Sarah should
throw the stone if it is to reach Callum

38. A fireman is attempting to direct water
through the open window of 4 top room in a

General results
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building. The window is 25m above ground
fevel. The water leaves the hose at an angle
of 40° to the horizontal at a height 1-5m
above the ground. The fireman finds that if
he stands 35m away from the base of the
wall then the jet of water, travelling in an
spmard digstion, gcs through he open
vindow.

S up & model and determine the speed of
the water as it leaves the hose.

Certain standard results can be established regarding the motion of a
particle which is projected from a point O on a horizontal plane, with an

initial velocity of U at an angle z above the horizont

‘The following examples illustrate how this may be done.

Example 14

Find the time of fight T and range R on the horizontal plane.

Consider the motion of the particle from A to B

horizontal motion vertical motion
u u=Usi

s=R

=T
10 acceleration

Using s = uf + Lar’, for vertical motion gives:
0= (U sin 0T~ }gT*
aA

T
o r=2UsmEgy
€
Using distance = velocity x time for horizontal motion gves:
- (Ueos T
Wi sinzcosx
€

and using 2 sin & cos x = sin 2x gives:

Visin2

3
3

The time of flight is 222 and the range is

? sin 22
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Using s = ul+-\al' for motion at right angles ..
0 AB give "

= (49 sin 50°) — | (g cos 25 " ¥ Ygeon2s®
t=0atA or r=—= " 452sat B
g cos 2
From the triangle ABQ, the range AB is given by:

AQ

AB=

But AQ is the horizontal distance travelled by the particle.
AQ = horizontal velocity x time
49 cos 75 x 8452
49 cos 75° x 8452
cos 25
=1183m

and . AB=

The time of flight is 8455 and the range is 118 m.

Example 18

A particle is projected down a slope which is inclined at 30° to the
horizontal. The particle is projected from a point A on the siope and has an
initial velocity of 10-Sms~' at an angle @ to the slope, the vertical plane of
the motion containing a line of greatest slope. If the range of the particie
down the slope is 16-5m, find the two possible values of 6.

Suppose the particle strikes the plane at P,

10smy 105s00ms

horizontal motion motion at right
angles to AP
u=105 cos (6~ 30°) ms~! 105 sin ms™
s=PQ =165 cos 30°m 0

= :
no acceleration a=—gcos I0°ms

Using s = ut + yar’, for motion at right angles to AP gives:
(105 sin 6)1 = 4 (g cos 300

But PQ s the horizontal distance travelled by the particle.
PQ = horizontal velocity x time

_ o 5 2180 6
=105 cos (030 x = 5
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‘The motion of the ball in a
successful free shot in
basketball is illustrated
opposite.

The model assumes that the
ballis a point particle, acted
on by constant gravity, g.

The ball i projected from a position, distance 4m horizontally and 1 m
vertically from the basket, with speed yms-" at an angle 7" to the
horizontal. The ball falls into the basket.

(@) Show that, taking g =

L=duna- B4 ooy

8 ms~, v and o« must satisfy

(b} Use this equation to find the required speed of projection when
angle 2 eqq
(©) Also, use this equation to find the two possible trajectorics when
Oms .

For the ball 1o fall through the basket, the angle made with the vertical
at the basket should be as small as possible. Which of your two
solutions above would be preferred? (AEB Spec)

() An object s projected from an origin O with initial speed ” and at
an angle of inclination 2 above the horizontal. Given that the object
lands at the same horizontal level as the point of projection, and
that resistance to motion s negligible, show that the range attained

Vsin 21
€
State, with justification, the value of a for which R is a maximum.

(b) Use the result of () to find the least speed with which an object
nceds 10 be projected 5o as to travel a horizontal distance of 4m
before first hitting the ground. Give your answer correct to three
significant figures.

(© A basketball is released from a player’s hands with a speed of

$ms~! at an inclination of x degrees above the horizontal so as to
land in the centre of the basket, which is 4m horizontally from the
point of release and a vertical height of 0-5m above it
Taking the origin, O, 1o be the point of release, and taking
£=10ms 2, show that « satisfies the quadratic equation
Stan’x— 16 tanx+7 =
Given that the playe throws he bal at the large angle of
projection, find:
correct 1o the nearest degree
(i) the time taken from the moment of release of the bafl from the
layer's hands until the ball lands in the basket.  (UODLE)

by the object is R, where R




12. (Take g

Projectiles

10ms~? in this question.)

A shot-putter (llustrated in the diagram) finds that he can project a
shot a maximum distance of 20m. He wishes to determine the shot’s
projection speed.

(The shot will be modelled as a particle travelling in & vacuum.)

(@) For his first attempt he decides to consider the shot to be projected
from the level ground. Using this model determine the minimum
possible speed of projection V.

(b) Not satisfied with this value for the projection speed, he decides to
take account of the height from which the shot is projected. He
measures this 1o be 1-5m.

(i) Show that the range Rm of the shot along the level ground.
when projected from a height of 15, satisfes the equation
10R? tan’0 — 29 R tan 0+ 10R* — 3¢ =0,
where vms~! is the speed of projection of the shot and @ s its
angle of projection above the horizontal.
(@) 1 the equation, regarded as a quadratic in tan 0, gives real
values of tan 6, show that

R (V00 +

(i) Use the result in (i to determine the minimum specd of
projection ' for the shot in this model
(i) 1f the shot is projected with speed V3, would you expect that

‘more than one angle of projection would be possible for me
range of 20m? (UODLE)
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13. A point O is vertically above a fixed point A of a horizontal plane.
A particle P is projected from O with speed 5V at an angle cos ' }
above the horizontal and hts he plane at a point B at a

481
distance 22— from A.

6412

(i) Show that the height of O above A is

(i) Find the distance of P from O when it is directly level with .

A second particle is now projected with speed 24 from O at an angle x

above the horizontal and it also hits the plane at B. Find an equation

involving ¥, #, and

Given that one value of  is 45° find IV in terms of ¥ and show that the

other value of 2 is such that
7tan’z —6 tan 2~ 1

(WJEC)

A man in a hot air balloon is mmg vertically with constant speed .
‘When the man passes through a fi 1 throws a ball. Relative
to the man, the ball is projected with speed ¥ in a direction making an
angle « with the horizontal plane through 0. Show that. in this plane,
the ball has 4 range R, where

&R = Viu cos 2+ V' sin 22).

Show that, when u and ¥ are both equal to a constant ¥ and x varies,
the maximum value of R occurs when x = s
Given that u= V= Wand 2 ==, find, in terms of W and g, the

distance between the man and the ball at the instant when the ball
reaches the horizontal plane through O. (AEB 1993)



13 Circular motion

Angles are usually measured in degrees, minutes and scconds.
A radian is a larger unit which is sometimes used. It s defined as the angle
subtended at the centre of a circle by an arc equal to the radius of the circle.

In the diagram, suppose that the radius OP is of

length | unit and that the arc PQ is also of PO
length 1 unit. Then the angle POQ is | radian = ot
Since the circumference of this circle is 27 unts, A

the angle at O subtended by the whole. 13

circumference is 27 radians.

Hence 1 revolution = 360° = 27 radians

n

or 4 revolution = 90" = % radians.
A 2nradians = 360
1 radian 3“7— ‘which is approximately 57

Itis very seldom necessary, or desirable, to use this approximate result.

Itis better to use one of the exact relationships such as 7 radians = 90",

Linear and angular speed

“The linear speed of a body. . its speed in a straight lne, i usually
measured in ms~, km h~" or some simil
When a body is moving on a circular path it s often useful to measure its
speed as the rate of change of the angle at the centre of the circl.

Suppose a particle P moves along the b
circumference of a circle, centre O, at a constant

speed. If the body moves along the arc from A

10 Bin one second, then the angle AOB gives the

change in angle per sesond.

‘Thus, if angle AOB is in radians, the angular

speed of the body is in radians per second

(rads™).

IF the particle makes S revolutions in one minute,

its angular speed is $ rev min
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Example 1

Express an angular speed of - (@) 1$revmin”" in radmin”
® 3revs in rdmint

(@) 1 rev =2z rad
15 tev min™" = 15 x 27 rad min~'
= 30x rad min™"
(b) 1 rev = 27 rad

3% 20 x 60 rad min
360z rad min”"

3revs

Example 2
Express an angular speed of § rad s~ in rev min "

2rrad=1rev

240 -t
22 rev min

Relationship between linear and angular speed
When a particle P is moving along the circumference of a circle, centre O, at
a constant speed, there nship between the linear and angular
speeds of the particie.

Suppose the lincar speed is vms~" and the radius
of the circle s rm. If the time taken to travel
form A to Bis | second, then:

arc AB = v x 1 metres
Suppose the angular speed s w rads~, then as
the time to travel from A to B s one second,
angle AOB is o radians

acAB_ o

Ther 5
2

Substituting for arc AB gives: ZL 2

v
o=t o v=m
v

Hence the linear speed = angular speed x radius of circle.
Note that this relationship depends upon  being measured in radians per
wnit of time.

As the particle P moves from A to B, all points on the radius OA will move
10 new positions o the radius OB.

The angular speed of P is equal to the angular speed of the point Q shown
in the diagram, but the lincar speed of P will be greater than that of Q.
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but as 39 — 0, (cos 86— 1) — 0
acceleration along PA = 0

_ lim lim v sin 50
acccleration along PO = '™ ( ) o

ot
but as 50 — 0, sin 50 — 56

eration along PO =
acceleration slong 61_n o

but v=ro
acceleration =+~ and is towards the centre of the

circular path

Example 5

A particle describes a horizontal circle of radius 2 metres at a speed of
3ms~". Find the acceleration of the particle.

acceleration towards centre of circle =
Given v=3ms' and r=2m

acesleration = ‘}E’_

45ms?

‘The aceeleration of the particle is 4-5m s~ towards the centre of the circle.

Central force.

For a body to have an acceleration, there has to be a force acting on the
body. In the case of a body following a circular path, since the acceleration
I direcaedLowands thecenrs ofthe i, the force mest s be fn this
directi

The magnitude of the force will be:
‘mass x acceleration = m "~ where m is the mass of the bod.

Example 6

A body of mass 250 g moves with constant angular speed of 4rads™" in a
horizontal circle of radius 3-Sm. Find the force that must act on the body
towards the centre of the circle.

force = mass x acceleration
=m = mn

since v = ro)

250

force = 2% 35
1 Tooo

= 14N

“The force sting on the body towards the centre of the circle is 14N,

309
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‘The force which acts upon a body so that it follows a circular path may be
provided in various ways.
() Particle on a string

A particle is attached to one end of a string,
the other end of the string being attached at
a point O on a smooth horizontal surface. If
the particle describes circles on the surface,
the necessary force towards the centre of the
circle is provided by the tension in the
string.

i) Bead on a circular wire
IFa bead is threaded on a smooth
horizontal circular wire and moves at a
speed , the necessary force towards the
centre of the circular wire is provided by the
force between the bead and the wire. In
addition, the wire supports the weight of the
bead, and the vertical reaction R equals mg.

(i) Particle on a rotating disc i
ITa particie rests on the surface of a —
rotating horizontal dic, the only horizontal '

force acting on the particl is the frictional
force between the particle and the surface of

the disc. This frictional force provides the

necessary force towards the centre of

rotation. m
For sy particlar euacs, her will e 1

maximum value of F, and

hen the patice will b o1 the pont of

slipping.

(i) Car on circular path
‘Again, the necessary force towards the
centre of the circular path is provided by
the frictional force between the tyres of the
car and the surfce of the road.

Famt
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Example 7

A particle of mass 300g is attached to one end of a light inextensible string
of length 40cm, the other end of the string being fixed at

horizontal surface. If the particle describes circles, centre O, find the tension
in the wing when
(@) the speed of is 2y2ms

(b) the angular swd of the particle is Srad s

(@) acceleration towards centre O

force towards O, ie. the tension in the string,

mv? -
s y
- ( )
30 @y N o

tension = 220 ~ ,
casion = 20 22 S

=6N

“The tension in the string is 6N. ~
(b) Again, tension = m-

tension = 22 0.4 x (5 = 3N

1000

‘The tension in the string is 3N.

Example 8

A car travels along a horizontal road which is an arc of a circle of radius
125m. The greatest speed at which the car can travel without slipping is
42kmh-". Find the coefficient of friction between the tyres of the car and
the surface of the road.

Let the mass of the car be mkg
Resolving vertically gives: R =mg m

Friction provides the force towards the centre of
the circle and since the car i on the point of Slipping.

But r=125m and »=42kmh~' =

g

(u x moo)’x 1 !
60 x 60 1259-8) 9

‘The coeflicient of friction between the tyres and the road is §.

42 1000
LxT0,,
60 60

3n



25. A light inextensible sting of length / has one
end fixed at a point on a smooth horizontal
surfce, and the other end attached t0 a body
of mass m lying on the surface. With the
string taut, the body is given an initial speed
of 2y/(gl) in a direction parallel o the plane of
the surface and perpendicular to the string.
Show that the tension in the string during the
ensuing circular motion will be four times the
weight of the particie.

26. Acaris just on the point of slipping when
travelling on level ground at a speed » around
bend of radius r. Under the same road
surface conditions, the car is just on the point
of slipping when travelling on level ground at
a speed 2v around a bend of radius R.
Show that R = 4r.

Conical pendulum

A particle is attached to the lower end of a light
inextensible string, the upper end of which is
fixed. When the particle describes a horizontal
circle, the string describes the curved surface of a
cone. This arrangement is known as a conical
pendutum.

Example 11

A conical pendulum consists of a light
inextensible string AB, fixed at A and carrying a
particle of mass S0 at B. The particle moves in
& horizontal circle of radius y/3m and centre
vertically below A. If the angle between the
string and the vertical is 30°, find the tension in
the string and the angular speed of the particle.

Resolving vertically gives:
50
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27. Two particles A and B of masses i, and my
respectively are connected by a light
inextensible string of length 1. Particle A, at
‘one end of the string, lis on a smooth
horizontal table. The string passes smoothly
through a small hole O in the table and
particle B hangs freely at the other end of
the string.

If A follows a horizontal circular path with
centre O and angular speed , show that
particle B will rest in equilibrium at a point
which is a distance x below the level of the
surface of the table, where

‘The horizontal component of the tension provides the force towards the

centre O of the circle.
Using F=ma gives:
T cos 60°

mreo?
50
1000

*xixa?
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50 1 .
dusing T=-32gx L from equation 1] gves:
and using 100" covgye Trom equation 1] gi
0 s S0
1000 cos 30° 1000
@=1807rads™"

The tension in the sring is 0-566 N and the angular specd o the particle is
181 rads™!

Motion of a car rounding a banked curve

When a car travels along a circular arc on a horizontal road, the frictional
force between the tyres and the road provides the necessary horizontal force
F towards the centre of the circular arc.

If the speed of the car exceeds a particular value

then the force required (i e m 7) may be

‘greater than can be provided by the maximum
frictional force, and the car will sip.

=

In practice, a bend in a road or race track may be banked,

i.c. the level of the road on the inside of the bend me
s et th o of th sad au U o

of the bend. The normal reaction R the
car and the road is then no longer i The
horizontal component of R can therefore provide
or help to provide the necessary force, directed
towards the centre,

If Fis the frictional force between the tyres and. Fe 1
the road surface (Fig. 1): &

Feos0+Rsinf=m

IF the car travels too slowly there will be a
tendency for the car o slip down the slope. To 7
prevent this, a frictional force F” wil act (Fig. 2):

Rsin6—F'cosf=m

I the car has no tendency to sip, cither up o down the slope. then there
will be no frictional force acting between the tyres and the road and the
Horizontal componcat of & provides he accssary éental foree

In this case: Rsin0=m
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Example 12
A car travels around a bend of radius 400m on a road which is banked at
an angle 0 to the horizontal. If the car has no tendency to slip when
travelling at 35ms~", find 6.
Since there is no tendency to slip, there is no frictional force between the
tyres and the road.
Resolving vertically gives:

Recos 0 =mg [t}
Using F = ma, the force towards the centre ogf
the bend is provided by a component of R.

Rsin0=m> ..[2] 1

A g

Dividing equation [2] by equation [1] gives:
2

Substituting for r and v gives:  tan 0

40098
6=1735
The angle 8s 17:35°.

Example 13

A car travels around a bend in a road mmch is a circular arc of radivs

62:5m. The road is banked at an angle tan™  t

coeflicient of friction between the tyres ofthe car and the road surfuce s

04, find:

() the greatest specd at ulmh the car can be driven around the bend
without slipping occuring

() the least speed at which thiscan happen.

() When the car is travelling as fast as possible, the maximum frictional
force R acts 50 as o prevent the car slipping up the siope.

Resolving vertically gives:
Rcos 0= mg + iR sin 0 ]
Using F=ma horizontally gives z

Risin 6+ R cos 6= e "

Eliminating R between these equations gives:

fo| &

cosf—psinf _rg
Sin 0+ 4 cos 0

or

wn g
-4
E+04

625%98

Substituting for , tan 6, 7 and g gives:

v=245ms!

317
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Let the angle of the banking be . Then, since @ is small: R
sin 6= s =~ tan 0

At vms~", there is no reaction between the wheel
flanges and the rails.

Resolving vertically gives:
R cos 6 = 50000 M)

Usiog 1= ma givesthe foes mwirds the
centre of curve T
mormal Racion R s 000N

2

Diriding suation (] by squatin 1] ghvs:
o=
an b= g

substituting for tan 6

1ms™

The train should travel at 21 ms~* for there to be no force between the
flanges and the rails

Example 15
Alight inextensible string AB of length 33cm has a particle of mass S0g
attached to it at a point P, 13cm form the end A. The ends of the string are
attached at two fixed points in the same vertical line with A 21 cm above B.
‘The particle moves in a horizontal circle, Scm vertically below A with both
parts of the string taut, at a constant speed of 2
Find the tensions in the two parls of the string.
Let O be the centre of the horizontal circle. Then:
OP? =137 -5 = 144

- radius of ircle = 12¢m = 0-12m

Resolving vertcally gives
Tsin0=% g4 S sin

sin ll)()ﬂ g+ ¢

s
o [k .n*ms M
The horizontal components of the tension in the
two parts of the string provide the necessary
central foree, towards O.
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12. A car moves in a horizontal circular path of radius 60m around a bend
that is banked at an angle tan~' 0-5 to the horizontal. Without slipping
sccurng. e ez spee with whic the car an ravdarvd the
bend is 8 m
Find the coeﬂ'cl:nl of friction between the tyres of the car and the road
surface.

A film stuntman has to drive a car in a horizontal circular path of
radius 105 m around a bend that is banked at 45" to the horizontal. The
‘stuntman finds that he must drive with a speed of at least 21 ms~' if he
is 10 avoid slipping sideways down the slope.

Find the coefficient of friction between the lym of the car and the road
surface.

E

A car moves in a horizontal circular path of radius 140m around a
banked comner of a race track. The greatest speed with which the car can
be driven around the corner without slipping occurring is 42m "

If the coefficient of friction between the tyres of the car and the surface
of the track is 4, find the angle of banking.

15. A bend in a road is in the form of a horizontal circular asc of radius 7,
with the road surface banked at an angle 0 to the horizontal
Show that a car will have no tendency to slip when driven around the
bend with speed /(rg tan 6).

16. A light inextensible string AB has a partcle attached at end B and A is
fixed. With the string taut, the particle describes a horizontal circle with
peed
e i at 2 point which is a distance ¥ vertically
below A, show that ’x = g.

A gttt g AD ofesth s ad A e s cares 3
particle of m

Wit thesring ot the partice dscribes a horizontal circle about the
vertical axis through A, with constant angular specd . Show that the
tension 7 in the string is givem by T mio®

. A vehicle is just on the point of slipping when parked on a bend that is
banked at an angle of 20° to the horizontal.
Find the coeflicient of friction between the vehicle's tyres and the
surface of the road.

I the vehicle were driven around this bend in a horizontal circular path
of radius 60 m, find the greatest speed it could attain without slipping
occurring.

19. One comer of a race track is banked at 45° to the horizontal. A car s to
be driven around the comer on a horizontal circular path of radius
60m. The coefficient of friction between the tyres of the caravan and the
surface of the track is 0-5.

Find the greatest and least speeds with which the car can travel without
slipping.
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Motion in a vertical circle

The circular motion questions considered so far have all involved particles
moving around horizontal circles with constant speed. Consider now a
particle moving in a circular path at a varying speed. A common example of
this would be a particle moving in a vertical circle with the speed of the
particle decreasing as the height of the particle increases.

‘The pasticle is moving in a circle 5o, as before, the acceleration towards the
centre of the circle at any instant must be *-, where v is the speed of the
particle at that instant.

However, the particie will also have aceeleration
due o the fact that v itelf is changing.
We say that the acceleration has two components:

(1) towards the centre of the circular path and

of magnitude

v

(2) in the direction of motion (ic. along the
tangeat) and equal o the rate of change

‘The next example considers a particle suspended from a fixed point by a
light inextensible string. The particle is projected from its lowest point with
a horizontal speed of 4ms~! (see diagram on right). We assume that in the
subsequent circular motion the only force that will resist the motion of the
particle is its weight. As the particle gains height and increases its potential
gy, s Kinetic energy will decrease, as will ts speed. The total energy of
he system wil remain unchanged. As the reader will s, the problem is

solved using the Conservation of Energy Principle and by applying F =

towards the centre of the circle.

Once again we are modelling the real situation. Strings are not light and
inextensible and other forces, e.g. air resistance, will be acting, reducing the
speed of the particle. However, by considering these to be insignificant

the concepts we have allowed for, such as the mass of the
partice sl and the graviationl force acting on u we have a
mathematical model that is simpie cnough for us
Gutcomes predicted by our model wer ot suienly elose 0 the real e

outcomes, we would need (o examine any assumptions we have made and

perhaps produce a more accurate model that takes into account
considerations such as the mass of the string and air resistance,
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Example 16

A paticle P of mass Sk is suspended from a fixed point O by a light
inextensible string of length 1 m. The particle is projected from its lowest
position at the point A, with a horizontal speed of 4ms~'. When angle
AOP 3

(3) the speed of P

(b) the tension in the string.

Tmst

() We choose to measure the poteatial energy from the fevel of A.
AtA: KE =154

When P is n the position shown
KE= (50
PE = S5(1 - cos 60)
=%y
By the Principle of Conservation of Energy:
Srsg=s0
o62
s9ms
When the angle AOP = 60" the speed of Pis 249ms".
(5) Applying = ma along PO gives:
s
T spcos (60 =41
562
T= 555N

When angle AOP = 60 the tension in the string is 555N,
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(@) Let the speed of the particle at B be v ms™ and measure PE from the
level of A.

PE=0

AUB: KE={®)0F  PE=8(2-2cos6)]

By the Principle of Conservation of Energy
4u? =45 4 892~ 2 cos 6)

wT (1 ~cos ) is the required expression.

(b) For the pamcl: 10 perform complete circles we require
v>0 wl 80°,

ie.  u?—4g(l —cos 1809 > 0
8 wl>8g
For the particle to perform complete circles u® > §g.

Note that, in the last example, i« = /g, the particle would in theory just

ghest point. The force in the rod would then have 10 be a thrust, so
as to support the weight of the stationary particle. It is possible for a rod to act
in this way, i.c. as a strut, but this would not be possible if the rod were
repacet by  ring T ch  caean s pe of proctionof g !
would o ain o
I not comp! as the next

Example 19
A particle P of mass § kg is suspended from a fixed point O by an
inextensible string of length 2m. The particle is projected from its lowest
position A with & horizontal speed of u ms
Find:

i
(a) an expression in terms of u and @ for the tension in the string when the ; UAS

parice i at « pont B where LAOB =  (se digram) NP
(b) the restriction on u? if the particle s to perform complete circls. v

() Let the speed of the particle at B be v ms~' and measure PE from the
vel of A.

AtA: KE =1(8) () PE
=aull
AtB: KE = {®)0) PE = 8¢(2— 2 cos )]
e

By the Principle of Conservation of Encrgy
dut =4 4 8g2 - 2c0s0) (1
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Applying F=ma along BO gives:

T-8geos =87
T -8gcos =42 i)
From equations {1] and [2] it follows that:
4’ = T — 8g cos B+ 8g(2 - 2 cos )
T=4u® + 24g cos 6 — 16g is the required expression.

(b) For the particle to perform complete circles we require
50°.

We require:  4u’ + 24g cos 150° ~ 16 > 0
ie. > 10g

For the particle to pecform complete circles we require u” > 10g.

Example 20

A particle of mass kg is slightly disturbed from rest on the top of a smooth
hemisphere, radius 4m and centre O, resting with its plane face on
horizontal ground.

(a) Show that the partice leaves the surface of the hemisphere at the point
P, where the angle between the radius PO and the upward vertical is
cos”! (3

(b) Afer Eiaving the surface of the hemisphere the particie his  vertical
wall situated perpendicular to the horizontal diameter through O and at

5v3

a distance ofTsm from the centre of the hemisphece. Find the height

of the particle above the ground when it hits the wall
A

Qg

(@) Consider the particle at a general point B (sce diagram) and choose to
easure PE from the level of B.

AtA: KE=0

39
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By the Principle of Conservation of Encrgy

Sg4 ~ 4 cos 6)

2(@-4cos) .11
Applying F = ma along BO gives: 5g cos 0 — R

‘When the particl leaves the surface of the hanuplme R=0, giving

o
Sgcos 0=
J 0

Vi=dgcosd -
Substituting from [2] into [1] gives: 4¢ cos 0 = 2¢(4 4 cos 6)
cos0=3 and 0=cos (3)

Therefore when the particl leaves the surfuce of the hemisphere the
angle between the radius and the upward vertial is cos" (3).

(b) Since from [2] ¥* = 4g cos @ at the point at which the particle leaves the
surface of the hemisphere:

)

‘When the particle leaves the surface of the hemisphere it becomes a
projectile

with initial velocity ‘/? at an angle 0 below the horizontal.

wall

o G

T &
4

Note: o The horizontal distance travelled by the particle whilst in
contact with the surface of the hemisphere is

5
o

4sin
* The honzoma! distance travelled by the particle after it leaves
V3,

the surface of the hemisphere is 35 5f - L}fi VS
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Questions 4, 5 and 6 each involve a particle of mass Skg suspended from a fixed point O by a light
inextensible string of length 2m. The particle is projected from the lowest position, A, with the
horizontal speed indicated. In each case the speed of projection is such that the particle just reaches
point B and then returns through A and oscillates about the lowest position.

For each case determine the size of angle AOB, to the nearest degree.

4. - S. 6.
Lo ! v 4o
\ooa\ / \o& 7
eal B N
2 2Sms” S Se<Dbms
e B

Questions 7, 8 and 9 each involve a particle of mass 2 kg suspended from a fixed point O by a light
inextensible string nf length 20cm. The parice is projeted from the lowest positon, A, with a
horizontal speed of Sms-

Determine the !p«d of the particle and the tension in the sring for each of the positions shown
below

Questions 10, 11 and 12 each involve a particle of mass 5 kg suspended from a fixed point O by a light
rod of length S0 cm. The particle s projected from the lowest position A with the horizontal speed
indicated. Tn each case the speed of projection is such that the particle executes vertical circles, centre
o.

For cach situation, determine the speed of the particle as it passes through the highest point, B, and
determine the force in the rod at that instant, stating whether the rod is in tension or in ths

i o !
\ §| /
2| s/
~eBisma ~dcFoma Bms !
Ske Skg Ske

13. A particle of mass 5 kg describes complete vertical circles on the end of a light inextensible string
of length 2m. Given that the speed of the particle is Sms~' at s highest point, find:
(a) its speed at its lowest point
(b) the tension in the string when the string is horizontal
(©) the magnitude of the tangential acceleration when the string is horizontal.
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19. The diagram shows a particle of mass kg at rest inside a smooth,
vertical circular rim of radius 1-Sm, centre O. The particle is projected
horizontally with speed 10m " from the lowest point, A. Find the
speed o the partice and the magnitude of the resultant accelration
when the particle is at the point P where angle POA is:

@ 30
(b) 45
© 120

Xioms

20. A small bead P of mass 3kg is threaded on a smooth circular wire of
radius 2m and centre O, fixed in the vertical plane. The bead is gently
disturbed from rest at the highest point H of the
Find the angular speed of the bead and the magnitude of the reaction

tween the bead and the wire when:
(@) angle HOP = 30°
(b) angle HOP = 60
(© angle HOP = 90

A small bead P of mass 2k is threaded on a smooth circular wire
radius 1 m and centre O, fixed in the vertica
projected from its lowest position A with a horizontal speed of 10ms™
Find
(8) an expression, in tems of . for the magnitude of the esction
between the bead and the wire when the bead is at a point such that

angle AOP -
(b) 0 when the reaction between the bead and the wire is 200N.

Alight rod is pivoted at one end O and has a particle of mass 2kg
tiched o e ol ad. The eyt bt ot witsthe paile
vertically above O and released gen

Fond th et -t o whes e o ke an angle of 60° with the
upward vertical.

23. A particle of mass m kg is slightly disturbed form rest at the top of a
smooth sphere radius 3 metres and centre O. Find, o one decimal place,
the horizontal and vertical distances travelled by the particle from the
time it was disturbed until 0-5 seconds after it left the surface.

24. A particle of mass m is projected from the top of a smooth sphere of
radius r. In the subsequent motion the particle slides down the outside
surface of the sphere and leaves the surface of the sphere with a speed

orz\/’;’ Find:



the vertical distance travelled by the particle while it i in contact
with the sphere

(b) the initial spesd of projection

the speed of the particle when it s level with the horizontal diameter
of the sphere.

25. A small bead P of mass m is threaded on a smooth circular wire of
radius a and centre O, fixed in the vertical planev lnl!lally the bead is
held at rest at a point B, where OB is in angle of 30° to the
downward vertical through O. The bead is pm,m :nl from
perpendicular to OB with speed u so that P sarts describing a vertical
circle about O. A point C is on the wire and OC makes an angle 6 with
the upward vertical through O. Show that:

(a) the reaction between the wire and the bead at C has magnitude

'"T”!—mt(\@+3:mﬁ)‘

(b) the difference between the reaction n[ u.: wire on the bead at B and
he reaction of the wire on the bead af

)|

26. A particle P of mass s released from rest at a point B on the surface
of a smooth sphere, centre O and radius a. The line OB is inclined at an
angle of 30° to the upward vertical through O. Show that when OP
‘makes an angle 0 with the upward vertical:

() the reaction between the particle and the sphece is given by

‘m cos 6+

(6) the square of the angular speed of Pis £ (V3 ~ 2 cos ).

Find, also, the angular speed of the particle when it leaves the surface of
the sphere.

Exercise 13E Examination questions
(Take g = 9-8ms~* throughout this exercise.)
1. Ona level rac track a car can just go round a bend of radius 125m ata
e of 25ms~".
the cocfficicat of friction between the car and the track.
(NICCEA)

2. A particle moves with constant speed  in a horizontal circle of radius
on the inside of a fixed smooth spherical shell of internal radius 2a.
Show that u?/3 = ag. (AEB 1994)

Circular motion
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3. A circular track of radius r is banked at an angle 2 to the horizontal. A
motorcyclist travels around the track at speed ¥ without slipping.
coefTicient of friction between the tyres and the track is 4.
() Show that the least value of ¥ is given by
1 pglina—pcos )
(cos a4 jisin )

A fairground show called “The Wall of Death” consist of a large
cylindrical cage mounted with the axis vertical. A motoreyclist starts off
on the floor of the cage and, as his speed increases, steers the
motorcycle up onto the walls of the cage until he is riding around on the
vertical inside surface of the cage.

vertical axis

fe——20m

Cage walls

“The radius of the cage is 20 metres and the coefficient of friction

between the tyres and the walls of the cage is 0.

(i) Using the result of (i), or otherwise, find the least specd he must
‘maintain i he is t0 stay on the walls of the cage. (NICCEA)

4. A device in a fun-fair consists of a hollow circular cylinder of radius
3m, with a horizontal floor and vertical sides. A small child stands
inside the cylinder and against the vertical side. The cylinder is rotated
about its vertical axis nf smmetry
When the cylinder is rotating at a steady of 30 revs/min
the floor of the cylmd:r T Towcred 20 tat the e n ontats only
with the vertical si
Given that the child docs not s, find, corrct o two decimal places,
the coeflicient of friction between the child and the side.  (AEB 1994)

5. A child of mass 30kg keeps herself amused by swinging on a Sm rope
attached to an overhanging tree. She is holding on to the lower end of
the rope and “swinging” in a horizoutal circle of radius 3 m.

(@) Draw a diagram to show the forces acting on the girl.
(b) Find the tension in the rope.



338 Understanding mechanics: chapter 13

9. One section of a “Loop the Loop™ ride at an Adventure Park takes
passengers round a vertical circl.

‘The situation is modelled by considering a small bead 7 of mass m
threaded on a fixed smooth circular wire. The circular wire has centre O
and radius a, and its plane is vertical. The bead is projected from the
Towest point of the wire with speed y/g. When OP makes an angle 0
with the downward vertical, find

(@) the speed of the bead,

(b) the reaction of the wire on the bead. (AEB Spec)

. A smooth loop of wire in the form of a circle, centre O and of radius
0-3m, is fixed in a vertical plane. A bead of mass 0-Skg is threaded on
e wire and projected withspeed um' from he lowest. poit o the
wire 50 that it comes to instantancous rest at a height of 0-1 m above the
level of O,

the valu: ofu,

(i) the reaction of the wire on the particle when the particle is level

with 0. (WIE

A particle i free to slide on the smooth outer surface of a fixed sphere
of centre O. The particle is released from rest at a point 4 on the

sphere, where O is inclined at & to the upward vertical, 0 < x < %
Given that the particle leaves the sphere at a point 8, whzm oBis

inclined at f to the upward vertical, show that <22 ”

(AEB 1994)



£

The diagram hows heshapeof s o a e payground. The

section DE is straight and BCD is a circular arc of radius Sm. Cis.

hlﬂxns\ point of lhc arc and CD subtends an angle o[ JO‘ at Lht,mnu! For
hould not

i e any point. Neglecting any o moiion, fnd
() the child’s speed as it passes through C, given that it s on the point
of losing contact at C.
(i) the child's speed as it passes through D, given that it is on the point
o losing contact as it reaches D.
Find the greatest possible height of the starting point 4 of the slide
above the level of D, if a child starting from rest at 4 is not to lose
contact with the slide at any point.
Explain briefly whether taking resistances into account would lead to a
or smaller value for the greatest “safe height” above D, (UCLES)

A particie A is free to move on the smooth inner surface of a fixed
spherical shell of internal radius a and centre O, Given that A passes
through the lowest point of the spherical surfice with speed u and that
A leaves the surface when OA is inclined at an angle 2 to the horizontal,
and A is above the horizontal through O, show that

u? = ga(2+ 3 sin 2).
Given also Ihal A passes through O before next meeting the snr{am.
show that sinx = £ (AEB 1993)

A light inextensible string of length a has one end attached to a fixed
point O and the other end is attached (o a particle of mass 1.

When the particle is hanging in equilibrium it is given a horizontal
velocity of magnitude 2y/(ga). Obtain an expression for the magnitude
of the tension in the string when the particle is sill on its circular path
and the string has rotated through an angle 0.

Deduce that the tension in the string vanishes when the particle is at a
point at a height 3a above the level of 0.

Show that in the subscquent motion the partcle passes through a point
distant % a directly above 0. (AEB 1994)

Circular motion

339
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15. A smooth sphere, with centre O and radius . is fixed with its lowest
point on a horizontal table. A particle P of mass m, resting on the
sphere at its highest point, is given a horizontal speed /(}a). At the
instant when the fine OP makes an angle 0 with the vertical, the speed
of Pis . Show that, while P remains in contact with the sphere,

1ga(9 -8 cos 0).

Find, in terms of . g and 6. the magnitude of the force exerted by the

sphere on P, Hence show that P leaves the surface of the sphere when

0= cos” (3)

After leaving the surface of the sphere, P moves frecly under gravity

until it strikes the table. Find the magnitude of the horizontal

‘component of the velocity of P just before it strikes the table and show

that the magnitude of the vertical component of the velocity of 7 at this

instant s 7 y(5ga). (UCLES)

5

“The axis of a smooth circular cylinder of radius a is horizontal. Two
particles 2 of mass m and Q of mass 3m are joined together by a light
string of length | za and placed on the surface of the cylinder in a
vertical plane perpendicular to the axis. The point on the axis in the
vertical plane through both P and ( is denoted by O. Initially the
position of the particies is symmetrical about the vertical plane
containing the axis of the cylinder with both O and OQ inclined at an
angle of 45° to the upward vertical through . The partcles are released
from re
(3) Show, by using the cquation of energy or otherwise, that the speed v
of the particles when the angle between 0Q and the upwards
vertical s @ s given by
2v* = ga(2v2 - sin 6 - 3 cos ).
() () Show that in this position the reaction of the cylinder on @ is
)
(@) Find, i terms of m, £ .4, the resctionof e cyinder
n P and the tension in the string.
(@) Show, assuming that Q leaves the cylinder before , that it leaves
the eylinder before 6 = 70" (UODLE)

g (sin 0+ 5 cos 6




14 Momentum and impulse

Momentum

‘The momentum of a body of mass m, having a velocity v, is mv. If the units
of mass and velocity are kg and m s tespectively, then the units ol
momentum arc newton-scconds (N's). There is no named unit for
momentu in the way that there is for force (newton) and energy (joule)
Since the momentum of a body depends upon the velocity which which the
body is moving, momentum is a vector quantity.

Example 1

Find the magnitude of the momentum of
(@) a cricket ball of mass 420 g thrown at 20ms~
(b) a steam-roller of mass 6 tonnes moving at 0-4ms~"

@ momentum = mass x velocity
magnitude of momentum = 55 x 20 = 84N
‘The magnitude of the momentum is §-4N.
) momentum = mass x oty

magnitude of momentum = (6 x 1000) x

‘The magnitude of the momentum is 2400 N's

Changes in momentum

If the velocity of a body changes from u to v, then its momentum also
changes. The change in momentum can be found by considering the initial
‘momentum s and the final momentum my.

Example 2

Find the change in the momentum of a body of mass 2kg when its speed
changes
() 6ms (o 15ms" in the same dircction

(b) Sms~" to 3ms"" in the opposite dircction.

(@) Draw two diagrams.
Taking velocities to the right as positive, we find: il

tial momentum = 2 x 6= 12Ns

final momentum = 2 x 15 = 30N's

‘Thus the change in the momenturm s 18 N's

g gt



Momentiom and impulse

Impact

When a collision occurs between two bodies A and B, the force exerted on B
by A equal and opposite to the force exerted on A by B. This is another
example of Newton's Third Law. In the abseoce of any other forces acting
on the two bodies, the changes in the momenta of A and B will be equal in
‘magnitude, but opposite in direction. The gain in the momentum of one
body will equal the loss in momentum of the other body: hence, the sum of
the momenta of A and B before the impact will be equal 0 the sum of their
‘momenta after the impact. This is referred to as the Principle of
Conservation of Linear Momentum.

In dealing with examples on collision it s usually advisable to draw two
diagrams; one showing the situation before the collision and the other
showing the situation after the collision.

Since momentum is a vector quantity, the direction of motion of each body
‘must be carefully and clearly indicated 5o that the correct sign may

attached to the momentum. In some instances after colliding, two bodies are
said to coalesce. In such instances the bodies do not rebound from each
other, but they have a common velocity after the collision and move as a
single body.

Example 8
A body of mass 2kg moving on a smooth horizontal surface at 3ms~",
collides with a second body of mass | kg which is at rest. After the collision
the bodies coalesce. Find the common speed of the bodies after impact.

Let » be the common speed of the bodies after the collision.

Draw two diagrams.

ctore colision afe colision
3mat o —r

® ©

Taking velocities to the right as positive, we fin

momentum before collision = (2 % 3) + (1 x 0)

‘momentum after collision = 2+ 1) x v

By the Principle of Conservation of Momentum:

6+0=3 or r=2ms™.

‘The common speed of the two bodies after the impact is 2ms~!

£
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Example 9

‘The two bodies shown collide on a smooth horizontal surfuce.
value of v, the specd of the lighter body after impact.
before collsion afer coliion

Taking velocities to the right as positive, we find:

‘momentum before collision = (4 x 3) + (3 x 2)
momentum after collision = (4 x 2:5) + (3 x ¥)

By Conservation of Momentum: 12+6=10+3v or

After the impact the lighter body has a speed of 2§ ms".

Example 10
‘The two bodics shown collide on a horizontal surface. Find the speed v of
the lighter body after impact.
before colliion afeecoflsion
e ve—  tmele—

© O O C

Taking velocities to the right as positive, we find:

momentum before collision = (2 x 6) + (5 x (~4))
‘momentum after collision = (2 x (—¥)) + (5 x (1))

By Conservation of Momentum: 12-20=-2v~5 or 2v-3
50 v=1ims
‘The speed of the lighter body after the impact is
of motion is rever

ms, and i

Example 11
A body of mass 3kg, moving with velocity (2i — pms~', collides with a
body of mass 4kg. moving with velocity (~Si + 6)ms~'. After the collision
the two bodies coalesce. Find the common velocity of the bodies after the
impact.

Let the common velowity of the bodics after the impact be yms-"

20 - )+ 4(-Si + 6)

14421

v

‘momentum before collision

‘momentum after collision
By Conservation of Momentum: 141+ 21j = 7v
0 V=243
The common velocity of the two bodies after impact is (~2i + 3 ms~!
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Loss of energy

‘When bodies collide, there is no loss of momentum but there is a loss of
kinetic encrgy. Some of the kinetic energy possessed by the bodics is
transformed into other forms of energy at the impact, ¢.¢. heat and sound encrgy.

Example 12

Two smooth spheres A and B, of masses 150g and 350g, are travelling
towards each other along the same horizontal line with specds of 4m's~! and
2ms! rcspm:hvc\y. Alfter the collision, the direction of motion of B has

ried and it is travelling at a speed of 1ms~". Find the speed of A
ahe e calson a0d the Jos o ket ncrgy due 1 th colison.

Draw two diagrams showing the situation before and after the collision.

before collsion afer cosion

\u('

‘Taking velocitics to the right as positive, we find:

15(4) +0-35(~2)
150)+035(1)

By Conservation of Momentum: 06— 07 = 0-15v+035 or ¥

‘momentum before collision
‘momentum after collision

ms

Thus the speed of A after the impact is 3ms~". The negative sign indicates
tha the ‘after collision’ diagram shows the incorrect dircction of motion of
sphere A.

loss of kinetic energy

(O15)8 + 1(0-35)2° - [1(0-15)3 + 1(0-35)17]
=105)
‘The speed of A after impact is 3m s and the loss of kinetic energy is 1051

Example 13

A body A, of mass Skg, is moving with velocity (~4i + 3j)ms~" when it
collides with a body B, of mass 2kg, moving with velocity (3i ~ jjms
Immediately after the collision me xel»aly of Ais (21 +Pms. Find:
(@) the velocity of B after the col
(b) the loss of kinetic energy of e et due 0 the collision.

(@) Let the velocity of B after the impact be v~

momentum before collision = S(—4i + 3p+ 20 - )
4i+

1
‘momentum afier collision = (~2i + 1» +2r

By Conservation of Momentum: ~ 14 + 13j = ~10i + 5} + 2v
: 48

o v

“The velocity of B after the impact is (21 + 4j)ms".

M9
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() initial KE = § x S5 (8 +3) + 1 x2x (3 + 1%

28]

loss of KE

The loss of KE is 40,

Recoil of a gun

When a shot is fired from a gun, an explosion occurs in the barrel of the
gun. The explosion takes the form of expanding gases which exert a force on
the shot and an equal and opposite force on the gun.

Initially, the shot and the gun are at rest. The gain in momentum of the shot
after the explosion will be equal and opposite to the gain in momentum of
the gun.

In & horizontal direction therefore, the forward momentum of the shot is
equal to the backward momentum of the gun.

befors explosion after explosion
both gun and shot at est ry—— —n
‘momentum before explosion = M(0) + m(0)
momentum after explosion = mi(y,) + M(~¥)

By Conservation of Momentum: 0=y — My; or Mvy = my,

Example 14

A bullet i fired from a gun with a horizontal velocity of The
mass of the gun is 3kg and the mass of the bullet s 60 . Fodne m“ml
speed of recoil of the gun and the gain in the kinetic energy of the syst

Draw two diagrams.
befors explosion afterexplosion
both gun and shot at st re— ——baoms

e e
Taking velocities o the right as positive

momentum before explosion = 3(0) + (0-06)0)
momentum after explosion = 3(~¥) + (0-06400)
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By Conservation of Momentum: 0= ~3y + 24

The initial specd of recoil of the gun is 8m s~ and the gain in kinetic energy
due to the explosion is 4896 J.

Exercise 14C
In questions 1107,

colion betwecn two bodies A and B moving along the same siraigh linoon a
smooth horizontal surface. Find the specd v i each case.

before collsion ) Aftercolison
1wy atrest H ——
2 Bms . i v

® ®
® ®

2ms 2ms




1.

1.

2.

. Two smooth spheres A and B, of equal radii

. A body A, of mass kg,

. A body X, of mass 250, is moving with velocity (~2i + 3/m s~ whes

Momentum and implse

Two smooth spheres A and B, of equal radii and masses 3 kg and 1} ke

tively, are travelling along the same horizontal line. The velocities
of Aand B are Gims' and ~2ims-" respectively. The spheres collide
and after collision B has a velocity of 4im . Find the velocity of A
after the collsion.

and masses 180g and 100g
respectively, are travelling dircetly towards each other along 2
horizontal path. The initial speeds of A and B are 2ms~' and 6ms '
respectively. After collision both spheres have reversed their original
directions of motion and B now has a speed of 3ms~'. Find the speed
of A after impact and the loss in the kinetic energy of the system.

A body of mass 6kg, moving with velocity (8i — 4))ms~! collides with a
body of mass 2kg which is at rest. On collision the two bodies coalesce.
Find the common velocity of the bodics after the impact, and the loss of
kinetic energy of the system due to the collision.

A body of mass 500g, moving with velocity (2 — 4j)m s collides with
a body of mass 1500 g, moving with velocity (i + §])ms~". On collision
the two bodies coalesce. Find the common velocity of the bodies after
the impact, and the loss of kinetic energy of the system due to the
collsion.

A body P, of mass 4kg, is moving with velocity (2§ + 3)ms~' when it
collides with a body Q. of mass 3 kg. moving with velocity

(®) the velocity of Q aftr the collision
(b) the loss of kinetic energy of the system due to the collision

() the impulse of P on Q due to the collision.

moving with velocity (2 + 3)ms~* when it
collides with a body B, of mass 5 kg. moving with velocity (6 — 10 ms
Immediately after the collision the velocity of A is (3§ ~ 2j)ms~". Find:
() the velocity of B after the collision

(b) the loss of kinetic energy of the system duc o the collision

() the impulse of A on B due to the collision.

collides with a body Y, of mass 750 g, moving with velocity (5i + §j)m s
Immediately after the collision the velocity of X is (i + 9))ms~. Find:
(@) the velocity of Y after the collision

(b) the loss of kinetic energy of the system due to the collision

(©) the impulse of X on Y due to the collision.

A bullet of mass 20 is fired from a gun of mass 2-Skg. The bullet
leaves the gun with a speed of S00m s

Find the initial speed of recoil of the gun and the gain in the kinetic
encrgy of the system.

3
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25. A shell of mass Skg s fired I‘mm a gun of mass 2000ke. The shell
leaves the gun with a speed of
Find the initial speed of recoil e gun and the gai
energy of the system.

in the kinetic

26. A wooden stake of mass 4kg is t0 be driven vertically downwards into
the ground using a mallet of mass 6kg. The speed of the mallet just
prior to impact is 10ms~'. After impact the mallet remains in contact
with the stake (i.c. the weight of both mallet and stake aid penetration).
Find the speed with which the stake begins to enter the ground.

If the ground offers a constant resistance to motion of 1000 N, how far
will the stake penetrate on each blow? (Take g = 10ms~%)

27. Each part of the this question involves three smooth spheres A, B and
C. of equal radii, moving along the same straight line. A collides with B
and then B colldes with C. The diagrams show th stations before
any collision, after A has collided with B, and after B has collided with
C. Find the unknown speeds u and v in cach case

(@) Before collsion After Aand B have collided  After Band € have collided

Tmel 3med Ime | smel amed
5 ey =g

28. Two smooth spheres A and B, of equal radii and masses of 750 g and
1l resectvey, re ntally a et on 3 smooth horizonal sufce. A
i projected dircetly towards B with speed Sms~" and after coll
has not changed its direction of motion but has a speed of Tms ) The
collision sets B into motion and it goes on o strike a fixed wall at right
angles, the impact reversing B's dircction of motion and halving its
speed. B then collides agai reduces B 10 rest.
Find the final speed of A and the total loss in kinetic energy due to the
collisions.

29. Two smooth spheres A and B, of equal radii and masses m; and m
respectively, are moving towards each other along the same horizontal
line each with speed . After collision both spheres

original directions of motion and A now travels with

Show that 3m; >

Sphere B then smkts a fixed wall at right angles, the impact reversing
the direction of motion of B and halving its speed. Show that B will
again collide with A provided 3m; > 4m; .
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30. Three smooth spheres A, B and C, of equal radii and masses m,,
my respectively, lie at rest in a straight line on a horizontal surface
B between A and C. Sphere B is projected towards C with speed u and
C is projected towards B with speed 3u. The collision between B and C
reverses the direction of motion of sphere C which then travels with
speed 2u. Show that B will collide with A provided m; > 2.

‘What would be the necessary relationship between m; and m, for this
second collision to occur had A been given an initial speed of u away
from the other spheres?

Exercise 14D Examination questions
(Unless otherwise indicated take g = 98 ms~2 throughout this exercisc.)

1. A block of wood, of mass 2kg, is at rest on @ smooth horizontal table.
A bullet, of mass 0-1 kg. moving horizontally at a speed of 420ms™",
strikes the block and becomes embedded in it. Find the speed of the
block after the impact (UCLES)

2. A particle of mass 0.05 kg is moving with velocity 1-Sims™' when it is
given an impulse ’T‘{,’ N, where i and j are unit perpendicular
vectors. Find the speed of the particle after the impulse has been
applie
‘After the impulsc has been applied, ind the angle between the direction
of motion of the partile and the vector (AEB 1993)

3. A particle of mass 0-2kg moving with velocity (4 + 6 ms " reccives an
impulse which changes ts velocity to (7 + 2j)ms~!. Find the impulse
and the change in the kinetic energy of the particle. (WIEC)

4. A particle of mass 0-2kg is moving with velocity (51 + 7ms~" whenan
impulse J is applied 1o it so that ts velocity becomes (81 — 3j)m
Find J and the kinetic energy of the particle immediately after m:
impulse has been applicd. (AEB 1990)

5. A body A, of mass 2kg, is moving with velocity (~2i + 4i)ms" when it
collides with 2 body 5, of mass 3kg, moving with a velocity
(3i+ 4 ms~". During the collision the two bodies coalesce.
(@) Find the wlity of the combined body immediately after the
collision, in terms 3
®) Calclate the loss of inetc energy a a result of the colson.
() Find the impulse exerted on the body B by the body 4 in the

collision. (UODLE)

6. A toy train consists of an engine of mass 0-2kg and a carriage of mass
0-1 kg. While travelling along a straight section of track at a constant
speed of 0-6ms~" the engine collides with the stationary carriage. After
the collision the engine and the carriage coutinue along the track together,
() Find the speed with which the combined engine and carriage move
after the collision.
(i) Find the impulsc exerted by the engine on the carriage. (NICCEA)

355



15 Elasticity

Elastic strings

In the situations in preceding chapters the strings connecting bodies, passing
over pulleys or maintaining cquilibrium etc. have been said 10 be
inextensible. This assumption allowed us to model the situation and to use
our mathematics to determine solutions. However, in some cases it would be
quite inappropriate for our model to assume a string to be inextensible. Tt
ould be that the “stretchiness” of a string i the very property that makes it
suitable for a particular situation.

In this chapter we are going to consider strings that are said to be elastic.
‘This implies that they can be stretched and will regain their natural length
once the stretching force has been removed. In this way a more “refined”
‘model of a situation can be considered.

‘The reader should note that our model will stll involve many assumptions.
‘The fact that the string will regain its natural length once the stretching
force has been removed is an assumption. We continue to neglect air
resistance and, when applying energy principles, we will make no allowance
for energy expended as noise and heat, However, our aim is not necessarily
to produce a model that is correct in every detail but rather to find one that
takes account of all the significant features and that allows us o use our
‘mathematics to determine solutions. The appropriateness of the model can
then be checked by comparing the outcomes predicted by the model with the
real-life situation.

Hooke’s Law

“This law states that the tension in a stretched string is proportional to the
extension of the string from its natural (or unstretched) lengtl

tension o extension

This s usually written in the form:

7

where T'is the tension in the string, x is the extension and /is the natural
length of the string. The constant s called the modulus of the string;
considering the units in the above equation, it is seen that the units of 4 are
those of force, i.c. newtons.
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Example 1

An elastic string is of natural length 3m and modulus 15N, Find:

(@) the tension in the string when the extension is 40cm

(b) the extension of the string when the tension is 3N.

@ extension = 40em = 04m  modulus
natural length = 3m tension

NG

Using Hooke's Law gives:

T
7
S r=15x @ on
3
The tension in the string is 2N.
®) extension = ¥ ‘modulus
natural length = 3m tension

Using Hooke's Law gives:

‘The extension of the string s 60cm.

Elastic springs

Hooke's Law also applies to an elastic spring which is either stretched o
compressed.

‘When a spring is compressed Hooke's Law gives the rhrust in the spring due
10 its compression to a length which is less than its natural length.

Example 2
A spring is of natural length 1-5m and modulus 25 N. Find the thrust in the

spring when it is compressed 10 a length of 1-2m.
natural length = 1-Sm. modulus = 25N
2 thrust = T

compression = 1-5~1
03

Using Hooke's Law gives:

T
T
r-25x 02

15
To5N

The thrust in the spring is SN



Equilibrium of a suspended body

‘When an elastic string has one end fixed and a mass attached to its
other end so that the mass is suspended in equilibrium, then the string
is stretched by the force due to the mass.

Resolving vertically gives:
Using Hooke's Law gives:

Hence

Example 3

Alight elastic string of natural length 75 cm has one end fixed and  mass of
800 freely suspended from the other end. Find the modulus of the string if
the total length of the string in the cquilibrium position is 95cm.

In the equilibrium position

Resolving vertically gives: T=08¢

Using Hooke's Law gives: T

T

(095 -075)
075

RN
‘The modulus of the string is 3¢ N.

Example 4

Alight elastic spring has its upper end A fixed and a body of mass 06 kg
attached to its other end B. If the modulus of the spring is 45¢ N and its
natural length 15, find the extension of the spring when the body hangs

s pulled vertically downwards o C, where
BC = 10cm. Find the initial acceleration of the body when it s released
from this position.

Resolving vertically gives: T=06¢

Using Hooke's Law gives:

D= 43¢ x 5

12m

Elasticity

¢
i
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When B is pulled down 10cm, the total extension is then 30.cm.

Using Hooke's Law gives:  T'=4:5g x “L‘:
=09

Using F = ma gives: 09 ~ 0.6g = 06a
a=% or 49ms?

The extension in the equilibrium position is 20cm and the initial

aceeleration when the body is pulled down and released is 49m's~,

Example §
A body of mass M kg lies on a smooth horizontal surface and is connected
102 point O on the surface by a light elastic string of natural length S0cm.
and modulus 70N. When the body moves in a horizontal circular path
about O with constant speed of 3-5ms~", the extension in the string is
20cm. Find the mass of the body.

String
natural length = S0em = 05m & 35ms
extension = 20cm = 0-2m =
‘modulus = 70N
tension = T
Using Hooke's Law gives: e T0m—

02
T=70x22=28N  ..{1

o ]
But the tension 7 provides the force towards O necessary for circular
‘motion

="

Y S
TM07

From equations [1] and (2]
(€5

-5)
28=Mx
07

M=16

The mass of the body is 16kg.
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15. A particle of mass Sk is attached 10 one
end of a light clasti string of natural length

‘m and modulus 4 N. The other end of the

string is fastened to a fixed point O at the
top of a smooth slope that is inclined at
tan~' 3 to the horizontal. The particle is held
on the slope ata point that is 2:5m from O
down a line of greatest slope.

released from rest, find its

What would the acceleration have been had
the slope been rough, cocfficient of friction
0257

H

Alight elastic string has one end fixed and a

acting on the body, the system is in
equilibrium with the string extended to twice
its natural length and making an angle of
30° with the downward vertical. Find the
modulus of the string and the value of X.

A body of mass 4kg lies on a smooth
horizontal surface and is connected to a
point O on the surface by a light elastic
string of natural length 64cm and modulus
25N. When the body moves with constant
speed vms~" in a horizontal circle with
centre O, the extension in the string is 36 cm.
Find v.

A body of mass Skg lies on a smooth
horizontal surface and is connected to a

int O on the surface by a light elastic
string of natural length 2m and modulus

30N,
Find the extension in the string when the
body moves in a horizontal circle with centre
O ata constant speed of 3ms~".

A and B arc two fixcd points on the same,

horizontal level and distance 48 cm apart. A

light elastic string of natural length 40cm

has one end attached to A and the other to
body of mass 200g s atached (0 the

mid-point of the string and

equilibrium at a point 7cm elow the el

of Aand B.

Find the modulus of the string.

. A body of mass m lies on a smooth

horizontal surface and is connected to a
point O on the surface by a light elastic
string of natural length / and modulus 4.
When the body moves with constant speed ¥
around a horizontal cirular path, centre at
O. te extension i the sring

Potential energy stored in an elastic string
The work done n stretching an clastic string is smr:d in the string. Thls stored

energy can

40 doing,retum t0its natural Iength. This i the wxy  catapult work. I
first stretched, storing energy. Then when the clastic is allowed 1o return (0 its
naturallength the cnergy reappeas a3 tbe kinetecuergy ofthe e fired

om the ca

tapult. The stored energy is another form of

enerty becausethestreiched spring ha the potential 10 80 ok, B c

Consider an elastic string of modulus 7 and natural length /, with
one end attached to a point A and the other to a particle resting ]

on a smooth surface (see diagram).

fxis 2 nsider the particle i
ata point B, where x = 0, and pulied to a point C, where x = a.
To determine the energy stored in the string we need to find the

work done by the force in stretching the string.

Consider BC to be divided into a large number of very short steps,
each of length dx. A typical step is shown (enlarged) as PQ in the.

diagram on the right.

iﬁ,‘—
T

B
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Conservation of energy for an elastic string
We can introduce the potential energy of an elastic string into the Principle
of Conservation of Energy. If there is no work used in overcoming friction
and the only external force which does work is gravity, then

‘potential energy
stored in spring

potential energy |,

totalenergy = | Tgue 1o gravity

s cory | onson

For solving certain types of problem it s useful to write the Principle of
Conservation of Energy in the form:

initial total energy = final total energy

Example 7

A light inclastic string has natural length 2m and modulus 15 N. One end

of the string is attached to a fixed point, and a body of mass 3 kg hangs

from the other end.

(a) Find the extension of the string when the body is in equilibrium.

(b) The body is pulled down a further 10cm and then released. Use the
Principle of Conservation of Encrgy 10 determine the speed of the body
as it passes through the equilibrium position.

(@) Consider the body at the equilibrium position, E,
and let the unknown extension be x metres.
Resolving vertically gives ™
Using Hooke's Law gives: o
o1m
- eessepnt (P) -
“The extension in the equilibrium position is 40cm. 3N

Let the required speed be yms~! and measure the gravitational
potential energy from E.

AP

ALE
KE

PE due to gravity

PE duc to gravity

PE in the string PE in the string

total energy at P




Hlasticiry

By the Principle of Conservation of Encrgy:
total energy at P = total energy at E
ie o6375g = 06g + 22

‘The speed of the body as it passes through the equilibrium position is
0495ms"!

Potential energy of an el:

tic spring

“The work done in compressing a spring by a distance a from its natural
Jength s the same as the work done in extending it a distance a. The same
expression for stored energy is therefore obtained whether the spring is
stretched or compressed. If the extension or compression is a, then the
energy is 2. 1f x is the coordinate of the end-point measured from the
unstrained position, then x may be positive (for stretching) or negative (for

compressing), hnnh:energy.(? is always positive.

Example 8

A body of mass 3kg slides on a smooth horizontal surface, and s attached
10 fixed point A by a horizontal spring of natural length 0-5m and
modulus 400N. The body is puled out 5o that the length of the spring
becomes 0-6m, and is given a velocity of 4ms~" towards A.

Find:

(3) the maximum compression of the spring in the subscquent motion

(b) the maximum extension of the spring in the subsequeat motion.

(a) The diagram below shows the position of the body located by a
coordinate x measured from the equilibrium position.

05 M0 a—
i eime
I T T 3
A ] R
v, epitbrom il
flimnsi Tovton otion

During the motion the total energy, which in this case consists only of
the kinetic energy and the energy in the spring, remains constant.
Atnital position:
total energy = KE +energy stored in spring
L
2
_ O, 40001
2 20-5)
=28J

367
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At maximum compression the velocity of the particl is zero:

total energy = KE + energy stored in sprng

ERE]
| 002

2205
400

The total energy does not change,

s0 4007 =28
giving x= 4026

‘Thus for maximum compression
~026

‘The maximurm compression is 0-26m.

(b) At maximum extension the speed, and hence the kinctic energ
just s it was at maximum compression. Thus e

uating the ini

.

(negative due to compression)

is zero,
energy

with that at maximun: extension will again given equation (1] above,

‘Thus, for maximum extension: x

The maximunm extension is 0-26m.

Exercise 15B
1. An clsic g s ofsatural kgt 2 nd
modulus 10N.
Find the energy stored in the string when it
extended to a length of 3m.
2. An elastic string is of natural length 1 m and

Find the energy stored in the string when it
is extended 10  length of 1-3m.
3. Find the work that must be done to stretchan
elastic string of modulus 200N from its nataral
gth of 2m 10 a stretched length of 25 m.
4. Find the work that must be done to
g of modulus 00N from its
natural length of 10cm 1o a shortened length
of §

m,

5. Aspring s of natural length S0cm and.
odulus 60N,

How much cnergy is released when the length

of the spring is reduced from 1-Sm to 1 m?

An elastic string is of natural length 4m and

‘modulus 24N.

Find the work that must be done 10 stretch

the string from a length of Sm 0 a lengih of

6m.

+026  (positive due to extension)

7. Alight elastic string s of natural length
50cm and modulus 147 N. One end of the
string is attached to a fixed point and a body
of mass 3kg s freely suspended from the
other end.

Find:

(a) the extension of the string in the
equilibrium position

(b) the energy stored in the string.

. A body lies on a smooth horizontal table
and is connected o a point O on the table
by a light elastic string of natural length
1:5m and modulus 24N, Tnitially the body
ties at a point P 1-Sm from O. The body is
pulled duecl!y ey from Oand held at a

point Q m O, and then released.
Find:
(a) the initial energy stored in the string

body is at

(b) the energy stored in the string when
the body is held at

(@) the kinetic energy of the body as it
passes through P after relcase from Q.



‘The diagram shows a body of mass 2kg

fireely suspended from a spring of natural

length 75 cm and modulus 6¢ N, the other

end of which is fixed to a point A. The body

lly hangs frely in equilibrium at a

point B. It is then pulled down a further

distance of 25cm to a point C and released

from rest.

Find:

(@) the distance AB

(b) the energy stored in the spring when the
body rests at B

(©) the energy stored in the spring when the
body is held at C

(@) the kinetic energy of the body when it
passes through B after release from C.

Elastic impact

10.

Flasticiry 369

][] :

The diagram shows a body A of mass 480g
projected along a smooth horizontal surface
with speed 2ms to collide directly with a
body B of mass 320, initially at rest. B is
attached 10 a fixed wall 20cm away by a
spring of natural length 20cm and modulus
36N. After the collision, A and B move on
together and the thrust in the spring brings
them momentarily to rest before accelerating
them away from the wall
Find:
(@) the common velocity of A and B
immediately after collision
(b) the length of the spring when A and B
are momentarily at rest.

In the last chapter the collision of two elastic bodies in motion was
considered, using the principie of conservation of linear momentum
“Fhere is another law which involves the cocflicient of restitution of the
bodies and their relative speeds before and after impact. This is known as

Newton's Experimental Law.

‘The coeflicient of restitution e for any two bodies is a measure of their

elasticty.

1t depends upon both of the bodies and the material of which they are
made.

Newton's Experimental Law states that

speed of separation of the bodies
speed of approach of the bodies

‘With the law stated in this form, both the numerator and the denominator

of the fraction are positive quantitis.
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For (d) to (), find the speeds u and v (e s given for each part)

@ e

M) e=

®r @ @ @F @

2. Two particies A and B of masses 200 g and 500g respectively, are
ight I urface.

ly gat6ms~, catch B
which was initially travelling at 2m s, After the collision, A has not
changed its direction of motion but now has a speed of 1 ms~!. Find the
speed of B after collision and the coefficient of restitution for the particles.

3. Two spheres A and B are of cqual radii and masses 1 kg and 1-Skg
espetively. A and B mov tomards esch odber sl the s srigh
line on a smooth horizontal surface with velocities 2ims~' and ~ims-'
respectively. If the coefficient of resttution between Nand B3 S
the velocities of the spheres after collision.

4. Two spheres of equal radii and masses 250g and 150 are travelling
towards cach other along a straight line on a smooth horizontal surface.
Initally, the 250.g sphere has a speed of 3ms~* and the 10 sphere a
speed of 2m . The spheres collide and the collsion reduces the 250,
sphere to rest. Find the coefficient of restitution between the spheres
and the kinetic energy lost in the collision.

. Twopatces A nd B of mascs n and mrspstivelyare svellog
each with speed . I
restitution between the spheres is 4, show that after collision, A is ul rest
and B has speed u. Find the loss in kinetic energy due to the collision.
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6. Each part of this question involves three smooth spheres A, B and C, of
equal radii, moving along the same straight line. A collides with B, and
then B collides with C. The diagrams show the situations before any
collision, after A has collided with B, and after B has collided with C.
Find the speeds u, v, w and x.

(a) €=} between any two spheres in collision.

Before colision © Afler A and B bave collded After Band C have colided

toms! 2mel gme

® Bﬂ\vanandBr:i
i

my!

PORROSE

Between Band C

smet o amst pms
e, Ame

7. Three particles A, B and C of masses 80g, 200 g and S00g respectively,
are all travelling in the same ditection along the same straight line on
smooth horizontal surface Initially the speeds of A, B and C are

! pectively, and B lies between A and C; A

. B collides with C.

IF the coefficient of restitution between any two particles colliding is §,

find the final speeds of A, Band C.

8. A, B and C arc three spheres of equal radii and of masses of 750g,
500g and | kg respectively. The spheres are travelling along the same
straight line on a smooth horizontal surface with B between A and C.
Initially the velocities of A, B and C are Sims~', ~3ims-

4ims1 respectively, where i is @ unit vector in the direction ABC
The cocficient of restitution between A and B i and between B
and Cis

Find the velocitics of A. B and C after all ollisions have taken place.

9. Two particles A and B are travelling in the same direction along the
same straight line on a smooth horizontal surface with speeds of 2u and
u respectively. Particle A catches up and collides with B, coeflicient of
restitution ¢.
If the mass of A s twice that of B, find expressions for the speeds of A
and B after collision.

10. Two identical spheres cach of mass m are projected directly towards
cach other on a smooth horizontal surface. Each sphere is given an
intial spesd ofu and the coefficient of restitution between the spheres

Show tht the collsion between the two sphers causes a loss in
Kinetic energy of mi(1 —



) A smooth sphere collides normally with a fixed vertical wall. From the
information in the diagram find the speed v of the sphere after impact.

before impact

—pims !

speed of separation
speed of approach

The speed after impact is 1-5ms™!

Example 14

‘Two spheres A and B of equal radii are initially at rest on a smooth
horizontal srface; ey have mases of 05k and 04 kg respctvely. They
are profted towards esch b with pssds of s

respectively, the coefficient of restitution being 3. + B collides
normally with a fixed vertical wall, the coefficient ol restaton between B
and the wall being 3. Find the velocities of A and B after the first impact
between them and after the second impact between them.

before impact after impact

—>1m\‘ B

me ne— —

Newton's Law gives:

By the Principle of Conservation of Momentum (taking velocities to the
right as positive):

0:5(3) 4 0:4(-2) = 0-5(=1) + 0:4(v2)
[ .
Solving equations (1] and [2] simultancously gives:

w=3mst and v =lms

Elastcity

an



378 Understanding mechanics: chapter 15

Hence B now approaches the vertical wall with a speed of 3m s

before impact after impact
—3ms! re—
@ et

Newton's Law gives:
R

2ms!

Hence B now leaves the wall with a el ol 2 ms~ and therefore collides
again with A which has & speed of 1 m.

before impact after impact

2me!

oo & @

Newton's Law gives:

4= 5= S Bl
By the Principle of Conservation of Momentum (taking velocities to the left
as pasitive):
05(1) +042) = 0:5vy + 0y
13.= Suy 4 4v, L
Solving equations [3] and [4] simultancously gives:

s=18ms” and v

The velocities of A and B after the first impact between them are 1 ms~!
and 3ms~", and after the second impact between them are 1-8m's~" and
Ims~! respectively, in the directions indicated in the diagrams.

Setting up the model

Remember that if & question requires you 10 “set up the model” you should
clearly state any assumptions you are making.

Example 15

A ball is dropped from a height of I m. Set up » mathematical model to
determine an expression for the time for which the ball will bounce in terms
of e, the coefficient of restitution between the ball and the ground. Clearly
state any assumptions you make.
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Step 1. Set up the model.

o Assume that there is 10 air resistance.

o Assume that the motion s vertical

« Consider the ball as  particle 5o that rotational considerations can be
neglected.

o Assume that whilst the ball is in Nlight (i.c. excluding collisions with
ground) energy is conserved, and that such ‘motion only involves
gravitational potential energy and kinetic et

o Rsume the bl bounces o a “hard horizontl surfce.

Step 2. Apply the mathematics.

Suppose the ball is released from some point A, see diagram. &
Point B is on the ground and vertically below A. Suppose the T
ball reaches the ground with speed i

vertical motion, from A to B.

Use (+yai

1= +en’

Let 3, be the speed imme
collision (see diagram):
Newton's Law gives:

before impact  after impact

n

——

Suppose that the ball just reaches point C on its first rebound. =

vertical motion, from B 1o C. ©
VE ms

Use
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The time for the ball to travel from C back to B will also be 1. Therefore

the total time for the ball to travel from B to C and back to B is ze‘/;
s

3 2

Repeating this process for subsequent bounces gives 1

The total time T will be: 1+ 2(1x + fy + fs +

Prtefesfonf)
- fesasens

(L+e+¢ +...)is an infinite geometric progression
common ratio e, so

2
2 [l + Ze(
g
_ (| + e)
w\i—e
In this particular model an assumption is being made that the ball will make
an infinite number of bounces in a finite time.

)

first term 1 and

A graph of T against ¢ is shown below:

7

1
|
|
i
1
i
1
1
1
1
|
1
1
i
1
1
1
1

The graph shows how 7 will increase as e — 1.
Practically, this means that if a rubber ‘bouncy ball” is used with e ~ 09,
then the total time of bouncing will be greater than if a snooker ball is used
with ¢ 0-1 and on the same surface.

In order to & reali i d be
carried out practically. However, in a practical situation, it is difficult to
determine when the motion of the ball has changed from bouncing to roling.
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Example 16

Simon is intrigued by the mathematics of his Newton's Cradle, a

device involving two suspended spheres A and B (see diagram). He
explores various mathematical models for the situation to see what cach
‘model predicts for the behaviour of the two spheres after collision.

In one such model he assumes that both linear momentum and kinetic
energy are conserved in the collision.Set up such a model, determine
the behaviour of the masses after collsion, as predicted by the model,
and investigate what these predictions mean for the value of e the
coeficient of restitution for the spheres.

Step 1. Set up the model.

© Assume that there is no air resistance.

 Consider each sphere as a particie.

« Assume the two spheres are identical, each with mass m.

« Assume that the collision involves no loss of kinetic energy.
 Assume that the collision involves no loss of linear momentum.

Step 2. Apply the mathematics.
Suppose the before and after situations are as follows:

Befoe colision Aercolison
o u vy o

®
mass s mass mass
m m m m

By the Principle of Conservation of Linear Momentum
(taking velocities 10 the lefl as positive):

= vy +
u=vatr U]

By the Principle of Conservation of Kinetic Encrgy;

L+ b

‘Thus cither o = 0 and, from 1], v
before collision)
0 and, from (1],

‘Thus, according to this model, after the collision A moves with speed u and
Bis stationary. The collision reduces B to rest and it does not swing past its
vertical position. Those familiar with this cradle idea will know that this is a
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£00d approximation to what happens. However, some energy will be lost in
collision and there wil be some resistance to motion so A will not quite rise
to the same height that B was released from and eventually the collisions
will cease and the spheres will come to rest.

speed of separation

By Newton's Law:
speed of approach

The assumptions made by our model require the coefficient of restitution
between the spheres to be |

Exercise 15D
1. Each part of this question involves  smooth sphere colliding normally with a fixed vertical wall
‘The diagrams show the situations before and after collision.
For (a) and (b), find the coefficient of restitution e.
before collision after collision

smed ot

OkEQOEL
Ot

' E

O

For (¢) and (d), find the speed v after impact (e is given for each part)

O |
e

3
@ e ZO
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For (¢) and (7), find the speed u before impact (e is given for each part).

before collision after collision

2. A body moves horizontally with velocity 6im s~ and strikes a vertical
wall normall
IF the coefficient of restitution between the body and the wall is 075,
find the velocity of the body after impact.

3. A body is moving horizontally with velocity i
vertical wall normally and rebounds with veloci

when it strikes &
—dims™!
Find the coefficient of restitution between the body and the wall.

4. A particle is initially at a point A on a smooth horizontal surface
midway between two walls which are paraliel to each other and
2 metres apart. The particle is projected from A with a speed of 2ms™"
in a direction perpendicular to the walls.
If the coefficient of restitution between the particle and each wall is £,
find the time taken for the body to return to A having touched each
wall once and once only.

5. Two spheres A and B of equal ra lly at rest on a smooth
‘horizontal surface. A is projected duealy towards B with a speed of
10ms~" and the collision between the two spheres reduces A to rest. B
continues after collision to strike a fixed vertical surfuce at right angles
and rebounds to hit A again. The coefficient of restitution between A
and Bis § and between B and the wall is §

If A has a mass of 200g, find the mass of B and the speeds of the
spheres after the second collision between them.

6. A and B are two spheres of equal radii and masses 750g and 600g
respectively. The spheres are moving dircctly towards each other along a
smooth horizontal surface with A travelling with a speed of 6ms~'

B with a speed of 4ms~'. The spheres collde (coefTicient of restitution
4) and the collision reverses the dircction nl motion of sphere B which
then stikes 3 Fxd vertialwalat ight ang

I the coeflicient of o besween B and the wall s 3, show that B
will collide again wuh i Find the specd of A and B aer this
second colision.

383
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7. A particle of mass m is travelling in a straight line with speed u along a
smooth horizontal surface. The particle strikes a fixed vertical wall, the
plane of the wall being at right angles to the direction of motion of the
particle.

1 the kinetic energy lost by the particle due to the impact s £, show
that the coefficient of restitution between the particle and the wall is
E'

o

8. Two spheres A and B, of equal radii and masses of 2m and m
respectively, are cach travelling with speed u towards each other on a
smooth horizontal surface.

I the coefficient of restitution between A and B is e, show that:

@ ife g, then A s reduced to rest by the collision

(b) if e; >}, both spheres will have their original directions of motion
reversed by the collsion.

With ¢ > 4 and B going on after collision to hit a fixed vertical wall at

R Y ]
26—
1+ 4
the wall

o> . where e is the coefficient of restitution between B and

9. Two spheres A and B, of equal radii and masses 500g and 200

B eres
collide and the coefficient of restitution between them is 0-75. The
collision reverses the diection of motion of B which then strikes a wall
‘normally, coeflicient of restitution 0-S. The first collision between A and
B takes place 3m from the wall.
(a) Show that there will be a second collision between A and B,
(b) Find the time interval between the first and second collisions

the spheres.
(©) Find how far from the wall the second collision between A and B

occurs.
() Find the speeds of A and B after the second collision between them.

10. Sandra releases a ball from a height  above the floor, and John
‘measures the height 7 to which the ball rises. The results of their
experiment are given below for two different types of balls:

type A type B

Set up a model to determine the coefficient of restitution between the
two different types of ball and the floor.

A ball is dropped from a height of | m. Set up a mathematical model to

determine an expression for the total distance the ball travels in terms of
e, the coeflicient of restitution between the ball and the ground. Clearly

state any assumpti
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16. The diagram shows two small, smooth
spheres, P and Q, moving towards each
other in the same straight linc on @ smooth
horizontal surface. The mass of P is 2m kg,
and the mass of Q is Smkg. Their speeds,
prior to the ensuing collision, are um s~ and
3ums respectively. The coefficient of
restitution between the spheres is .

In the collision the direction of the motion
of Pis reversed. Thereafter P moves at

vms~ and Q at wms~', both in
direction QP.
Show that v = § (20 + 13), and find  in

terms of ¢ and w.
@) () Detsmine the value of e for which
= 3u

(i Show that there i no value of e for
which  is brought o rest by the
collsion, and determine in terms of
u the least possible value of .

(b) Find, in terms of m and
expression for the total kinetic energy
of both particies before the collision.
Hence show that, in the case when
=075, the kinetic energy lost during
the collision is S joules.
State one way in which energy can be
lost during a collision of this kind.
Inthe case when ¢ = 04, determine the
magnitude of the impulse which acts on 0.
(UODLE)

17. A sphere P, of mass m, is moving in a
straight line with speed u on the surface of &
smooth horizontal table. Another sphere Q.
of mass Sm and having the same radius us 7,

initially at rest on the table. The sphere P

strikes the sphere Q directly, and the

direction of motion of P is reversed by the
impact. The coefficient of restitution

between Pand Q is .

(@) Find an expression, in terms of u and e,
r the speed of P after the impact.

d the set of possible values of e.
(ULl

EAC)

18. Two uniform smooth spheres A and B have
equal radii but are of masses 1 and 4m
respectively. They are at rest on  smooth
horizontal floor with their linc of entres
perpendicular to a smooth vertical wall and
with A lying between  and the wal,

A projected away from the wall long the
lines of centres towards A with spee u. The
coeTen of siuion betven the speres
is . Find the speed of B after the impact
and find the condition that ¢ has to satisfy in
order that A moves towards the wall after
impact with

Given also, that the coefficient of restitution
betwesn A and the wallis ¢, find,in terms
of e, the range of values of ¢ such that there
will be a second collision betwee A and 5.
Find the values of e and ¢ such that, after
the st colliion, # has specd 24 and, afer

the collision with the wall, 4 has speed 2%,

Determine, in this case, the kinetic energy of
the system immediately before the second
impact of the spheres (AEB 1990)

‘Three small bodics, A of mass m, B of mass
2m, C of mass m, are such that 4 is
connected to B and & to C by two equal

i odies lie

order in a straight line on a smooth
horizontal surface. Body C'is given a speed u
along the surface away from B and A. The
strings do not impede the motion of the
particles when slack.

(@) Find the speed with which all three
bodies begin to move together,

(b) The motion of A, B, and C is in a line
perpendicular o a fixed plane barrier
and the body Cis nextin  perfectly
elasti collision with the barrier. The
coefficient of restitution between the

P

(i) Show that after Cs collision with B
its speed is u - and determinthe
speeds of A



(ii) Show that the total momentum of
ﬂm bﬂdl:s after C's coll\smn with B
and say where
mormentum of he bodxes has been
[

lost.
(<) What happens next? Give reasons.
(UODLE)

“Three small smooth spheres 4, B and C, of
equal radii and masses m. 2m and Im
respectively, are placed at rest with their
centres in a straight line, , on & smooth
horizontal table with 8 between 4 and C.
‘The sphere A is now projected along |
towards B with speed Su. Given that, after
the collision between 4 awd B, Bmoves
towards C with speed 3u,
@ the magnivude and diretion of the
after impact,
(b) the coefTcient of restitution between A

and B,
(©) the loss in kinetic energy due 10 the

collision between A and 5.

ere B now moves to collide with C

and, as a result, C receives an impulse of
‘magnitude 4mu. Find the velocities of B and
C after their collision and the coeflicient of
restitution between them. (AEB 1991)

A circular groove, of radius 0-5m, has been
cutiin a horizontal surface; the points 4 and
Bare at the opposite ends of a diameter of
the groove, Two small smooth spheres 7. Q,
with equal radii and masses 0-01 kg and
002kg respectively, are constrained to move.
round the groove. Initially P and Q are at
rest at A and B respectively. The sphere P is
projected from A, along the groove, so that
its speed immediately before collision with @
is wms~". The coefficient of restitution

Elasticiry 389
between the spheres is 1. Find, in terms of u,
the speeds of P and  immediately after
collision.
(a) Assuming that the groove is smooth and
u= 12, find the time that elapses
before the spheres next collide.
Assume now that the groove is rough
and that P and Q are at rest at A and B
respectively. The sphere P is projected
from A with speed 12ms™" and the
speed of Q immediately afier collsion is
3ms. Find
i) the impulse acting on P during its
collision with
(i) the work done by friction as P
travelled from A t0 B (WJEC)

22. A small rubber ball is held at height  above
a smooth level floor and released from rest
at time ¢ = 0. If the coefficient of restitution
betwen the bl and the floa s . show that
after the first bouce the bl i
height fy, where A = e*h.
‘The ball continues to boun
Lo et Show th he total dstance rvelied
by the ball from initial release 1o rest is

z

Find

(i) the time when the ball first hts the floor,

(i) the time between the first and second
impacts of the ball on the floor,

Show that the ball comes 1o rest when

(OCSEB)

for[x[< 1.




Use of calculus
() Given
and

7
When 1=1, a=8-6(1)=2ms"

The acceleration a is 2m s~ when ¢ = 1.

Acceleration as a function of time

In order to obtain an expression for the velocity when the acceleration is
given as a function of time, the process of integration has to be employed:

=f)

far J/mm
or v= J/(I)dw constant

‘The value of the constant can only be determined if more information is
given in the question.

Example 2

A body moves in a straight line such that a = 4, and initially, . when
£:=0, the velocity of the body is 3ms™". Find

(@) awhenr=5s

() v when 1=2s.

@ Given
when =5, a=45)=20ms"

‘The acceleration a is 20ms~ when 1 = 5.

(b) Given n 4
J4rdl
or 24C
butwhen 1=0,v=3
Thus 3=207+C

- +3 onsnbsnmlmgfor(‘
When (=2, vo207 +

‘The velocity vis 11ms™' when 1 = 2s.
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‘The relationships between displacement s, velocity v and aceeleration a may
be shown as follows.

DIFFERENTIATE with respect to 1

Displacement —— Velogty —  Acceleration

INTEGRATE with respect t0 1

Thus if s is given as a function of time, differentiation will give an
expression for velocity, and a second differentiation will give an expression
for acceleration.

On the other hand, if @ is given as a function of time, integration will give
an expression for velocity, and a second integration will give an expression
for displacement.

Again, it should be remembered that  constant must be introduced at each
integration.

A body moves in a straight line such that v = 2¢ — 11¢+ 14. Initially, i.c.
u.e dl!plluxmenl of the body from some fixed point O on the

initia Ioaly of the body.
(b} he values of 1 when the body i a est

the acceleration of the body when ¢
@ the dispacement of th body from O 4 when ¢ 62

(a) Given =20~ 11+ 14

when 1=0, v=2(0)-11(0)+14=14

3 v=14ms!

‘The initial velocity of the body is 14ms~"
() Given V=20 11414

the body is at rest when v =0

0=27—11r+14

giving (=35 or 2s

‘The body is at rest when 1 = 3:5 and when 1 = 2s.
© Given

2 — 11+ 14

When = 5 the acceleration of the body is 9ms
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F - T4 14
UL

(0)+14(0)+ C or C=350

s=30 -4

When 1=6, 5=3(6) —4(6F +14(6) + 50
= 144198+ 84+ 50
s=80m

When ¢ = 65, the displacement of the body is 80m.

Motion in the i-j plane

If motion with non-uniform acceleration takes place in the i-j plane and
vesor actacon  agloged, (5 ekne mellods 3 b the prvinus cukmples
‘may be used and each component can be differentiated or integrated

scparately
Suppose: . (:) where xand  ar achFncions
Itfollows that:  v= i+ jj= (,‘)

and .,\uu,(‘f)

Example 4

16y = £+ 36 and, when £ = 0,3 = 18 - 24j, find:

() awhens=2s

(b) s when 1 = 6.

(a) Given v i3

when £ =2, 8= 2)i + 3
When

=il

25, the acceleration is (4§ + 3 ms .

() Given

393



(b) By differentiation,
ie. when i

82+ 5 is a minimum when

Use of calculus 397

2-8=0

(Note. It is a minimum because the second derivative is positive.)

60
When 1 =4 s=( 12
-1

‘The z-coordinate of s is a minimum when ¢ = 4 and, at that time,

(c) When t

3 23
0) and wheni=3s=( 6
-2 -10

‘The change in the displacement of the particle, from ¢ = 1 t0 1 = 3 s

(%)

3
‘The average velocity in this time is ( 3) ms.
-4

Exercise 164

All units in this exercise arc in ST units.
Questions 1 to 14 involve motion along a
straight fine. The lette s represents the
displacement of the body at time f from a fixed
point O on the line. The letters » and a represent
the velocity and the acceleration of the body at
time £ (1> 0).

1. 105 = 57, find s when

£ 41, find v when

5¢ 0, find a when

67, find v when

5. Ifv=7, find a when 1 =

6y = 414 Sand s« 10m when 1= 15, find
s when 1 =25,

TS
4l

7. 1fa= 61, find a when ( =
8104 = 6rand the by s niially at rest, ind
v when = 45.
9. 1fa =31, find s when 1 = 65 given that
s, and s = 10m when 1 = 3s.
10 1f's = £ - 3 find:
(@) s when 1 =25
(b) an expression for the velocity of the

body at time ¢

(©) the velocity when £ = 25

() the value of ¢ when velocity is Sms~"

(© the lsplactm:m of the body from O
when v =8m

1 Ifs=20— zlr + oo, find:
(@) s when
(b) the values o hen the body is at rest
() the initial velocity of the body
(d) an expression for the acceleration of the

(€) the initial acceleration of the body.

20
fin
(@) vwhen 1=
(b) an expression for the acceleration of the
body at time ¢
(©) the acceleration when ¢ = 35

t - 3¢ and the body is initially at O,

() how far the body is from O when
=3



32. A particle moves such that
R ( 2in 1+ sin 21
4cos [+ cos 21
(@) Find the velocity of the particle at
1=,

3
(b) Find the acceleration of the particle at

=2
2
(6) Show tht the forc acting on the prticle
ate parallel to the x-axis.

3

Questions 33 to 43 involve motion i, , k-
withs, vand a representing dJspImmml veocity
and aceeleration vectors at time £, (1 > 0

3.1 li+6j—2kand.wh=nr:L
3i+6]- 3kms~! and
301 S~ dom. ind

(a) v when
(b) 5 when r=3s.
Ifa = 21+ 6+ 127K and, when 1
= (34 Kme and s = (- + kym, find

v =4+ su-srk and, when 1
(i 6 Som, find

+2j — 6rk and, when
914 3j— 13kym, find

(@ awhen
(6) s when

5
»A particle moves such that s = [ 4r — 7
ind: d-1
m the velocity when ¢ =
(b) the acceleration when 1
(©) the maximum value of the y-coordinate

of s
(@) the average velocity between ¢ = 15 and
=3,

Use of caleulus 39

40. A particle moves such that
-

ar
274143

leration when = 35
um value of the z-coordinate

of's
(d) the average velocity between £ = 0s and
1=5s.

41. A particle moves such that

sin 21
s +1
cos (4sin 1
Find:
(a) the velocity when ¢ = % s
(b) the acceleration when 7 = xs.

() the maximum value of the  coordinate

ofs
(d) the average velocity between £ = 0 and
t=xs.

42. A particle moves such that

2cos 2411
3sin3r
4

) . and the particle

passes through the origin at 1 = 0s.
Find:

() the xpccdwlwnl:%i

) the displacement when 1 = 7
(©) the acceleration when 1 = 7.

43. A particle starts from rest at (2, 0, 0) and
16 cos 4t
8 sin 2r

moves such that a =
sin £~ 25sin 21

Find:
(a) the acceleration when 1= 7 5
(b) the velocity when = % s

(¢) the displacement when 1 =
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Example 9

(@ ywhens=4m
(b) swhenv=Sms!
© rwhens=20m
given that s = 0 when 1= 0

(@) Given

when  s=4m,

®)

35-2=4 or s=2m

When v = Sms~!, the displacement s is 2m.

To find r, given v as a function of 5, we must use ¥ = % as this

expression involves .

Hence b2
[T
Jos-2d= [ 200
o (RN e

But 5 = 0 when ¢

0+C or C=0

FE
When 5 = 20 m, $(20)° - 220) = 201
285

When the displacement s is 20m, then 1 = 28s.
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as a function of

In this case, an expression for the velocity v is found by again using

=2, o shown below.

ds
acceleration a=f(s)
&
'E Ss)
[rae=[roas
%= [ Facs consane
Example 10

Ifa = 3s+ 5 and initially v = Ims~ when s = I m, find v when s = 2m.

Given a=3+s

it follows that: l’ﬂ Is+5
ds

or [roe=[aersa
v
T=Fassc

Ims™ when s = Im

£54C or
F_a

; L
se¥as

andwhen s=2m, = =350 -6
772
=20 or y=2/5ms?

‘When the displacement s is 2m, the velocity is 2y/Sms™"

Having found v in terms of s, it is then possible to find 5 in terms of 7 by
substituting % for v and integrating.
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Example 12

=2ms!

5m when

If a=3, find s when v = 4ms~! given that s =

Wearegven  a=S

Since the data given and the answer required involve s, use @

n s
e &

J\’dt:Jﬁds or §:m+c
n

But v=2ms"' when s=0§
c=1
W= 46s+ 1)
4 =465+ 1)

64=6s+1 or s=105m

4ms~" the displacement s is 10-5m.

Example 13
16 a=- find £ when v = 2ms°! given that when 1 = 0, v = 0
4
Wearegven =
Since the data given and the answer required involve 1, use @ %
dv_ 4
Thy —=—
. &V
J Vav= Jam
"
L
4
But v=0 when 1=0
' C=0
.
L
3
and when y=2ms", =4 or i=1s

When v=2ms™, 1=1s.



Example 14

1fa =4+ 3, find s when v = 2ms-"

Since the data given and the answer required involve s, use @ =

Exercise 168

Questions 1 10 18 involve bodies moving along
straight line. The letter s represents the
displacement of the body at time ¢ from a fixed
point O on the line. The letters v and a represent
the velocity and the acceleration of the body at
time 1. All units are in S1 units.

» given as a function of s

LI v=—% find v when s
Tos

m.

2.1 v=25-3, find a when s = 4m.
3.1 v="_, find £ when s = 10m given that
5=3mwhen =0,
452, find s when ¥ = 8ms~!
5=2,find s when a = 3ms~2.

26+ 3, find £ when s = 3m given that
when

given that s = 0 when v = 0.
&
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(This rearrangement is
necessary to produce
an expression which can
be integrated.)

3o ndawhens = 3m.

2, find v when s = 20m, given that
initially v = 0 and s = 10m
9. Ifa=2s-3,find s whena = Ims

10,1

1 tnd swhen = 5,

gim- that initially v = 0 and 5
1. Wa s+ 2and il s =
ms~, find
(@ an cxpresson for » 5. function of 5
(b) an expression for s a function of s
12 Ifa= o+ 2and ity = 0 0
ms!, fi
@ the ulut of v when s = 3m
(b) the value of ¢ when s = 3m

and
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The worked examples in this section will, unless stated otherwise, involve a
horizontal force £ of constant direction and variable magnitude acting upon
a body of constant mass m resting on a smooth horizontal surface.

The displacement s of the body from a fixed point O and the velocity v of
the body after time ¢ will be in SI units.

Example 15

If F= 314 1,m = kg and the body is initially at rest at a point O, find:
(@) vwhens=2s (b} swhent=2s.

(a) Given F

14+ 1, we need to find v when = 25
akg
and v=0 when

s

Since v and ¢ are imvolved, use § for ain Newton's Second Law

uation:
@ F=ma
dr
sat=adt
r1=a
l(lu—l)dl:l“r
@
Loiimmsc
4=0 when £=0, hence C=0
»
=2y
2
When 125, w=is

Thus
5=0when
When 1 =25,

- s=15m
When ¢ = 25, the displacement s is 1-5m.

07
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Example 16

I F= S5+ 6,m = 1 kg and the body is initilly at rest at a point O, find
(@ vwhens=4m

() swhen v =9ms~1.

(a) Given F = Ss-4-6, we need to find v when 5 = 4m
m

™
5=0 and v=0 when 1=0
Since v and s are invalved, use v% for a in Newton's Second Law
cquation: P
d
ss46= (it
s m &
Jesroa=[var
se :
ERAE
¥=0 when s =0, hence C=0
P8
: L
7
When s = 4m, gf““’mal
v=8y2mst

When s = 4m, the velocity is 8/2ms "

(b) We nred o l'mdxwhzn r=9mst

llcm.a “m. V= omsl, 81
: 584 125 - 81
or (55+27)s - 3)

‘Taking the positive answer, when the velocity is 9m s, then s = 3m.

Example 17
3

I Fo= o2 = 2kg and the body is intially moving with a velocity of

2ms, Tnd rwhen s = 6ms-!

Given F = 3 T+ e need o find r when v = 6ms-!
v
s=0andv=2when =0

Since i required use % for g £ =
i
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3
w1
Jm:[z(:\.ndr i
3= 2P 4+ C
when 1 =0, hence C = ~12

(4 +7) = 12
(36 +6)— 12

When the velocity is 6ms

Alternative method

I this method. instead of finding a constant ofintegration, we introduce
the initial condition that s as limits in the integral.
So, from Equation (1

,
[ 3a -fu:u irs
o 391,

‘The lower imits of 0 and 2 refer 1o the fact that when
‘upper limits of T'and 6 refer to the fact that we are log
of t when v =

0. v =2, and the
g for the value, 7.

[3rl; = 2% + )3
3r- 236 +6) - 24 +2)
2

3

u

When the velocity is 6ms

Example 18

Aforce F acts on a body of mass 250 which is initially at rest at a fixed
point O. If F = [(5¢ — 2)i + 41]) N, where ¢ is the time for which the force has
been acting on the body, find expressions ¢
(@) the velocity vector of the body at time 1

(b) the position vector of the body at time 1.

(@) Given F = (5t — )i + 46]N. we need to find v
m=250g
5= 0and =0 when (=0
Since v is required, and ¢ is involved, use % fornin F=
L
s
J[{s: — )i+ defde= l %dv

(51— 2)i+ 4t =

(47— 20i+ 2

v
Yidiv
FRR
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Resisting medium

In earlier chapters, in order to construct a manageable mathematical model
of a real situation in which a resistance force may exist, we have tended to
simplify the real situation by assuming the force of resistance 10 be constant,
or even to assume that it does not exist at all. In some situations this
assumption may not be appropriate. The resistance to the motion of a body
may be significant and may indeed vary. For example. it could depend upon
the specd of the body. The calculus techniques we have considered so far in
this chapter enable us to cope with the mathematics that will arise from a
model that assumes & variable resistance force is acting.

Example 19
A body of mass $kg is projected along a horizontal track with an initial
velocity of 21 ms~". Whilst it is moving the body experiences a resisting
force of (0-15 -+ 0-05v) N. Find the time taken for the body to come 0 rest.
Give the possible physical interpretation of a resisting force of the form
(a+b)N.

==
Since the data given and the answer required involse vand 1, we = 9
Apply F=ma:  ~(015 +0051) = s%

dv
~G4n =100
B+v) S

b
(.- .
~100 10 3+ 100 In 24
100 n 8

=208

‘The body comes to rest afier 208 scconds.
A resistance force of the form (a + b¥) N consists of two components: one
constant and one variable. The constant force of aN is independent of the
spead of the body and could perhaps be due to friction between the body
and the track. The variable force, by N, increases with increasing speed and
could be caused by air resistance.

A
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Example 20

A person on a bicycle, combined mass 80 ke. cycles along a horizontal road
and produces a constant forward thrust of 200 N against a variable force of
resistance given by (4v) N, where v s the person’s speed in ms !, and that
the person starts from rest, find how fast they are travelling after 20 metres,

Y
&

Since the data given and the answer required involve » and s, use @ =

els

Apply F=ma 200 4% = gov &
&

Y

50— =200 80

ds

™ 4o [ 200

L b= L 50—

where 'ms™" is the person’s velocity when they have gone 20m.

Integrate: (5] = (<1010 (50— )]
8 20=~10In (50 - ¥2) + 10 In (50)

giving
ie

which leads to
Thus

When they have travelled 20m the person is moving at 6.8 ms~'.

Example 21
A toy train of mass 2kg produces a forward thrust of 05N against a
atiabl foceof resanceof (), where v s e sped of i i i
ms~". Given and that the train starts from rest at time ¢
() an expression for v as a function of £ and sketch the wlocny -time graph
(b) an expression for s, the displacement of the train at time 1.

osN




Example 23

A body of mass 10kg is projected vertically upwards through a viscous

liquid with an initial velocity of 18ms-". It experiences a resisting force of

BN,

Find the distance above its point of projection at which it comes

instantancously o rest.

Since the data given and the answer required involve v and s,

we a=v 3
&

Thus, applying F = ma gives:  —10g — 3v = 10y %

[~

where i the height at which it comes instantancously 10 rest.
-8
L~ 13

_%0 ., (98)— (1x|+—— In (98 +3(18)]

% In 98+ m]

h=122

The body comes instantaneously to rest 12:2m above the point of
projection.

Appendix of useful standard integrals

Use of calculus 315



. A body of mass Sk is propelled along a

horizontal surface by & constant horizontal
force of 90N acting against a variable
resistance force of (10v) N, where yms is
the speed of the body.

Find the time it takes for the body to
aceelerate from a velocity of I ms™ 1o a
velocity of 2ms™!

A truck of mass 3000 kg travels along &
horizontal road and produces a forward
thrust of 6000 N against a variable force of
resistance given by (157°) N, where rms " is
the speed of the truck. Find the time it nms
the truck to aceelerate from a veosi

10ms™ to a velocity of 15ms™"

A toy train of mass 2kg travels along &

horizontal track and produces a forward

thrust of | N against a variable force of

resistance of (10v) N, where vms * s the

speed of the train. The train starts from rest

at a point O at time = 0 seconds. Find:

(@) an expression for v as & function of ¢
and sketeh the velocity-time graph

(b) an expression for s, the displacement of
the train from O (in metres) at time 1.

A body of mass Skg is propelied along a
horizontal surface by a constant horizontal
force of 100N against a variable force nr
resistance of (103N, where ym s~ is 0
5. When £ = D sconds the

‘an expression for v as a function of
and sketch the velocity-time graph

an expression for s, the displacement of
the body from O (in metres) at time .

A man on a bicycle, combined mass 100k,
cycles along a horizontal road and produces
a forward thrust of 100N against a variable
resistance force of (1) N, where ym s is
the speed of the man and bike.

If they start from rest at an origin, O, find
an expression for v in terms of 5, the
displacement from O (in metres), and skeich
the velocity-displacement graph.

A body of mass 12kg is prapelled along a
horizontal surface by 4 constant horizontal
force of 480N against a variable force of

=

B

B
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resistance of (307) N, where vms! s the
he body. The body starts from rest
atan origin, O
Find an expression for v in terms of 5, the
displacement of the body from O (in metres),
and sketch the velocity-displacement graph.
A body of mass 8 kg falls from rest under
gravity. It experiences a resisting force of
(0 Ir)N where vm s~ is the speed of the

Fmd the etk 1o rech 2 speed of
2im

A body of mass 15 ke falls under gravity. It
experiences a resisting force of (3v) N, where
vms " is the speed of the body.
Find the time taken for its speed (o i
from 29ms~ 10 39ms~!

A body of mass 20kg falls under gravity. It
experiences a resisting force of (0-16)N,
where vms~" is the speed of the body.

Find ¥, the terminal speed of the body, and
determine the time taken to reach a speed of
0:6¥ from res

A body of mass 10kg falls under gravity. It
experiences a resisting force of (2v) N, where
vms~! is the speed of the body.

Find ¥, the terminal speed of the body, and
Seerming the time take (o reck & speed of

crease

Y from rest

A body of mass 50Kk falls under gravity. Tt

experiences a resisting force of (I0MN,
where vms- is the speed of the body.
Calculate the distance the body travels in
accelerating from a speed of 10ms " to one
of 40ms "

A body of mass 4kg falls under grasity. It
experiences a resisting force of (0-017%) N,
where vms~! is the speed of the body.
Calculate the distance the body travels in
accelerating from  speed of 30ms~" 10 one
of 60ms!

A body of mass 8kg is projected vertically
upwards into the air, with an initial speed of
10ms~". The body experiences a resisting
foree of (0-21)N, where vms-" is the speed of
the body.

Find the height above ts point of projection at
which the body instantancously comes to rest.
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A body of mass 3 kg is projected vertically
ot the air, with an initial speed of
ms~. ly experiences a resisting
foree of \omN where ym s~ is the speed of
the body.

Find the height above its point of projection at
which the body instantancously comes to rest.

3 A body of mass 10kg is projected vertically

ads through 8 vieous igeid. wilh an
ol specd of 12ma-': The body
cxpeicnecs s restin fore o (LSPN,
where yms~" is the speed of the body.

Find the distance above its point of
projection at which the body instantaneously
comes to rest.

A body of mass 3kg is projected vertically
upwards through a viscous liquid, with an
initial speed of 1Sms~. The body
experiences a resisting force of (0-1¥) N,

of
praecion i which the body msaniancously
comes to rest.

. A body of mass 6 kg is projected vertically

Spwacd i the s withan il poed of
1. The body experiences a resisting

e o 297N, where vms-1 b the spee

of the bod:

Determine the time that elapses from the

‘moment of projection until the body

instantancously comes to rest.

Further examples
Example 24

A vehicle of mass 500k, travelling on a horizontal surface, has its cngine
working at a constant rate of 10KW against a resisting force of (25v)N,

where v s the speed in ms

@

*. Find

the maximum speed of the car

2.

A body of mass 40kg is pmjmkd yecially
upwardx into the air, with a
. The body cxperonces r:s\suns
foree of () N, where vt s the specd of
the body.
Determine the time that elapses from the
moment of projection until the body
instantaneously comes to rest.
A body of mass 20kg is pru]u;led vertically
upwards through a viscous liquid, with an
initial speed of 7m s experiences
a resisting force of (4+*) N, where vms~" is
the speed of the body.
Determine the time that elapses from the
ment of projection uatil the body
instantaneously comes to rest.

A body of mass Skg is projected vertically

e
force of (0-49)N, where vms~" is the speed
of the body.
Determine the time that elapses from the
moment of projection until the body
m;lznvanemn\y comes (o rest.

ass 1 kg is released from rest
and ran; uader sravhy aginst rsstance

metres) that the body has fallen since release.
Find the speed of the particle when it has
fallen a dmanet of 64m.

(Take g = 10ms™2

(b) the time taken for the car (o increase its speed from Sms™' to 15ms~!

() Since power = force x velocity, the force produced by the cngine

@snN (toguo)s

is 7](1:1!! N.
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-~ g

oy

where Vs the speed of the body when s =

Applying F = ma gives

This gives V=387

When s = 8m the speed of the body is 3:87ms .

Exercise I6E

1. A man on a bicycle, combined mass 120ke,
works at a constant rate of 200 W whilst
travelling along a straight horizontal surface,
against a resisting force of (81) N, where
vms~" is the cyclists speed. Fin
(@) the maximun speed
(b) the time taken for the speed to increase

from 2ms~" to 4ms".

2. A train of mass 2-4 tonnes travels along a
straight horizontal surface with its engine
working at a constant rate of 400kW.
against a resisting force of (160) N, where
vms~" is the speed of the train. Find:

(@) the maximun speed
(b) the time taken for the speed
from 10ms~! t0 40ms~"

3. A go-cart and driver, combined mass 140 kg,
travel along a straight horizontal surface
it engine working at a constant rate of

Given that the resisting force is proportional
10 the speed of the go-cart, and that the

dmum speed of the go-cart is 20ms-",
find the go-cart’s speed 7 seconds after
starting from rest.

4. A motor-boat and driver of combined mass
400kg has its engine working at a constant
rate of L8 kW.

n that the resisting force is proportional

10 the speed of the boat, and that the

maximum speed of the boat is 15ms-", find

the boat’s speed 4 seconds after starting
from rest.

5. A vehicle of mass 600kg travels along a
straight horizontal road with its engine
working at a constant rate of 24kW.

Given that the resisting force is proportional
to the square of the speed, and that the
‘maximum speed is 20ms-", find the distance
travelled by the car in accelerating from rest
to 16ms.

6. A cruiser of mass 9 tonnes has its engine
working at a o s of 17:28kW.
force is proportional
10 the square f the specd of the cruse, and
that the maximu speed is 12m s, find the
distance travelled by the cruiser in
accelerating from Sms ™" to 10ms-"!

7. The force acting on a body of mass 8 kg is
inversely proportional to the square of the
distance from the body to the origin, nnd is
dirceted away from the origin. When th
body is 4m from the origin and movi
away fom theorige I th dirction of the
force, wnh sp«d ms", the force on the
body is S
Ccuae the speed of the body when it is
10m from the origin.

8. The force acting on a body of mass 1 kg is
proportional to the distance of the body
from the origin O, and is directed away from

. When the body is 2m from O anc
moving away from O, in the direction of the

th s
body is 20N. Calculate the speed of the
body when it is 8 m from the origin.



9. The force acting on a body of mass Skg is
inversely proportional (o the square of the
distance the body is from an origin. O, and
is directed away from O. When the body is
6m from O and moving away from O, in the
direction of the force, with speed 10ms~*,
the force on the body is 30N,

(@) Show that +* =172~ #2

is the speed of the body when

m

(b) Determine the speed the body
approaches, but does not exceed, as it
moves further and further from O.

‘The force acting on a body of mass 4 kg is
proportiona o the diacee of the body
from the origin O, and is directed away from
0. When the body is §m from O and
moving away from O, in the direction of the
force, with speed 10ms~", the force on the
body is SON.

Show that v = 25, where vms~" is the speed
of the body when it is sm from

1. A horizontal force F is applied to a body of
mass Skg, initially at rest at a point O on a
rough horizontal surface, cocflicient of
friction § . The force causes the body 10
move in a straight line across the surface.
‘The magnitude of the force is given by
F= 55+ 25)N, where s is the distance in
metres that the body is from

Find the speed of the body when s = 10m.

If the applied force were (3 + 12)N, would

the body move’

Wit its engines developing a constant
100kW of power, a train of mass 90 tonnes
accelerates up an incline of | in 98. If the air

Work done by a variable force

Use of caleulus 421

and frictional resistances are a constant

1000N, find:

(@) ey the maximum speed of the train up.
the incline

(b) the time taken for the train to accelerate
up the incline from rest to a speed equal

[
to

A horizontal force F of variable magnitude
‘and constant direction acts on a body of mass
i which s initialy at rest at a point O on &
smooth hemunm surface. The magnitude of
Fis F= i+ a1, where tis the time
for whlch me force has been acting on the
and 2 and f are positive constants. If s

i the distance he o 1 from O o e 1

Loaps
o O+

show that 5

A body of mass s initally at rest at &
point O on a smooth horizontal surface. A
horizonta! force £ is applied to the body and
causes it (0 move in a straight line across the
surface. The magnitude of Fis given by
F=—1 where s s the distance of the body
T
fron O and o g conaa. I v i
he body at any momen, show
b

A body of mass m is released from rest and
falls under gravity against a resistance to
motion of mkv, where v is the speed of the
body at a time 1 after release and k is a
positive constant. Show that:
£
k=1
@ k=i (g kv,
(b) as the motion continues, v approaches &
maximum value of £

In Chuptr 1 we s ha i te ot of spplation of o

constant force FN moves through a dista

metres in the

iection of the fore the the work dome s defmed o be

work done = £ joules

IF the force s variable we can still calculate the work done but must now use
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calculus (as we saw in Chapter 15 when determining the work done when
stretching an clastic string)

Consider a variable force F and suppose that P, the
point of application of the force, moves in the positive
direction of the x-axis from x = 0 (the point O) o
(the point S), and that F acts in the positive direction ~ x=0 P
of the x-axis.

“To find the work done we divide OS into a large o

number of very short steps. Each of these are of ey
kﬂ!lh 5x znd a typical step, PQ, is shown enlarged -
in the diagra &

Over the very nlmll step PQ the force F is almost
constant, its value being nearly equal 1o its value at
P. Thus:
work done by F over PQ = Fox
The total work done over OS is obtained by adding the contributions of all

the steps and secing what this summation approaches as 3x gets smaller and
smaller (i.e. as &x —

work done by Fover OS = lim 2] Fox
Using caleulus this can be written:

work done by F over OS = [ “'Fax
s

Example 26

A particle moves in the direction of the positive x-axis under the influence
of a varying force F = 02N, where x metres i the distance of the particle
from the origin. Find the work done on the particle by F when the particle
‘moves from:

(@) x=0tox=10 ) x=1t0
(@) 22y o ®) 02yy o
& =10 Yol aes
work done =J 02xdx work done = [ 02vdx
o !
= [o1]y = [01e];
=10 =24)

The work done is 10J. ‘The work done is 24J.
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Example 27

st elns rom st poiot O, 3 body of mas kg alls nder gravy
against a resistance of 3 s N, where s metres is the distance the body

below O at any instant

Find the amount of work done by the body against the resistance, from
release until it passes through a point P, 10m below O, and find the spesd
of the body at that instant.

‘We will measure potential energies from the fevel of P. Hon
AtO: total energy = KE + PE
=110 + 1(g)10 -
987 o 7 Yoms
ALP: total energy = KE +PE Y
=4 +0 om
i

=[5
~ 48

work done against resistance = J B

‘The body has done work against the resistance and so, in travelling from O
to P, the body wil have lost energy:
work done against resistance = loss in energy

B=98-4r

giving =10
In travelling from O to P the body does 48 J of work against the resistance
ind passes through the point P with speed 10ms".

Exercise 16F
1. A particle moves in the direction of the when the particle moves from x = 0 to
positive x-axis under the influence of & force x=1
F=2xN. 4. A particle moves in the dircction of the
Find the work done on the particle by F positive x-axis under the influence of a force

when e parice moves om x = .
Find the work done on the particle by F
A partice moves n th direction of the when the particle moves from x = 0 o
positive x-axis under the influence of a force

F=05xN.

Fiod the work doe on the prii by
whenthe prtce moves from 5 =

.

5. A particle moves in the direction of the
positive x-axis under the influcnce of a force
2¢N.

Find the work done on the particle by F

3. A particle moves in the dircetion of the
when the particle moves from

positive x-axis under the influcnce of a force

= x(1 - = =
Find the work done on the particle by F =3
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rate at which the force is working when the particle is at P

(Ex) ot
3t

=0
=F.v

For a variable force F() acting on a particle and cavsing it to
‘move with velocity ¥(1) the power of the force at time 1 is given

Exuation 1] gave u the ok done by  as thepartice moves rom P 10.Q
this we can find the total work done over AB by adding the
Combtions o l b nepsan s what ks saton spprsches
6t gets smaller and smaller.
work done by F over AB = Jim Z Fov)or
where 1, and 7y are the times when the pnmclt isat A and B respectively.

Using calculus this can be written as ] (Fovydr

For a variable force F({) acting on a particle and causing it 0
move with velocity v(1) the work done by the force in the time
interval from 5 to fy is given by:

work done = r(r.v) dr

Example 28

A body of mass 3kg moves along a curve under the action of a resultant

force FN. At time ¢ seconds the position vector rm of the body is

=21+ Pj+ Pk

() Find an expression for F in terms of 1.

(b) Find an expression for P(1), the power of the force at time ¢ seconds.

() Calculate the work done by F between 1= 0 and 7 = 2.

(d) Verify that the work done calculated in (c) is equal to the change in
Kinetic energy of the body over the same interval.

) =244 Pk
Thus %:zu:r‘in:k
and &6k

dr

Using F = ma gives: F = 3(61 + 2K)
= I8+ 6k
Thus F = 187 + 6k
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) P

= (186 + 6K). (21 + 3¢ + 21k)
S40 4+ 120

The power of the force at time  seconds is (547 + 121) W.

2 2
(¢) Work done fa-' v)d,=l (547 +120) dr

[13:5¢ +6];
= 2405
The work done is 240J.
@ Attime =0, y=2i Attime =2, v=2i+12)+ 4k
" I Visd
KE=6J KE=246J

Hence the change in kinetic energy is 240J (=

with the work done calculated in part (c).
Exercise 16G

1. A body of mass 4kg moves along a curve
under the action of a resultant force FN. At
time ¢ seconds the velocity vector, yms~", of
the body is given by v = 21 + £ + k.

(@) Find the speed and the kinetc energy of
the body when 1

® Find mz spod sz tho inetic energy of

when ¢

© From Your previous answers deterive
how much work F has done on the body
in the time interval from 1= 0 to 1= 3.

() Find an expression for F in terms of 1.

() Find an expression for P(1), the power
of the force at time 1.

() Use caleulus and your answer t0 part (¢)
to determine the work done by F in the
time interval from £ =010 1 = 3.

2. A body of mass Skg moves along a curve
under the action of a resultant force FN. At
time 1 seconds the position vector, rm, of the
body is £ = 4+ ] + 1 7K.

(a) Find an expression for F in terms of 1.

(b) Find an expression for P(1), the power
of the force at time 1.

(©) Use calculus to dﬂ:rmirk the work done

F between 1 = 1 an

(d) Verify that the work fone caleuated in
(@) is equal to the change in kinetic
energy of the body over the same
interv

461 — 6.1) which agrees

. A body of mass Skg moves along a curve.

under the action of a resultant force FN. At

time 1 seconds mg position vector rm of the

body is r = (i + Fm.

@ Us«e integration to determine the work

y F between (=1 and 1 = 2.

(6 Veriy that the work done caeulted in
(@) is equal to the change in kinetic
energy of the body over the same
interval.

A body of mass 3kg moves along a curve
under the influence of a resultant force FN.
At time 1 seconds the position vector rm of
the body is + 0+ 2k)m.

Use intey 0 determine the work done
by Fin the imecve rom 1= 0t f =

A body of mass Skg moves along a curve
under the influence of

at time 1 seconds is r = (P + ] + FK)m.
Use integration to determine. mc work done
by Fin the interval from 1 = 1

. A body of mass 2kg moves along a curve

under the influence of a resultant force FN
and such that the position vector of the body
at time ¢ seconds is

1= (sin 24— 2 cos 2G)m.

Ure icguation to dtemine the work doce
by F in the interval from 1 =010 1 =
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4. A dot moves on the screen of an oscilloscope so that its position relative
103 fixed origin is given by

i um(;’)j

() Sketch the path of the dot for 0 < 1 < 4.
(b) Find the velocity and acceleration of the dot Wi 3. Draw
vectors on your diagram (o show these two quantities. (AEB Spec)

5. A particle P moves such that, at time ¢ seconds, its position vector
metres relative 1o a fixed origin O is given by
=i+ (0 - 40,
where ¢ s a positive constant, When ¢ =2, the speed of Pis 10ms-"
(a) Find the value of c
(b) Find the acceleration vector of P when = 2. (ULEAC)

6. A particle P, of mass 2kg is moving under the influence of a variable
force F. At time ¢ seconds, the velocity yms~" of P s given by
v=2d+e]
(@) Find the acceleration, ams, of P at time f seconds.

(b) Caleulate, in N to 2 decimal places, the magnitude of F when
=02 (ULEAC)

7. The position vector r, relative to a fixed origin 0, of a particle P is given
at time 1 seconds by
£ = e (cos ti+sin 1jm,
where i and ] are fixed perpendicular unit vectors. Find similar
expressions for the velocity and acceleration of P at any time r. Show
that the acceleration is always perpendicular to the position vector.
(AEB 1989)

8. A particle of mass 15 kg moves under the action of its own weight and

F = (2251 + ST N, where i and J are unit vectors with
i horizontal and J vertically upwards. At time ¢ = 0, when the particle
has velocity (i + 3))ms~", it passes through a point A with position
vector (4 + 2j)m relative t0 a fixed origin O. Show that the velocity of
the particle at time # seconds is yms~, where

V= (H-6)+ 0+ 3]
Given that the particle passes through a point B at time
find:

= 4 seconds,

(@) the speed of the particle at B,

(b) the position vector of B relative to O,

(©) the work done by F as the particle moves from A t0 B,

(@) the time at which the particle is instantancously moving parallel to
AB. (AEB 1993)



9. (Take

=

0.

0m s~ in this question.)

A bead B, of mass 0-2kg, is released from rest in a barrel of oil. The
bead moves under gravity and the action of a resistance, of magnitude
012N, where vms~" is the speed of the bead. Find the distance

through which the bead has falen when ts speed is 4m's
What can be said about the speed of the bead when it has fallen a large
distance? (UCLES)

A charpd parice £, af mass kg, is repelled from a fixed point O by a

force of magnitude 22 N, where xm is the distance of P from 0.

No other forces act on 7. The particle i projected, directly towards O,
from a point A, where 04 = 0-5m, with initial specd 10ms . Obtain a
differential equation relating the velocity, yms !, of 7. to x.

Show that £ comes 1o rest at a distance 025m from 0.

Briefly describe the cosuing motion. (UCLES)

A particle of mass 0-2kg moves in a horizontal straight line under the
action of a resistive force direetly proportional to its speed. The force is
2N when the particle is moving with speed 10m s~'. Given that the
speed is yms~! at time ¢ seconds, show that

Find:

i) the time taken for the speed to decrease from 4ms~' to 2ms~!,
(i) the distance travelled during this period. (WIEC)

A particle of mass 0-2kg is moving in a straight line under the action of
a resistive force which, when the particle has speed yms™, is.
magnitude kv N, where & is a constant. Given that the force is of
magnitude SON when v = 2, find k. Show that, at time 1 seconds, »
satisfies.

=500,

Find the time taken for the speed to decrease from 2ms™ 1o 1ms~!
(AEB 1991)

A vehicle of mass 1000kg accelerates from 10ms! to 20ms™". During

ihis peiod e foospraduce by the ngin s 15000

newton where
vms~ s the specd ofthe vhicle at time ¢ scconds, and resistance can
ignored.

Use Newton's Second Law o write down a differential equation

connccting S and v. Solve this equation by separating the variables

and show that the vehicle takes 10 seconds to achieve this change of
speed. (OCSEB)

Use of calculus 429
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14. A particle P moves in a straight line and experiences a retardation of
0005 ms~2, where vms~" is the speed of P. Given that P
through a point O with spezd 10m s~ show that, when it s distance
3m from O, its speed is Sm.
Find the time taken for the spe:d of P 10 be reduced from 10ms~' to
Sms (AEB 1994)

15 A parile of mas 02k maving o the poitve .ais s displacement
\'m:(rcs and velocity vm s~ at time  seconds. At ti , v=0and
The particle moves under the action of a force KM dxm:lmn of

 increasing and of magnitude N

 Assuniog tat nocther foccs wct o the parick, show that

@) Asoming that a constant resisting force of magnitude 2N acts on
the pﬂm:k ‘whenever the particle is in motion, show that the
greatest speed reached by the particle is v/{20(2 In 2~ D)} ms~".
(UCLES)

An animal A runs i a staight line and has an acceleration
005(20v - v')ms~?, where vms~! i the speed of A. Show man, at time
seconds,

(1
(s
m(v 2

Given that at time 1 = 0, A passes through a point O with speed 4ms~',
show that at time  seconds the speed of A s given by

o 20¢
ive”
Hence, or otherwise, find the distance of the animal from O when 1 =9.
(AEB 1994)

17. (Take g = 10m s~ in this question.)
In the Highway Code the stopping distance is defined as the total
distance travelled by a vehicle between the driver seeing a hazard and
the vehicle coming o rest. It is expressed as the sum of two distances:
the thinking distance and the braking distance.
The

assumed that during this interval the speed of the vehicle is unchanged.

m braking distance is the distance travelled between the brakes being

and the vehicle coming to rest.

{1 seumed that the brake aways produce a etardation cqual (o
that when the vehicle slides along the road, the meﬂ'ﬂ:m of
friction between the tyres and the road being denot
Find, correct 1o the nearest metre, the slarvpmx ancesfor T= 25
when the initial speed is 25m s and

(b) A more realistic model of the braking e s that the retandaton
depends on the speed of the vehicle. Assuming that the retardation




17 Simple harmonic motion

In Chapter 16 we set up mathematical models of situations involving
variable acceleration and variable force. Our understanding of calculus
enabled us to cope with the differential equations that such models gave rise
t0. Let us now consider the case of a particle moving along a straight line
with the acceleration of the particle always proportional to its distance from
some fixed point, O, on the line, and always directed towards that point.
‘The diagram below shows such a situation. The particie is shown at & point
between O and a point P and moving towards P. The displacement of the
‘particle from O at time ¢ s x, and v s its velocity at this time

—
v o v
- T
P v
——— ampliute nplinde ——

Since the acceleration is directed fowards O the particle’s speed will decrease
as it approaches P. If the particle just reaches P the acceleration will then
cause it 10 travel back through O to just reach P’ and then return through O
again 10 just reach P. This process continues, the particle oscillating about
O. At points P and P the particle will have zero velocity. The distance OP"
equals that of OP and is called the amplitude of the motion. The particle
completes one cycle in travelling from P to P’ and back to P.

Motion of this type is called Simple Harmonic Motion (SHM)
‘With the accleration proportional to x we can write: o x

Introducing the constant of proportionality, 7, gives: = —’x ...I]
Equation 1] i the differential equation that is characteristic of SHM. A
squared constant is used (o ease later integration, and the negative sign
appears because the acceleration is towards O, i. in the direction of

ect
Equation [1] gives the acceleration as  function of displacement and o,

using the techniques developed in Chapter 16, we use , o forthe
acceleration. Thus:

_w?
+c
2

But v = 0 when the particle is at P or P', ie. when x = a, the amplitude.
Thus:
0 # +C

2l
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1:5ms~! when x = 1.2m, so using v
18 = (@ - 1.2%)

Dividing equation [1] by equation [2] gives:

with the solution

Substituting this value in equation |2] gives:

n=3
2 _2
periodictime = 2% = 2% 5

2
The amplitude of the motion is 1:3m and the periodic time is < s.

Example 4

A particle is projected from a point O at time ¢ =0 and performs SHM with
O as the centre of oscillation. The motion is of amplitude 20cm and time
period 4s. Find.

(a) the speed of projection

(b) the speed of the particle when = 1-55

(©) the value of 7 when the particle is first at a point 10cm from O.

() amplitude = 02m  period T= 2% = 45
"

The speed of projection is ﬁms"

(b) To find v when 1 = 155, use v = an cos (u +¢)
since timing starts, i

0, when the particle is a1 O, = 0:

Thus ¥ = an cos nt

=(oz><§) cos (;x%) —Ilnms’T‘
-i(3)

When £ = 1-55, the speed of the particle is "Z—‘f s,



22. A particle performs SHM of period 35 and
amplitude 6cm about a centre O.
Find the time it takes the particle t0 travel
from O to a point P, a distance of 3em from
o.

23. A particle performs SHM of period 4s and
amplitude 2em about a centre O.
Find the time it takes the particle to travel
from O to a point P, a distance of v2em
from O.

A particle performs SHM of period 10s and
amplitude 8 cm about a centre O. After
passing through O the particle moves
through a point A which is 2em from O to a
point B which is 6¢m from O.
Find the time taken to travel from A to B.
A particle performs SHM of period 3s and
amplitude 3cm about a centre O. After
passing through O the particle moves

A which is | em from O to a

»

period 455 and
amplitude 6cm about a centre O. The

Springs and SHM

B

Simple harmonic morion 441

particle passes through a poim P w)\i:h is
3em from O, moving away fro
Find the time which elapses b:fnrz the
particle next passes throu
A particl performs SHM of period 2 and
ampmm: 4cm about a centre O. The
particle passes through a point P which is
Iem from O, moving away from O.
Find the time which elapses before the
pertcle et pascs hrough P
ts A, O, B, C lic in that order on a

Sright i With AO = OC = dem,and
OB = 2cm. A particle performs SHM of
period 65 and amplitude 4cm between A
and C.
Find the time taken for the particle to travel
from A to
‘The points A, O, B, C lie in that order on a
straight line with AO = OC = 6¢m, and

= Sem. A particle performs SHM of
period 35 and amplitude 6cm between A

&
Find the time taken for the particle to travel
from A to

Consider a light spring with one end attached to a fixed point A on a
smooth horizontal surface with a body of mass m attached to the other end
P. Point O is the position at which the body would rest in equilibrium, with

the string neither extended nor compressed.

Spring in extension

D L ——————

o)

£

Spring in compression

L ——

o d
—
Force due o ctension

A ©
Force duc 0 compression

If the body is pulled to the right of O and then released, the horizontal force
acting on it will be the tension in the spring, which draws the body towards
O. When the body arrives at O the string ceases to be extended, and as the
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body passes through O the spring begins 1o be compressed, so the direction
of the horizontal force on the body is reversed. It can be scen that,
throughout the motion, the direction of the force acting on the body is
always towards O, the centre of motion.

Suppose now that the spring has natural length / and modulus . Consider
the situation when the spring is extended a distance

naturallengh, - -~ cxtemson, +—=
&

Iy S 3
By Hooke's Law
Using F = ma gives:

This is of the form ¥ = —n’x, and so the motion is simple harmonic about

x=0,i.c. about the point O, and n

Example 6

One end of a light elastic spring of natural length 2m and modulus 10N is
fixed to a point A on a smooth horizontal surface. A body of mass 200 is

attached to the other end of the spring and is held at rest at a point B on the
surfuce, causing the spring 1o be extended by 30cm. Show that, when
released, the body will move with SHM and find the amplitude of the
‘motion.

Let O be the end of the spring when it is unstretched.

et 10 —of—r0n—]
3
.

A=10N

X o—x—sp B

Consider the situation when the body is at a point P and the spring is
extended a distance x.

By Hooke's Law

(negative since force is in

Using F = ma give direction of decreasing x)

or
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This i of the form & = —x and thus lhe ‘motion is simple harmonic about
0, i.e. about the point O, and 1

Dnnng SHM the body is furthest ﬁum the mean pommn when its speed is
at B. Thus OB is the amplitude of the motior

The amphnnk of the motion is 30 cm.

Example 7
A light elastic string of natural length 24m and modulus 15N s stretched
between two points A and B, 3m apart on a smooth horizontal surface. A
body of mass 4 kg attached to the mid-point of the string is pulled 10cm
towards B and then released. Show that the subsequent motion is simple
harmonic and find the speed of the body when it is 158 cm from A.

) — B
e ]
o »
AN T kg T
ey

LetQ be the cente of AB: s the peint from whic the body i rlesed
and P is a point such that Ol
Whea the body is at P, her ar v ozt forees acting on it: the
tensions in the two parts of the string.
force tending to increase x

Applying F = ma gives:
I AP and PB are considered as separate strings of modulus 1SN and
natural length 1-2m, and we use Hooke's Law, equation [1] becomes:

(0-3+x)

and using
“This is of the form = nx, and thus the motion is simple harmonic about
x=0,i.. about the point O, and 1 = §

Note that, as the body is released from rest at C and it oscillates about a
‘mean position O, then CO s the amplitude of the motion. Thus neither
string goes slack at any stage of the motion.

When the body is 158 em from A, x = i m.

amplitude = €O = 10cm

SN gives:

Using ¥* = ré(a® ~ %) gives: 2t~
and v=015ms '

Tiemoton o nmp\: harmonic, and when the body s 158 em from A its
speed is

“3
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Example 8

A Ught st sping, ofsaturaeagth S0em nd moduls 201, basgs
cally with its upper end fixed and a body of mass 6 kg attached to its
Iowcr end. The body initially rests in equilibrium and is then pulled down a
distance of 25¢m and released.
ow that the ensuing motion will be simple harmonic, and find the period
of lht ‘motion and the maximum speed of the body.
‘Would the answers have been the same had an elastic string been used in
place of the spring?

Method 1
In this method. first find the equilibrium e
position, which is then expected to be the
centre of the oscillation. I
Let the extension in the equilibrium postion be ¢ o
length A=20gN
By Hooke's Law 1=“7‘ . OSm
In equilibrium Te6s .2 \ T
From these equations % =6¢ s
Substituting 4 =20g and /=05 gives: — 1
e=15cm v

Consderthe body at 4 oin P disance x
below the equilibrium posti

Applying F = ma gives:

Using Hooke's Law gives: [

(x+015)

20g X015
* 05

PR
— 40gx — 6g = 6%
B

2 P

or

Hence the motion is simple harmonic about x = 0, the equilibrium position,
and:

n=vid =7

‘The body is released rmm a point 25cm below the equilibrium posi
the body is at rest when 25 cm from the centre of the oscillation; hence the
amplitude of the motion is 25 cm.

ition, i.c.

Using T

2 g vp=na gives:
0

m/: 1

s and Yo =

Vims!
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Method 2
In this method, take the general position of

be when the spring is extended @
distance x from its unstretched length. 1

Applying F=magives:  6g-T=

Using Hooke's Law gives: 62

Substituting

20 and / = 05 gives:

‘which can be written as:

Substituting

Seves 5

Apinn= ¢( ¢) and the amplitude and time period can be obtained as in
Method

As will be seen from the diagram on the right,
during part of the motion the body will be.
above the ‘at which the spring has its
natural length, i.e. the spring is being
compressed. Thus, were a string to replace natural
the spring, the body would be in free flight length
for some period of time. The motion would "
still be periodic but the period of the
motion would be different

Hence the motion is simple harmonic about 1 -
=0, i about x = ISem as in Method 1.
N

‘The maximun speed occurs when the body
passes through the equilibrium position 1sem
and this would be unchanged if a string cquiibrian

replaced the spring. pontion

Example 9
Aand C are two fixed points 4m apart with A vertically above C. A body

25 m amplitade

N

of mass m kg rests between A and C, held in position by two vertical strings.

The upper string has modulus 6mg N and natural length 1 m. The lower
string has modulus §mg N and natural length 2m. The body is displaced
20cm below its equilibrium position and released from rest.

s



3. A body of mass 2kg is fixed 0 the mid-
point of a light elastic string of natural
length 1m and modulus 18 N. The ends of
the string are attached (o two points A and
B 2m apart on a smooth borizontal surface.
‘The body i pulled a distance y towards A
(< S0cm) and released
Show that the subsequent motion is simple
harmonic and find the time period o
motion.

If the maximum speed of the body is
1:5ms". find the value of y.

4. Alight elastic string of natural length 15m
and modulus 12N is stretched between two
points A and B 2m apart on a smooth
horizontal surface. A body of mass 2kg is
attached to the mid-point of the string,
pulled 20cm towards A and released.
Show that the subsequent motion is simple
harmonic and find the speed of the body
when 88 cm from A,

S A and Bare to fxed points on 4 smooth
horizontal surface with AB body
of mass 4 kg lies on the linc AB at 4 point P
and is in equilibrium with  light elastic
string of natural length 75cm and modulus
18N connecting it 10 A and a light clastic
string of natural length S0cm and modulus
6N connecting it to
Show that P is midway between A and B
I the body is then pulled 20cm towards A
and released, show that the subsequent
motion is simple harmonic and find the
maximum speed of the body during the
motion.

6. A light elastic string is of natural length
d modulus 3mg N. The string hangs

vertically with its top end fixed and a body
of mass mkg fastened to the other end.
Find the extension in the string when the
body hangs in cquilibrium.
1 the body is then pulled vertically
downwards a distance of 10cm an
released, show that the ensuing mation will
be simple harmonic, and find the tim
period of the motion and the maximum
speed of the body.

Simple harmonic motion 441

7. A body of mass 500 is attached to end B of
a light clastic string AB of natural length
50cm. The system rests in equilibrium with
the string vertical and end A fixed. The body
i then pulled vertally dowaeards 3 snll
distance and rel
1f the cnsuing motion is simple harmor
time period | 73, find the modulus of the
string.

of

8. A light spring hangs vertically with its top
end fixed and a body of mass ks
attached 1o the other end. The spring is of
natural length 1 metre and modulus SmgN
and initially the system rests in equilibrium.
The body is then pulled vertically
dowawards s distance of 30cm and
released.
Show that the subsequent motion is simple
harmonic and find the greatest acceleration
experienced by the body. Would the
morion have simple harmonic if an
elastic string had been used in place of the
spring?

9. A light elastic string of natural length 20cm
and modulus 40N has one end attached to a
fixed point A on & smooth horizontal surface
and a body of mass 2kg attached to the
other end. The body is held on the surface at
a point which is 40cm from A, and released.
Show that the subsequent motion will be
periodic and find the time period of the
motion and the speed of the body s it
passes through A

0. A light elastic string of natural length S0em
hangs ves hits top end fixed and &
body of mass 2kg attached to the other
end. With the body hanging in equilibrium,
the string has a total length of 70cm.

Find the modulus of the string.

If the body is then pulled vertically
downwards a distance of 10cm and
released, show that the subsequent motion
is simple harmonic and find the speed of
the particle when it is 2cm above the point
of re
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11, A light spring of natural length 40cm and

modulus 2g N hangs vertically with its upper
end fixed and a particle attached 10 its other
end. When the particle hangs in equilibrium
the extension of the string is Scm. Th
spring is now replaced by a different spring
of natural length 50 cm. The system is again
allowed t0 settle in a position of equilibrium
and then the particle is pulled vertically
downwards  short distance and released.
I he subsequent motion i simple harmonic
with time period s, find the mass of the
particle and the modulus of this second
spring.
Aand B are two points 25em apart on &
smooth horizontal surface. A particle of
500, lies at A and is connected to B by
a light spring of natural length 25 cm and
modulus SON.
If the particle is projected directly towards B
with speed 4m ", show that the ensuing
motion wil be simple harmonic and find the
time period and amplitude.
Alight spring of natural length 50cm and
modulus 147N hangs vertically with its
upper end fixed and a body of mass I-Skg
attached to the lower end. With the system
resting in cquilibrium, the body is projected
ertically downwards with a speed of
4ms-.
Show that the resulting motion will be
simple harmonic and find the amplitude of
the motion.

. A light elastic string of natural length 1 m

and modulus 2mg N hangs vertically with its
upper end fixed and a body of mass mkg
attached to its other end.

Find the total length of the string when the
mass hangs in equilibrium.
The body is then pulled vertically
downwards a distance d metres and released.
Show that the body will move with SHM
provided d € 0.5,

A and C are two fixed points $m apart with
A vertically above C. A body of miss mkg
rests between A and C, held in position by
two identical ve s, each of
modulus 4mg N and natural length 2m, one
string linking the body 1o A and the other
linking it to C. The body is displaced 10cm

17.

3

below its equilibrium pos leased
from rest. Show that the ensuing motion will
be simple harmonic, and find the period of
the motion,

A and C are two fixed points 6m apart with
A vertically above C. A body of mass mkg

1 A and C, held in position by

1 vertical strings, each of
modulus 0-Smg N and natural length 1 m,
one string linking the body 1o A and the.
other linking it 10 C. The body is displaced
S0cm below its equilibrium position and
released from rest.

Show that the ensuing motion will be simple
harmonic, and find the period of the motion.
A body of mass 2kg is attached 10 the
‘midpoint of a light elastic string of modulus
20gN and natural length 2m. One end of
the string is attached to a fixed point P and
the other end of the string is attached o &
fixed point Q, where P is 3m vertically
above Q. The body rests in equilibrium at a
point O. Find the distance PO.

The body is now pulled down to a point R
which is a distance of 10cm below O, and
released from rest.

Find the time taken to travel from R to O.
A and C are two fixed points Sm apart with
A vertically above C. A body of mass mkg
rests in equilibrium between A and C, held
in position by two vetical strings. The upper
string has modulus 3mg N and natural length
1m. The lower string has modulus dmg N
and natural length 2m. The bod:

displaced 30cm below its equilibrium
position and released from rest

Show that the ensuing motion will be simple
‘harmonic, and find the period of the motion.

. A and C are two fixed points 10m apart

with A vertically above C. A body of mass
kg rests in equilibrium between A and C,
held in position by two vertical strings

upper string has modulus 6mg N and natural
length 3m. The lower string has modulus
12mgN and natural leagth 4m. The body is
pulled down a distance of 40cm and released
from res

Find the time that clapses until the body is
next at st
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10. A light elastic string hangs vertically with its

upper end fixed and a body attached to its
lower end. The body initially rests in
equilibrium with the string stretched $cm
beyond its unstretched length. The body is
pulled down a further distance 10cm and
released from rest. Show that the period of
the ensuing motion is given by:

Fl2x+3v3)s.

. Alight elastic string, of natural length

metres and modulus mg N, has one end
attached 10 a fixed point O, and the other
<ol mtcid 1o 8 pusice of mass mkg. The
pa case from rest rom a point A
which is a vmtul distance of £ metres

below O. Show um the pzruclt first returns

10 A after
e
:

A particle of mass kg is suspended from @
ing by a light elastic string of natural
length / metres and modulus 4mg N. The
particle is pulled vertically downwards from
its equilibrium position to a depth of 3/
metres below the ceiling and released from
rest.

The simple pendulum

(a) Find the speed with which the particle
strikes the ceiling.

(b) Show that the time from the moment of
release unil th instant when the string
goes slack is:

k)

A child of mass 30kg is attached to one end
of a light elastic rope of natural length 10m
and modulus 60g N. The other end of the
rope s attached to a bridge which is high
above a river. The child steps gently from
the bridge. Show that the time that elapses
before the child is instantancously at rest is
given by:

Hl+r2un (@)

A body of mass 500 grams is attached to one
end of a light elastic sring o naturs length
2:5m and modulus +¢N. The other end of
the string s muched toa fixed point P. The
body is released from rest at P and falls
vertically. Show that the time that elapses
instantaneously at rest is

A particle of mass m kg s suspended from a fixed point A by a light
inextensible string of length / metres.

Ois the point directly below A. A

o=

Consider the situation when the particle is at a point P where OAP = 0. Let
s denote the distance, measured in metres, along the arc from O to P.

10, where 0 is measured in radians
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. the component of the acceleration of the particle in the direction of the
tangent at P is given by If.

v
p
Avelyiog F = me. perpendicula o the sing. i he dicton of increasing
8, gives:

-mg sin 0 = mii}
But for small §  sin =0

That is, the SHM is of period h\/z
g

Exercise 17D
1. (a) Ifa simple pendulum of length / makes ‘What i the increase in the time period when
small oscillations, show that the motion the length of the pendulum is increased by
approximates to simple harmonic 10%?

-

A simple pendulum performs small
oscillations with time period 27.
(b) Find the time period if: By what pereentage shoul the sng be
I=80em shortened for the time period to
A simple pendulum performs -
= oscilations with time period ST.
i et period is: By what percentage should the string be
P shortened for the time period to be 477
7" . A simple pendulum has length 9-8 cm. The
i) s bob s pulled aside so that the string is
% inclined at 0.03 radians to the downward

motion of time period 2

25m

(i) 1. vertical. It is held at rest, then gently
2. A simple pendulum completes 25 complete released at time 1
ascillations cach minute. Calculate the length Stow that if 0 s the angle the string makes
of the string. with the downward vertical at time 1, then:
3. Find the time period of a simple pendulum (@) 0= -1000

of length 2m performing small oscillations. (b) 6003 cos 10r.
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Exercise 17E  Examination questions

1. A musician wishes 10 use a simple pendulum
as a makeshift metronome. Regarding a
complete oscillation as two “beats”, find, to
the nearest centimetre, the length of
pendulum required to produce
(a) 50 beats per minute

(b) 100 beats per minute. (UODLE)

2. A body P is moving in Simple Harmonic
Motion, in a straight line, with centre O and
amplitude 3m. Given that the speed of P
when OP = 2m is 1ms-", find the period of
the motion. UCLES)

3. A particle describes simple harmonic motion
about a point O as centre and the amplitude
of the motion is a metres. Given that the
period of the motion is. % seconds and that

the maximum speed of the particle is
16ms" find:
(a) the speed of the particle at a point B, a
distance $a from O
@ he time taken to travel directly from O
0 B. (AEB 1992)

4. A particle moves with simple harmonic
motion about a mean position O (i..
acceleration = —ex, where v i the
displacement from O). When passin
through two points 1-Sm and 20m from O
the particle has speeds 4ms~! and 3ms~!
respectively.

() Find 0.
Find the amplitude of the motion.
(iil) Find the periodic time of the motion.
ICCEA)

5. The three points O, B, C lic, in that order,
on & saight fse on s smont honwnul
plane with OB 3
A particle P describes simple hamoric
motion with centre O along the line 1. At B
the speed uflhc particle is 12m s and at
its speed is 9m
(@ he ampliude ofthe motion

(b) the period of the motion
() the maximun speed of P
(d) the time to travel from O to C.
(AEB 1991)

A particle P moving along the x-axis

describes simple harmonic motion of

period 2% and amplitude a with the origin
o

0 as centre. Given that P is at at time

0, writc down an expression n terms of

a, @ and 1 for the displacement x of  from

0 at any subsequent time 1.

Find, in terms of @, the time taken for P to

travel
(i) from the point x
point x =

rectly to the

2

(ii) from the point x

3 directly to the

point x (WIEC)

A particle describes simple harmonic motion
about a centre 0. When at a distance of Scm
from O its speed is 24cms~' and when at a
distance of 12em from O it speed is

cm.
Find the period of the motion and the
amplitude of the oscillation.

Determine the time in seconds, 10 two
decimal places, for the particle to travel a
distance of 3cm from 0. (AEB 1990)

A particle P describes simple harmonic
motion, making 3 complete oscillations per
second. At a certain instant, P is at the point
0 and is moving at its maximum speed of

() Find the speed of P 0.0Ss after it passes
through O, giving your answer to 3

signifi

After passing through O, P first comes to

instantaneous rest at the point A.

(b) Find the average speed of P as it moves
from O to A, giving your answer to 3
significant figures. (ULEAC)
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9. A particle P moves horizontally along the

(Note for question 11 that the stiffness of a
x-axis and describes simple harmonic motion

suingis %,

with centre 0. Ata particular instant,
x=004m and the magnitudes of the
velocity and acceleration of P are 0-2m s~
and 1 m s respectively. Find:

(i) the period of the motion

(i) the amplitude of the motion
At time ¢ = 0 seconds the partile is passing
through O in the direction of increasing x.
Find:

(i) x at any subsequent time 1
(i) the least positive value of 1 (correct to
two decimal places) when x = 004m

‘The simple harmonic motion is produced
by a light elastic spring onc end of which

attached to P and the other end to the
point x = ~0-Sm. Given that the mass of
Pis 03kg, find the elastic modulus of the
spring.

(WIEC)

10. A Tight elastic string of natural length a
and modulus mg has one end fastened to0
a particle P, of mass m, and the other end
10 a fixed point A. The particle is held,
with the string vertical, at a point O
which is at a distance a below 4. At a
given instant, P is projected vertically
downwards

(a) Write down the equation of motion of 7
when it is a distance x, (x > 0), below .

(b) Show that, whilst the string is taut, P
performs simple harmonic motion
centred on a point B, distance a below
o

(©) Given that the initial specd at O is
V/(8ga). use the principle of conservation
of energy to show that when the string
has total length a + x, where x > 0, the
speed of P is given by v, where

ar = 2ag(x + 4a) —

() Hence, or otherwise, find the maximum
distance of P below 0, and find the
‘magnitude of the greatest tension in the
string (AEB 1994)

. the modulus per unit length.)

T

11. A particle A of mass m is attached at one

end of a light elastic string of natural length

tand sifoess 2. The oher end o the

string is attached m a fixed point 0.

() Initially, A is held at O and then allowed

from rest under gravit. Find its
speed when the string first becomes taut
Using energy considerations, show that
A first comes instantaneously to rest at a
distance 3/ below 0.

(b) 1. instead, A is allowed to hang freely in
equilibrium below 0, supported only by
the string, determine the length of the
string in this equilibrium position.

The particle is now pulled down a
further distance - beyond this

equilibrium position, E, and released.
‘The displacement, measured downwards,
from Eis x at time 7 after release. Show
that the immediately ensuing motion is
simple-harmonic with peri

e

Show that when the particle A reaches
the pomldm.aneel below 0, its speed is
given by ¥

2l

ly, and without further

calculation. the subsequent motion of A.
(UODLE)

12 A ngju elastic spring has one end attached to

point 0 and the other end to a scat
oF mass . When a young gil of mass A
sits on the seat and the girl and seat hang
vertically below O, the extension of the
spring is a. The girl and seat are relcased
from rest in a position where the extension
of the spring is ¢ (c > a). Show that at time 1,
when the girl is still on the seat, the
extension, x, of the spring satisfcs the
differential equation

&x

£ (a-x)
@ g
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Show also that the speed of the girl is ¥,
where

ar' = g(c ~ 2ac + 2ax - ¥°)
Find, in terms of M, g, x and a, an expression
for the reaction between the girl and the scat
and deduce that if the girl leaves the scat, she
will do s0 when the spring is momentarily at
its natural length. (AEB 1993)

A particle P of mass m is attached, at the
point C, to two light elastic strings AC and
BC. The other ends of the strings are
attached to two fixed points A and & on a
smooth horizontal table, where AB = da.
Both of the strings have the same natural
length a and the same modulus. When the
particle is in its equilibrium position the
tension in each string is mg. Show that when
the particie performs oscillations along the
line AB in which neither string slackens, the
‘motion is simple harmonic with period

2a

= [ 2.

€
The braking ension o cch string has
magnitude 27 Show that when the

particle is performing complete simple

14

harmonic oscillations the amplitude of the
motion must be kess than $a.
Given that the amplitude of the simple
harmonic oscillations is | a, find the
maximum speed of the particle.

(AEB 1992)

P | —

i (R B

‘The ends of a light clastic string. of natural
length 2L and modulus of clastcity Img, arc
attached to two fixed Bata
distance 6L apart, on a smooth horizontal
table. A particle 2, of mass m, is in
equilibrium at the mid-point M of AB. It is
jected from M with speed /(3 gL),

directly towards B. Al time ¢ the
displacement of P from M is x (see
diagram). Given that P moves nlong the line
AB, with both strings (aut, obtais
illerential equaton relating « an

the motion is simple harmonic

with period 21\/(:—‘)

Find an expression for x in terms of 1.
(UCLES)
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Example 2
‘The diagram shows two identical uniform rods AB
and AC each of mass 4kg. The third uniform rod
BC is of mass 6 kg and angle CAB is 90°. The rods
are smoothly jointed 1o form a framework which
hangs in equilibrium in a vemul plzme. freely
suspended by a string attached
() the tension in the string
(b) the horizontal and vertical components of

the reaction at C.

First, draw the “separated” diagram: T
y ¥

Note that, with the external force T

acting at A, the vertical forces of

reaction on cach rod nced not be ¥ N x

equal and opposite. Symmetry
consideration enables them to be as
shown and: 2 z
T=2v ..
(@) For the whole framework,
resolving vertically gives:
T=dg+dg+be
L T=l4g
‘The tension in the string is 14¢ N.

(b) From equation [1].
T
r=T_y
777N
For rod AC, taking AC = AB = 2 gives:
G X(2 sin 45°) + gl cos 45°) = V(2 cos 45°)
or X+2g=Y
Substituting for ¥ gives: Xt2g=T¢
X=5N
Resolving vertically for rod AC gives: =47
Hence 3N

‘The horizontal and vertical components of the reaction at C are SgN
and 3gN respectively.



‘The diagram shows three identical uniform
rods AB, BC and CA smoothly jointed
together at A, B and C and lying in the same
vertical plane, The framework is suspended
by a string attached to the mid-point of AB.
‘The weight of each rod is W.

With the system in equilibrium, find:

(@) the tension in the string

() the magnitude of the reaction at C

(©) the magnitude of the reaction at B

Two rods AB and BC, of equal length and
weights of S and I respectively. are
smoothly jointed together at B. Ends A and
C rest on rough horizontal ground and B is
yericalyabove AC. The ocficen of

jon between the ground and the rods is §
and anel BAC 5. Show that neither rod
will slip provided tan 2 >
With tan z = 2, find the mz.nnmk of the
reaction at B

Two uniform heavy rods AB and BC, each
of length /. li in the same vertical plane and
are smoothly jointed together at B. Ends A
and C rest on rough horizontal ground and
angle BAC = x. The rod AB is twice as
heavy as rod BC. The coefficients of friction

at A'and C are g, and g respectively. Show
that neither rod will sip provided:
W and
Tunz "7 Sunx

Suppose now, with these conditions fulflled,
1y = 4y and  is gradually decreased (both A
and C remaining in contact with the

grou

Show that slipping
before it does at A.

tend to occur at C
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The diagram shows three identical uniform
rods, AB, BC and AC, each of weight W.
The rods are smoothly jointed at their ends
to form a framework which hangs in
equilibrium in a vertical plane, freely
suspended by a string attached at A.

Find

(@) the tension in the string

() the horizontal and vertical components
of the reaction at B.

] v w

‘The diagram shows four identical uniform
rods ech of weight W and eyt  frecy
hinged together at their ends. A J
inextensible string of length T connect A to
Cand the framework hangs in equilibrium
in a vertical plane, with A freely hinged to a
horizontal ceiling.

Find the teasion T'in the string, and the
horizontal and vertical components of the
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Further examples

‘The examples encountered so far in this chapter have all involved jointed
rods in equilibrium. However the techniques of:

1) considering any symmetry that may exist
and  2) “separating” the rods

can also be applied to cquilibrium systems involving other connected bodies,
as the following examples demonstrate. In Example 3 the forces are shown
with due regard to the symmetry of the system and in later examples the
technique of showing the bodies “separated™ is shown.

Example 3

‘The diagram below shows two rings, A and B, each of mass | kg, which are
firee (0 move on a rough horizontal ruil, coefficient of friction . They are
connected by two identical, light, inextensible strings (o a body C, of mass
2kg, hanging freely.

Py B

208

If the system rests in equilibrium, with AC making an angle of 45° with the
upward vertical, find:
(@ the normal reaction at A

(b) the tension in cach string

(©) the frictional force acting on A.
Show also that i cannot be less than 0.5

First draw a diagram showing the forces acting on the
rings and the suspended body paying due regard to the £
symmetry of the system (o keep the number of
unknowns needed to 4 minimum).

(3) For whole system, resolve vertically: R+ R=g+2+2¢
- R=2g

‘The normal reaction at A is 2gN.
(b) For C, resolve vertically: 27 cos 45° = 2¢ N

. 2%

‘The tension in each string is gV N.
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(© For A, resolve horizontally: F=Tsinds®
Substituting for T gives: F=gV3x ‘z
3 Feg
The frictional force acting on A is gN.
For cquilibrium: FeuR
ie. 1> 0.5, as required.

Example 4

“The diagram shows the cross-section of three smooth cylinders which rest
inside a smooth gutter. The centres of the circular ends of the cylinders A, B
and Care A, B and C respectively. Cylinders A and B are identical and lie
against the sides and on the base of the gutter, each having mass Skg and
radius 6cm. Cylinder C, which rests on top of A and B, has a mass of 8 kg
and radius 8 cm.

I the distance between the centres of A and B is 14cm, find:

(a) the normal reaction between A and C

(b) the normal reaction between A and the side of the gutter

(©) the normal reaction between A and the base of the gutter.

N N

Tom—et

First, draw the “separated” diagram. Let the normal
reaction between A and C be R, the normal reaction
between A and the side of the gutter be § and the
normal reaction between A and the base of the gutter
be T
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Note that:

(1) by symmetry, the normal rea
normal reaction between B and C

2) if we let 0 be the angle AC makes with the downward vertical, lhen by
trigonometry sin 0 = %

between A and C is the same as the

(@) Resolve vertically for C:  2Rcos 30" =8 A=—Fem—e
Role

The normal reaction between cylinders A and C is ET N

(b) Resolve horizontally for A:  Rsin 30" =

The normal reaction between cylinder A and the side of the gutter is
A»f; N

() Resolve vertically for A: T= Sg+ R cos 30
Substituting for R gives:

‘The normal reaction between A and the base of the gutter is 9¢ N,

Example §

The diagram below shows a uniform rod of mass § kg and length 2a which
i hinged to the floor at point A. The rod rests against a cylinder of mass
10 kg and radius . The angle of elevation between the rod and the floor is
60" and the contacts between the rod and cylinder and between the cylinder
and floor are both rough. The rod lies in a vertical plane at right angles to
the axis of the cylinder.
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(©) For the cylinder, taking moments about B gives:
a cos 30° x 10g + av/3 sin 60° xr, cos 30° x R
Fi=131
Since the system is on the point of slipping:

Fi=uR
= 0108
The value of y is 0-108.
(d) Resolving vertically for the whole system gives:
Y+ R=8g+10g

Y= 1851206
Y558
Resolving horizontally for the whole system gives:

X

tH

“The horizontal and vertical components of the reaction at the hinge are
131N and SS8N respectively.

Example 6

The cylindes in Example 4 acc now rough and i unsupported an s ough
horizontal surface, as shown in the diagram beloy

e

Given that AC makes an angle of 30° with the downward vertical, find:
(a) The normal reaction between cylinder A and the horizontal surface
(b) The normal reaction between cylinder A and cylinder C.
Show also that, if i, is the coeflicient of friction between each lower
cylinder and the upper one and i, s the coefficient of friction between each
lower cylinder and the horizontal surface, then:

> 0268 and g > 0119
Draw the “separated” diagram and include the forces with due regard to
symmetry.
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From this value for R it follows that and £ =105
But for equilibrium Fi<mR and F<mT
10:5< 1,392 and 105 < 4,882
ie. > 0268 and > 0-119 (all 0 35.5)
as required.
Exercise 188

In questions 1 to 4, two rings A and B are free to move on 2 rough
horizontal rail, coefficient of friction . They are connected by two smooth
light inextensible strings of equal length which support a body C which
hangs at the centse. The diagram below shows the situation.

Iy

¥

1. The rings A and B are cach of mass 2kg. body C bas mese g e the
angle that AC makes with the upward vertical is 30°, If the system i
limiting equilibrium, find:

(@ the normal reaction at A
(b) the tension in cach string
(©) the frictional force at A
(d) the value of z.

2. The rings A and B are each of mass 4kg, body C has mass 9 kg and the
angle that AC makes with the upward vertical is 40°. If the system
limiting equilibrium, find:

(a) the normal reaction at A
(b) the tension in each string
(©) the value of 4.

3. The rings A and B are cach of mass A kg and body C has mass 43/ ke
and angle ACB is 120°. If the system s in equilibrium, find. in terms of
M

(@) the normal reaction at A,
(b) the tension in each string,
(©) the frictional force at A

@ showthat > 23

4. The rings A and B are each of mass 4kg, AC makes an angle of 45
with the upward vertical and 4 = 0-4, If the system is in limiting
equilibriom, find
(@) the normal reaction at A,

(b) the tension in each string,
(©) the mass of body C.
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In questions  and 6, three smooth cylinders A, B and C rest inside a
smooth gutter. The centres of the circular ends of cylinders A, B and C are
A, B and C respectively. Cylinders A and B are identical and lic against the
side and base of the gutter. Cylinder C rests on top of cylinders A and B.

N /

5. Given that cylinders A and B cach have mass 6kg and radius SvZem,
cylinder C has a mass of 9kg and radius 6v2cm, and the distance
between the centres of A and B is 22cm, find:

() the normal reaction between A and C

(b) the normal reaction between A and the side of the gutter

() the normal reaction between A and the base of the guter
Given that cylinders A and B each have mass 7kg and radius 7cm,
cylinder C has a mass of 11 kg and radius 10cm, and the distance
between the centres of A and B is 16¢m, find:

(@) the normal reaction between A and C

(b) the normal reaction between A and the side of the gutter

(@) the normal reaction between A and the base of the gutter

Yo questons 7o 12, ifvcn od AC s binged i the floor at point A.
“The rod rests against a cylinder and @ s the angle of elevation that the rod
es with the floor. Both the contacts between the rod and cylinder and
inder and floor ar tough. The dingram below shows (e stvation
¢

7. Given that the od s of length 2am and mass l()kg the eylinderis of
radius am and mass 12kg, 0 = 60°, and the system rests in equilibrium,
with the cylinder on the point of slipping at the ground, find
(a) the normal reaction between the cylinder and the floor
(b) the normal reaction between the cylinder and the rod
(©) the coefficient of friction between the cylinder and the floor
(d) the horizontal and vertical components of the reaction at the hinge.

an
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1. Cylmdm A and B cach have mass 7 kg and radius 7cm, cylinder C has
kg and radius 10cm and AB = 16cm. Find:

o the valne off

(b) the normal reaction between A and C

() the normal reaction between A and the floor

() the minimum possible value of the coefficient of friction between
each lower cylinder and the upper cylinder

(¢)  the minimunm possible value of the coeffcient of friction between cach
lower cylinder and the floor.

H

Given that cylinders A and B each have mass 9 kg and radius § cm,

cylinder C bas a mass of 12kg and radius 12cm and AB = 24cm, find:

() the normal reaction between A and C

(b) the normal reaction between A and the floor

() the minimum possible value of the coefficient of friction between
each lower cylinder and the upper cylinder

() the minimum possible value of the coefficient of friction between
each lower cylinder and the floor.

Cylinders & and B each have mass M kg sad radius 2acm, ylinder C

has a mass of 2M kg and radius 3acm

(s the normal reacton between A and C (i tems of A1

(b) the normal reaction between A and the floor (in terms of M)

(©) the minimum possible value of the coefficient of friction between
each lower cylinder and the upper cylinder

(@) the mi possible value of the coefficient of friction between
each lower cylinder and the floor.

Light rods

A framework may consist of a number of rods that are said to be fight. This

means that when we create our mathematical model of the situation we can
of these rods. Of

mmpmd 10 the other forces a

acciracy of our answer. If our model the ives answers that a7 ot ccurate

enough, or that are too far removed from the real situation, we would need to
Pt

Consider two such fight rods AB and BC, freely hinged together

atB:

We can “separate” each rod, and show the reaction on each,

due to the other, at B as a single force R:

As the rod AB has no weight, it can be scen that for equilibrium R
must have no tuning effect about A, must act along AB.

“Thus all the reaction forces between light rods will ac along the rods.

A particular light rod AB may be acting as a fie between the points A
and B, i.c. . preveing A esd B frem movag apas, aud the rod s
then in
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The reaction at A is y/(X* + ¥*) at tan™ L. ’ t0 AD,
ie. 100/13N at tan % o AD
AUB, resolve horizontally:
At A, resolve vertically: Tysin30° 4 Y
B ke

Resolve horizontally: T3 cos 30"+ T+ X

Ty = ~100/3N

AUD, resolve vertically: 7 sin 30
B T,

3
@) The fore of reation at A s 100y3N at tan”* L2 10 AD

(b) The force of reaction at B is 200y/3N in direction CB.

(¢) BCisin tension of 200y3N  CD s in tension of 200N
‘Ais in thrust of 200N AD s in thrust of 100y3N

Example 8

‘The framework shown is smoothly supported at A and B and carries loads

of 20N, 40N and 20N at C, D and E respectively. AB is horizontal and the

other angles are as shown. Find the forces of reaction on the rods at A and

at B, and the stresses in each rod

Let the tensions in the rods be as shown (as the framework is symmetrical,

the forces in some rods can be determined by symmetry).

For the whole framework, resolve vertically:

(Aleratively, Ry and Ry may be
ind by taking moments about

Ra
By symmetry,
. A or B for the whale system.)

a5
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AtA, resolve horizontally: Ticos30° 4T, =0 e

AU A, resolve vertically: T3 05 60° + Ry =0 B!

Hence 7;=-80N and T, =40y3N

ALC, resolve horizontally: T cos 30° + T cos 30° = T cos 30

T+ =T B

ALC, resolve vertically: 20+ T cos 60° + T3 cos 60° = r. cos 60
04Ty + 7

Solving equations [3] and (4], using the values of T3 and T, gives:

Ty=-20N and Ti=-60N

ALD, resolving vertically, and remembering that by symmetry the stress in
CD will be the same as that in DE:

40+ T + T cos 60° + Ty cos 60° =0
‘which by substitution gives: To=20N
‘The reactions at A and B are both 40N.
‘The stresses in the rods are as follows

In AF and FB a tension of 403N In CD and ED a thrust of 60N
In DF a tension of 20N In CF and EF a thrust of 20N,
In AC and BE a thrust of 0N

Exercise 18C

Each question in this exercise involves light rods lying in the same vertical plane. In each case find:

() the force of reaction exerted on the rods by the wall (or support) at A
() the force of reaction exerted on the rods by the wall (or support) at B
(€)  the stresses in each rod stating whether in tension or thrust

1 c S
B
A 5

a4

The diagram shows a framework of three

identical light rods smoothly jointed together

and resting on smooth supports at A and B. The diagram shows a framework of four

AB s horizontal and a load of ' N is light rods smoothly jointed together, frecly

suspended from C. hinged at A and B to a vertical wall, and

carrying a load of 100N at D.
CAD = CDA = 45 BC and AD are

horizontal.



S00V3N

The diagram shows a framework of four
light rods smoothly jointed together, freely
hinged at A and B to a vertical wall, and
carrying a load of 500y/3N at D.

= CD = AD = 2BC and AD and BC

are horizontal.

awN

The diagram shows a framework of seven
identical light rods smoothly jointed together
and resting on smooth supports at A and B;
AB s horizontal and loads of WN, WN
and 4N are suspended from D, C and E
respectively

D c

wN
The diagram shows a framework of five
identical light rods smoothly jointed
together. The framework is freely hinged at
A0 a vertical wall, rests on a smooth
support at B, and carries a load of WN at
C; BCis horizontal.

Compound bodies and frameworks 477
D <
3K
A B

The diagram shows a framework of five light

rods smootbly jointed together; ABCD is a

paraliclogram, AB is horizontal and angle

DAB = 60°. The framework is freely hinged

toa vertical wall at A, rests on a smooth

support at B, and carries a load of 3kN at C.
D c

727228,
7274

Swn

The diagram shows a framework of seven
identical rods smoothly jointed together and
sesting on smooth supports at A and B; AB
is horizontal and loads of 6N, 3 N and
3WN are suspended from D, E and C
respectively.

R
‘The diagram shows a framework of nine
identical light rods smoothly jointed
together. The framework is freely hinged at
A0 3 vertical wall, rests on & smooth
support at B, and carries & load of 2y/3kN
a1 D; AB is horizontal.
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Exercise 18D Examination questions

(Take g = 9-8ms~* throughout this exercisc.)
1.

A pai of steps can be modelled as a uniform
10d AB, of mass 24kg and length 2m, frecly
hinged at 4 10 a niform rod AC, of mass
6kg and length 2m. The mid-points of the
rods are joined by a light inextensible string.
‘The rods rest in a vertical planc on smooth
horizontal ground, with each rod inclined to
the horizontal at an angle 6, where ta
(see diagram). Find the tension in the string
and the horizontal and vertical components
of the force acting on ABat A, (UCLES)

2. Two identical small rings A and B, each of
mass A, are permitted 0 slide on a rough
horizontal rail. The coefficient of friction
between the rings and the rail is 0-5. A ring
of mass 441 is threaded onto a string of
length 2. One end of the string is fixed to
ring A and the other end (o ring B.

() Copy the diagram below and indicate
clearly on it all the forces acting on the
three masses.

o

(i) With the system in limiting equilibrium
show that the distance between the rings

Aund Bis (NICCEA)

.

A uniform cylindrical oil drum is held in
equilibrium, with its curved surface on a
rough slope, of inclination 30° to the
horizontal, by a light rope attached to a
point on the circumference of the oil drum.
The rope is pulled upwards at an angle of
60° 1o the horizontal and is tangential to the
s e dingc)- The i of e dum i
horizontal and the rope is
e axis of he drun. Find the st posible
value for the cocflicient of friction between
the oil drum and the slope. (UCLES)

A uniform rod O of weight I and length
2a s pivoted smoothly 1o a fixed point at the
end 0. A light inextensible string, also of
length 2a, has one end attached to the end A
of the rod, its other end being attached to a
small heavy ring of weight IV which is
threaded on to a fixed rough straight
horizontal wire passing through O. The
system is in equilibrium with the string taut
and the rod making an angle x with the
downward vertical at 0.
By taking moments about O for the rod and
ring together, o otherwise, find the normal
component R of the reaction exerted by the
wire on the ring. Find also the frictional
force F on the ring.
The cquiteiem i nmumg whena = 6
mr friction between
e gy (OCSEB)




‘The diagram shows a uniform rod AB, of
length 2a and weight I, with a small ring
attached to the end A which can slide on a
rough horizontal wire passing through a

int C. From C a string CB is attached to
the other end B of the rod. The system is in
equilibrium with B vertically below the wire;
CAB = 30" and the string is perpendicular
10 the rod. Find 7 the tension in the string,
in terms of V.
Given that the ring is about (o slide on the
wire. find , the coeflicient of friction
between the ring and the wire.  (OCSEB)

‘The diagram shows a uniform rod AB of
length 2a and weight 4 ¥ frecly pivoted to
fixed support at A. A uniform rod BC, also
of length 2a but weight IV, is freely pivoted
to ABat B. A light string is attached to C,
sses over a smooth fixed peg P, and
carries a load W hanging freely at its other
end. The system is in cquilibrium with BC
horizontal. AB inclined at an angle 6 to the
vertical and the string making an angle
with the horizontal. By considering the
equilibrium of the rod BC (or otherwise).
show that z = 30°, and find the reaction
exerted by the rod AB on the rod BC at B.
Find also the reaction exerted by the support
at A on the rod AB and the value of 6.
(OCSEB)
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7. A light ring attached to the end 4 of &

=

.

wniform rod AB of weight W and length 2a
can slide along a fixed rough horizontal bar.
A wing joas 3o & fzed ol Cof the
bar, where BC = 2a. A particle of weight
LW is fixed to the md ata distance ka from

equilibrium with AB making an angle 0 with
the downward vertical at 4.
Find, in terms of W, k and 0
() the tension 7'in the string.
(b) the normal reaction R and the frictional
force F exerted by the bar on the ring.

Show tha

F_Q+kng

RT0-R
The coeflicient of friction between the ring
and the bar is y. If § = 45°, by considering

the ratio £ for variable &, show that

equilibrium is possible for all positions of
the particie on AB, provided that i > +
For the same value of 6, find the range of
values of k for which equilibrium is possible
ifp=4. OCSEB)

A uniform sphere of radius a and weight ﬁ
rests on a rough horizontal table. A uniform
rod B of seight 2 and length 2a s frecly
hinged #1 A4 10 a fixed point on the table and
feans against the sphere so that the centre of
the sphere and the rod li in a vertical plan.
The rod makes an angle of 60° with the
horizontal. Show that the fictional force
between the rod and the sphere is } -
“The cocfficient of friction at cach point of
contact is 1. What is the smallest value of
which makes cquilibrium possible? (OCSEB)
A uniform sphere of weight # and radius o
fesis on 3 horizontal tabie touching it at A
A uniform rod BCD of weight 20V and
length 4 rests on the table at #and leans
v

against the sphere at C, the angle ABC being
‘The points A, B, C lie in a vertical plane

and the contacts at these three poi

Tough with th same cocTcien of icton i

The nosmal reactions at A, 8, C have

magnitudes R, P, S respectively, and the



450

]
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corresponding frictional forces have
magnitudes F,, F, F;. By considering the
equilibrium of the sphere and rod together,
and also the equlllbrmm of the sphere itself,
prove that £y

Calculate the values o k. P, and Fiin
terms of

Find the smallest value of  for which this
rium position is possible.  (OCSEB)

An equilateral triangular frame ABC is made
up of three light rods AB, BC and CA which
are smoothly jointed together at their end
points. The frame rests on smooth supports
at A and B, with AB horizontal and with C
vertically above the rod AB. A load of SON
is suspended from C. Find the reactions at
the supports and the tensions o thrusts in
the rods. (AEB 1991)

The diagram shows a square framework
ABCD of five freely jointed light rods. The
framework is freely suspended from the
point 4 and weights of magnitude I arc
hung from B, C and D respectively. Find the
stress in the rod BD, stating whether it is in
compression or tension. AEB 1994)

‘The figure shows a framework consisting of
seven oqual ookl fokated ght vods 45,
BC, DC, DE. AE,

framework is in & \cmul ,,um it AE,
ED and BC horizontal and is simply
supported at A and D. It carries vertical
loads of 0N and 90N at Band C
respectively.

Find

(a) the reactions at A and D,

() the nugmmdcs of the forces in AB, AE
and B (AEB 1991)

-

The figure shows a body P, of mass 13kg,
which is attached to a continuous
inextensbl ting ofleaglh 15-4. The

ring ver a small smooth peg O and
{he hanging porions of the sring e
separaed by a heavy uniform horizontal

igid rod AB, which is 4m long. the string

{iing o smal smooth groaves at the ads
of the rod. Given that in the equilibrium
position AP
() sin PAB =3 and sin OB =
(b) the tension in the string has magnitude

STy
() Hence find the mass of the bar AB.
(AEB 1992)

=




Answers

Esercise 14 page 2

. 2km west 2 50km, S369E 3, 6.5km, 474
4. 781km, NS63'E. yes 5. 700m, 1018 6. 657km, 3282
7. NTBTW,SIFE 8 68km N77°E

Exercise 1B page 5

1. 677 units, 0837 2108 units, 2491 3. 806 wnits, 1003
4. 574 units, 2991 S 102 uniss, 6. 41 units, 112
7. b ® -b @ -

(@ ath © -a-b a ®a-b
8@ b-a ® a-b © -2 @ Ya+b)
9. @ b ®) ath © b-a
10. ®) db-a) © Ha-b
1@ e ® 4a @ atie @ erta
12 @ ta ®) b-a © 3b-a) (@ e

Exercise IC page 10

1@ 043 ® 04 (i) 4 units

i @ @ Si+s ) Sy2units
) @ —3-j @) ViDusits
)@ -2 G VIS uaits

she

e
) 3263

2A+2V3 ==m.(+3f. A= 4B e=5ie5VG
e R

s+ 51 WE-y o

4 p=2die 36+ 48K S q= 4943420k

6.) 0) 33k i) VI units ) 465,465,767
) 0 142+ 3k (i) Vid units i) 745,577, 367
© @ 20+ 3K i) V3 units i) 5637907, 337
@ @ 3+j- 2% i) Vid units @) 367745, 577

7@ T2 ®) 81y (© S units @) 4V36 units
(© 25 units (© %+ () 28+96

8@ -5+ ) %+ 1 (© V3 units @ 7 uis
(© 14 units (©) 15 units @ 10425 my

9. (@) 614k ) 9+3j+ 6k (© Vid units ru..m
(©) V36 units ) 11 units P 26

x : o
0w () ® ()) © Vi @ 7w © s (0 0w 4;\(0)
5 H H
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2 @ ) 2ms? @) 3ms i) 9m
(®) () 4ms" @) 1§ ms™ i) 20m

L@ Hms? B 2me? @ 24m 4@ 6ms () 0ms! © 2ms? (@ 240m
705 7. Approx 200

8. No (He was travelling at 12 ms™", or 27:2 miles per hour.)
9. 10-Sms-*, cannot complete without accelerating, needs 741m s

Exercise 2F page 35

1 @ 505 © Hzmet
s O ém
i) Ism;"
(X
4. 12ms, 165 5.0 9ms, (i) 105
7. 0ms, 45m 8 () 3645m
(i) 27ms! =
i) 3s Tatoon
. B Mime 5
@ 9ms =
%@ (035 i) Tms! &
(b) (9 Point A is when the velocity is first cqual to zero, i.c. when the ball first reaches the highest point.
i ball hi i value.
value.
10.@)  Vebocity ®) $2ms! © 24ms

2 ()150525 @) v
Gi) 25km, 1355 ()25
»

w1st
10
s

Time )

13. 45, vs, ¥ — 60v + 800 = 0, 20, Choose v = 20 because other value, » = 40, gives a negative time for the
constant speed period of the motion and is therefore not applicable.

Exercise 34 page 43

1. @) SN (®) 20N.9N (@) N (@ 60N, SN

2@ uN ® 10N.2SN (@) ON.20N (@) 60N, 10N

32m 46N 5. 8kg 6. soms



7. (1014 N . (6i+ 6)ms

9. (1Si+)+ Wms?

Answers

10, 3ms %, 1800N

L@ ems? () 4
12 @) 18N ) 78N ©BNIN @ SNIN BN (1) 20N
4. 10N 15.075ms 16. 2070
.8 182 -4
0. @) 10N () 1600N
21 7N 2. 1200m 2 4050m
Exercise 3B page 47
N 3. 098N
() 1SN @ ske (@ 15ke ) 3ke
) 02ms
®) 3N @ 9N
X 7. SN 8 (@) 04ms  (b) 020N () 9400N
9. 2575 0. 02N 13N 12 810N
1. @) UN
Exercise 3Cpage s
X 92 LoNBON 8 BeNTN
X © T=msa, R=myg, RB=ms

i) 63N

(b) 0.0455N

7.
20, 105N, 80N, 560N 20 1300N, 1§ ms

Exercise 3D page 55

3. fi. fime. fomg. 4. (@) 210N

7. 19ms? (@) L4ms ! (b) 30em
Exercise JE page 59

Lfems? 1. feN 2 igms

3@ MHmsEE ) Tme L 42me

4 fgms? | BeN, WeN 5 tams 2N
& ygms ), fEmg 9. $kg
Exercise 3F page 61

1 875kN 2 (654 14hm

A sy 4ms, S900N

‘

3 65 10

() 700N

Ltdms |

3@ ) @i+ 2N

(i) S6N
i) 98N
Gi) 126N

®) tams, 168N, 112N

© 1
L3 me, Thrust afN

s 9. 66cm

(©) 336N, 168N

6. 400N, 100N

6 dygms L, g, Hme

10, 1kg

() @i+ pms?
5. () () BON

() i 2

i) 490N upwards

(b)) 7800N

) 390N upwards



486 Undersianding mechanics

6 BN 7. ¥mp 8.1 @) 3m
9. a=21, P=d62, Q=357,0756s 10 M= 4000, 7 =025

Exercise 44 page 69

(®) 116N, 12 © sanar
(6) 671N, 266 66
(© 179N, 139
153 05N fores (b) 102N, 130 to §N force.
529N, 409 6. 705
. F/TN, 409 10. 8
() 38N, 172 (@ 41N, 52
. 82N, 76 16. 10N, 60 17. 40N, 025§
b

Exercise 4B page 73

L@ Q) 43N ) 4N ®) ) 0 ) 10N
(© @) ~T66N (i) 63N @@ 22N @) -2/2N
© @ V3N i) 3N © ® Pe @) Psind
2 () (88N ©) i+ 3N (© (33N @ (5= 5V3N
(@ Poosai+ Psinal () ~Qcos gi~ Qsin 6
@6 SN @ -SAN ® @ SN i) SN
© @ -5V2N (i) -5V2N @ 0 382N ) 940N
© @ 68N (@) 766N 0 6 14N @) 985N
4@ Q) 3N N ® @ 23N @) 00NN
(© @) Peos+R-Qsin & Gy Psind - Qcos &
S @ IN (i) 366N )@ 886N @) 066N
© 6 -12N @) y2N @6 34N ) 060N
© O -7N @) VAN () 6) Rsiné+Qeos6 () P+Qsinf-Reos §
Exercise 4C page 77
1@ SN @ @-6N
16 md;—snh u-u (s o m R
=5.c
& N, seor % i es 3 s
) 7078981 (© 361N, 1263 @ 2N 150
7 (®) SN,SN, (© (52 - 446N, 3193
75591‘1349‘ Wi s
6. 4N, 30" on other side from C
5. 25N, 45 with B o e e from © 18 2N parallel 10 A
19, 134N, 266" to AB on same sde as C 20, 20N, 60" with AB on same side a5 C
Exercise 4D page 75
1. 100V3N 2. 2/3N a0 30 10 BA 3 VI~ n dicion of
4 VIIN, 124 5 VeIN. 0937 6.6) P=2N.Q=3N () 1431
7.5 81502
Exercise SA._page 85
1@ RN IsE ®) 6N, 141 ) 3N 52N
2 (@) 74N, 105 © 48N, 35 63N, 39N
3 () SN, 1269 () 636N, 676 889N, 77
L (a) SN.866N (®) 218N, 489N 259N, 707N
5. 839N, 43 6369 3675N, 61.25N 7. 113N, N6E

8. 98N, 170N 9. 113 10. 35N, 282N
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Exercise 5B page 91

(b) 3= Psinf o oSNy
=10 c0s 20 +10 sin 20 (b) Psin 0410 sin 20° = 10 cos 20
+10 cos 60 (b) Psin 307+ sin 60° = 10 sin 60" +§
@ PUIA TN 0 = (54 1IN
10 b) Q= 10 sin 60° © P=5N,Q=5/3N
(b) Peos 30 = 12 © P=8/3N, 0~ 4y3N

(6) P+ 10 5in 30° = 10 sin 60

®) Poind+1 = Sy2 sin 45

@nz ©7.-14
© a=dbe-2c=0

13. SN, 98N 10, Lo IS 36N NTLCE 16 49N, 849N

17. 566N, 13N 18507 9.0 195 IS (© 27N

0 444N 9N BIN 2L 3041 80,755

Exercise SC  page 98

1. @) R+30sin 30" = log () S0cos 30" = 10 © R=iNa= 2 et

L@ R+ a3 - l0g (b) Peos 30° = 5043
(b) 50 cos 60"~ 10 = 10a.

() Peos =1

Exercise 5D page 100
12, 10m 15. 242ms!

Exercise SE page 102

Ll m 1) 45,226 G 52 in opposie diretion to Q.
®) WIN (@) 18 ) 17N
© SSaNa 1092 0N
%@ (9TII9ISIN () (0TI 1IHN (@) . © 165

8. () SN (i) 08 9. (a) SN, 4V (b) VOIN
10. 161N, 192N, 360N 20° eft of downward vertical

@ 6SIN (i) 497N () BIN (1) approx 4
12 9ms!, 35 3. 28ms-!
4. () 15ms ) 135N (i) 18
15. (i) Sms ) 6ms™ i) M4m
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Exercise 64 page 110

1 (@) 10N, rest () 14N, rest © MNacdderate (@) 10N, et
(©) 14N, rest (@) 10N, rest ) 10N, secsre
@) 10N, accekerate ) 1212N, rest 2N, accelerate
@3 ® ¢ @ 033 © o ©) 0677
34 5. 49N, yes, 005ms 6. SON.no
7. 049N, yes, 1 02ms 9.4 10. Lo2m
1. @) 07ms © 245ms @ 1125m
2. @) 9% (© 159
13. @) 392 © 69 14,058, 063N
15. (@) no stiding ) no siding (@ siding
16. (a) o siding (b) siding
17. (@) no sliding (b) no sliding () siding
18, Yes 19. 98N, no
2. @) 14ms ) 042N (@ Toem
20 @ 109ms ® 2ms? © L4sms!
3. 294ms uy
Exercise 68 page 118
1. (3) 335N, rest () 24N aceclerate () 375N, accelerate
(@ 170N, rest () BTN rest ) 30N accelerate
(@ L6IN ® 102N (@ 184N @ 19N (@ 183N ) 82N
@ 193N ®BIN @ 7N (@ B2N @ 273N (f) 20N
L () 015 ® 020 (© 02
225N, body wil slide 6.0 7. 029 80523
. (3) 278N ® 702N © 82N
10. ) 26N ®) 185N (© 68+ 3N
} 2oy 2fmst 1302645 14023 15,3 42ms
®) yes © no @ 0577
. 029 18 S6ms™! 19. 196,01 20. 098 ms, 441N
Exercise 6C page 125
[RES
3. (@) SION. 159 (© #4N, @ 56N
(@ 766N () 634N
1973 AN 262
0 766N o BN ) 441N, 158 M 22N.262
4 202N, 140 5 149N, 216ms >
6.0) @) yes @ no (@) 25°,0466
L 135N 8 105N 9. 80N 10. 259", remain a rest
1L @) 170N ) 168N (© 178N
1. (@) 412N () 409N © 417N
. @) 208N ® 07N © 204N
6. () 152N ®) 150N @ 152N
1. (@) 25N () 289N © 61N



Exercise 6D page 125
1@ 854N
3. Various possibilitis -
(o et placesedge on ght
@

(i) 219N, 026

2 ()96

(i

Answers 459

047

e sedgs 1 ush oo boraoua) groud and obecre tha it doc ecatly o
dow

cin and obierve hat  docs ot side

3 jeNg<u<t
L jimgN
6. Particl docs not move.
XN, 7@ 27N (b) 106N
Tt Pidan K pgime
ooy 0en T 10N
Woman i + idge
90 curmal @ W in e £ P @), F
escion) in motion g
£ » e
eNOHeg)

10, (a) weight of child, weight of
®) (i) 1/’; (©
00520, 51,9135, 88

@ 0 3smys 3N
| sams
13, (i ms"
@ 2()r
(%) When paric
preveat motion down slope

14, 488

Exercise 74 page 138
1. 10N m clockwise
4 10Nm anticlockwise

. o beten sy sod snow
0404 (@) air resistance
Gi) 21ms!

o (2

(b) 0602

5. 6mg, 5

e on slope comes to rest it will remain in that position because frictional force just able to

3. 10N m clockwise
6. 16N m clockwise

10Nm clockwise
6N m anticlockwise
80Nm clockwise

346N m clockwise

2.
25, 20N m clockwise
28, SN m clockwise

Exercise 7B page 142

29, 7Nm clockwise

) $Nmanidockwie

24 20N m anticlock
7. 2N m clockwise
30 17N m anticlockwise

(&) 19Nm clockwise
)

1. () 40Nm clockwise
[0} iclock:

2. 175N, 35 s ABCD
& ISN.14NminsmeABCD & 24Nm insee ADCB
10N m clockwise
B . ~6,.4, 26N m clock

12Nm clockwise, independer

2
ot of P.

15
12Nm in sense ABCD, 1-5
7Nm clockwise
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Exercise 7C page 145

L@ 6N Im ® 2N.7m © 2N7km 2. 5N,4m
320N 3m 42N, 10m 5.AN.5m 6.6.2
%46 8 108, 1im 9. 1SN 1im 10. up. down, up. 3m

Exercise 7D page 145

1 o
4 160¢N, 0 = 100gN
7. 19N, 0 = 130N
10, 2m from 10kg mass . 75cm from other end
BO2NAN v 4
16, Th¢N dowamards, 124¢ N upwards 17. 88, 146N
18. (@) 66em from handle (b) 24gN. 123N
Exercise 7E page 151
L @) 98N ®) 9N © 4N 2. @) 49N ®) S9N © 351N
IWaN BTN O WIN 4 137N 5 196N 612N
7. s6em 314N 10, 614N
Exercise 7F page 156
1. () 13N, 226" 10 AB. 7em from A (b) 13N.226" 10 AB. ALA
(© 25N, 737 10 BA. 3m from A () 84N, 324" 10 AB. §.31m from A
2 (a) 014N m in sense ADCB. (b) 41Nm in sense ADCB
(©) 10y3Nm i sense ABC (@) 3 Pay’3 in sense ABCDEF
3 SN, S31 10 AB. 12} em from A 4. 128N, 249N, 659Nm in sense ADCB

5. 447N, 266" t0 AB. Ja metres from A on BA produced 6. 30N, 30° 10 AB. 2m from A on BA produced
7. 183N, 109" (0 AB. $a metres from A on BA produced 8. (41 + 6)N.1

10. 113N, 163" to BA. §9¢m from A on BA produced

I 834N, 576" (0 AB. 232 from A 00 BA produced

12, 125N, 496" to AB. L m from A

13, 20-1 N, 152° to BA. 304cm from A. Same force but now 6-46em from A on BA produced

14. 825N, 760" t0 AB, 25cm from A. 854N, 634 0 AB, 2Nm in sense ABCD

15. 163N; 376" 10 AB, $-5m from A on AB produced. Same force after couple introduced

16, (843N, ~4h, = 14,

Exercise 7G page 159

125N 21 3@ EENIN 0 8VIN (0 $Nm dockvise

4@l -4 (b (1) ,5, UII 20 units from A, 4 ¢

7. 315N, 15562 N : ® snfk; ) S0V - N > lon, s

. . '

10,0 2ATN @) 1 Nm amiclockvise (i) 3720 m @ VN )76 (@ 4m

12 R=TW.0=818"

Exercise 84 page 166

Lwehy e © (1.2) @ .-y 204
@1y 4Ly 532 6 lem. 1y em 7 1m im

8. 5i+3j 9.0 -3 10.2, -4 11 (24,-32) 12. 1,25

13.0,-2) .61 15. 1, Sem

Exercise 88 page 171
L2
. 2.2

423 522 6.2
10.3,2) 1. (14,2)
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Exercise C page 176

5 (241 208,13 3y 4.26.19) 53,14
6 (1.23) 7. (14,.22) 80,3 9. (14,2) 0. (24.39)
1. 1,295 12 (~#.0) 13 (-3.0) Ho@im ® 4w

15, 18 from AD, 1:$m from AB 16. 218m 17.05m 1813w 3m

0. 15 em 21 On axis of symmetry, 1§ cm above base
5

23, On axis of symmetry, 25 cm into larger semicircl from common diameter

4

24. On axis of symmetry. = em into larger semiciele from common diameter

25. On ais of symmetry, 3 cm above base of cylinder
26. On axis of symmetry, 2§ cm from undrilled end
27. On axis of symmetry, 10-8cm from tp of cone

Exercise 8D page 152

1 as 2. 760 420 S w6 6360 13RS %6
9563 10,95 1 1235 LB M4 15 %9 1635
Exercise 8E page 159
7. (14 14) 5 (.04 9.(156,229 1053132 L (15,36
13 (23.0) C (3.0) 15, (:39,0) 16 (130.0)
0

Exercise 8F page 192
13 Wy 2 i 10¥ wmi o

2 2 i g
40 (D) @946 5 0109m. 361 G@imim w9
7. 728, 4> tan 20 8 On axis of symmetry, 22 from 0
9. ) The body remains in squibbriom 105 9 11 () fom 13,22 g, 200
Exercise 94 page 205
1@ 049N, 99N () 9N AIN, 93N © 49N, 9N, 93N

@ 0,498, 9N © 212N, 613N, 24N (©) 212N, 613N, 24N
2 (@) 283N, B3N, 30" (b) 245N, 424N, 30 (© 24N, 653N, 0.

(@) 324N, 245N, o © 212N, 324N, 191 0 DIN.2A6N. 818
3 (@ 924N.212N.613N.0346 (b
4G ©
5@ S66N.S66N. 196N,0289 (b
aw N ® ’f
T ®
8@ 19 ®) 361
5. SN 49N w0 o vl 10, 59N, 452N 3N a S 10 AB, 208m
@ NN 1N 15, 141N, 245N

18 277N L0134 20

2 02 5 6m 0. 114N, 15548 3L I21NL 18N
masmses e s ows s om W om

36. 8m. 126N



7. (=143 - ms

a0 .
(n)kmn (m)mh
13 103kmh NG9 E

16. 20ms~! N369° W, 20ms~' § 369" E

L e
2. S20km

55 Tsdiomb a7

28 9.64kmh-" from 0243°

30 250 10hme-! 004+ s
33, 106ms ! from S 699

Exercise 10C  page 236

Anwers 493
8 @-Tpms 9. (1008 -+ 600D kb

I SknbINKSW 12 kb S6L9E

14, 252ms” fom 018415, 292kmbe! S779°E

17, i+ Pkmh! 18 (;ﬁ)kmlr‘

20, Q001+ 605~ 100ms™! 2. 6ms-! from S 30° W

2 781kmb" NGYE 2, S32kmb

from N 215 E
27, 19kmh~' N 365 E

26, 114ms 2624

. 757kmb from N 725 W
. (Si+ T km

e w

32 122kmb from $ 47 E

I I U L I S B i
A R g LGRS TR 2T B
PR IR r L S 4= © 6+ 4+ 2k
3 @43mst 05 4 Gi-imet3s 5 1230pm @i+ S)km 6. 1220pm., (;ﬁ')km

T Lispm. (2 ¢ Shim
9. (a) 220pm. (81 T km
10 110pm. Q1i+ 279 km, 1.30pm.

12 Band € at 848am. (181 - Gkm, (15i—

14, (3) Afer 20 seconds, (47008 + 40005 + 5
(®) (i) (10001 + 0] + 650K s

Exercise 10D page 239

1. 1235pm.

45236 W, 26} min past 9p.m.
7. N155 W, 9min 7s

Exercise 10E page 242

20Dkmb-", 900am,

8 1206pm. umumﬁ;m

() (161 + pan, 10km

1 Aand Cat mspm e 8)km, 109pm.

s (:m)m_mm
:

500k m
i) (6008 — 100 + 400K m s

2. 1147pm. 3 N4L4E, 145am.
51268, 1215pm. 6. 34507, 925
N2#4T E 245

Lz ® 1skn 120 51+ 2k, (@+ 109k
S 5478 D Sk s0tpm 4 632m 10
£ o o ke ® 134km (©) 1548 hours
. 281k, 1257pm.
. @ (Si+4hkm © 583k © 170km @ 121pam.
341
B 447k, 10min o tatkm 2zmn 10.@ (16 )m o) © 159m
Y
i 3
n.32m ng 8@ 3 mosom
a=30b=T,e=15 15 ViTem,7
16, (a) Pigeon: VI66m when 1 = 0, Bird of prey: 0v6mwhen 1=4 ()7 () 29m
Exercise I0F  page 245
3kam, 1345 Soom Smin s 4 36k 7

. 60k, 2.
5 SSom: 1135 198 north, 264w
7. 58k, 1518 hours, 22min

3
6. S7im,
& e, imin 272
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Exercise 10G page 247

1. NS31° E, 360m. 805 2. 2km, 857 and 365 3. 1082, S4min
4 N 164" E, 689km, 45 min " W, 1224p.m., 21 min, 14 min 6. 827m, 2615

Exercise 10H page 247

L0255 1005, 300m 2 (I0eos6- T+ 10sndhl 308 (i) 1hr I9min 109kmh!
4 6) 20mn ) 127kmb~! towards 0106 i) 240
() Yes. Wind bas a positive component in direction AB which
» - il slow the motion of the plan travellng from B t0 A.
50 m @NISE (@ Zmdssoubold ) 50
& @~ ESI)m ~(6ho - 300m. 7 (2~ 0y, (42~ m, 17
TN G- 121 1204 0 5 ot

9. GH19mst ) (G- 05-6m  (© docolide (@) -
10.@ G-3ms’ 1L Sims” 12ms S+ 12D ms, Bms 02267, 820m, 6215
120 0+ 24k G @) 1235 (b) @) 286

13[4 200+ (4 = D+ @~ 40k m, (14 201+ (5 = 30 + (4 - 60k]ms~!, 25, 31+ 5 — Skyms~L.

Exercise 114 page 252

1 98] 22941 3 190y 4. 5880) 5. 981
6. 3921 7. 800 9. 981 10. 168
1. 0128 12. 735 & (0 10s (b) 2503
1@ 36N () 168000 (0) 245005 15 @) 17003 (b) 9500
16. 63701
Exercise 11B  page 255
L (@ 401 ®) 97 (©) 400003 @205 (@ 8003
2 (1) 4901 () 29401 (©) 1960001
3 3920 () 7840 (©) 95000] 4@ 55000 (b) 1250
5@ 3 () 100005 6. 4mst 7. Smst 8. 45000] 9. 147
Exercise 1IC page 257
1 ldms! 2 42ms 3.25m 4 25m
S 107ms" € 107ms !, The mass docs ot affct the answer. 7. 25m
8. (1) 465ms" () 465ms ) 10ms-! @ $10m
im 10. 26m Vieh
Exercise 11D page 260
14 2 BN 3. 3ms” 4 6mst 5. IN 6. 6ms~!
7. (a) 70 ® 3 8. 12ms 9. 17N 10. 1625m 11. 12001, 4800N
1. 20em BAsoN k@ dar © N © 0342 15 125m

16. (1) 841 Sms! () 1 @) 669ms
17 (@) Body will not return to A if ;(an 21 uch cemmanes the ol fre will b sl 1o
prevent the body siding back down th slope when i comes 1 s

Exercise 11E page 265

133 -331 a6 6v21 4. -6v31 5. 15731 6. 451
7. zer0 . V31 12\5: 10. 10 14 12101
=31 1 K 0, moion s pependicals o F.

1.6 i 2. 61 2 61
.91
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Exercise 13C page 294

1. (d) 45° 2. 250m 3. 171 m, 500m, 45 4. 105, 55
£ |40m5" 6. 587 or 8427 63-4° 9. 25ms™!
10,35 1 6547600 . No. 835" or 559
14, (@) lﬁlmx"mJXSm(" (hyukmn"m)nme © No
Exercise 12D page 298
L@ s (b) 10m 2. (a) 2425 () $38m
3 (@) 3s ®) #1m 4@ s (b) 193m
5. 473ms™, 173m 6. 12ms!, 268m 7 444 8. 30°, %0 9. () 204 ¢ = 90°
Exercise 12E  page 299
L 16m 2. 420m @) § 5 (b) 3:5m 4.0)2s (@) S24m (i) 507ms’
5 I5m . Spet w02 e e e e it s
(@) 483ms™  (c) 02045, 24655 1. (:A\ 36m (b) 82
) @ 240676 ® 255m (© Tim
be 68:6°
sviw
2%
Exercise 134 page 307
1. 200% radmin” 2 3xrads! 3.2 oy min
4. () 6revmin* (b) 12xradmin”" © Zradst
s@Zar o oo chme o
7. (@) Smet ®) 20mms ! @) Mrads ® 2 cevmint
» A
9. (a) lrads™" (b) = revmin’ 10 Fms !, Fms
(@) ®) = S 3
1. (a) 2rads™" (b) 1025 © 35ms”
Exercise 138 page 313
2. 18ms? 222ms %, 444ms?
Sax 2N
BN © N BN © 008

10, 6rads”
12 (@) 09%Ndown  (b) 095N up
L 0417

(@ 45N towards O

134204 16. 12:Scm, 12Sem
1. 0151 20.02

2. 09 24, 175ms”!

Exercise 13C page 320

L@ 2SN 3Smdct () 196N Trade ) (¢) 245N, 664

22 L 17Smet 4, 1407 5 164ms 6 118 7. 25N 8 125m

5 ) 900N m o 10. @) 900N (b) 1Smm

1 2mst o1 04 . 37 18, 0364, 22ms”! 19, &2ms, 4ms~
BN 20N 169.49N 22 Mmds” 2 I3N.6IIN
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Exercise 13D page 331

1. 25ms”! 2. 39ms™ 3. 18ms 4. 33 5. 69° 5. 85°

7. 49ms”', 22N 8, 48ms™, 240N 9. 46ms~,

10. 081ms~", 425N, thrust . 405ms™', 115N, tension 12. 666ms™", WSN tension

ion

3@ 02mst ) 105N © 98ms 14 M, V@m!"

15 @ 4% ) 2 16. When PO makes 1417 with downward vertical drawn from O, 34ms

17132 18, i = 2gr + 27 cos 0, ,\m,cmhﬂ»m;

19. (a) 98ms ', 642ms (b) 956ms~", 61 3ms’ k‘b 748ms"!, 382m:

20, (a) 1-Md6rads”, 17-58N b) 2204rads ', 147N [C} \l!mx !, St!h

21,1200 - 4g + 6g cos 6 N. ®) o= 2N 23 371 m, 387m
. i Vi

L (@) £ b) /2L © 2 6. 4/ rad s

@i b (© y

Exercise 13E page 335
101 @ 157ms

5@ @) 3675N (@) Light and inextensible (¢) i‘;; S (i again about 4 seconds)
0N
6. (2) 383ms ™! (b) (i) initially horizontal, at a tangent to the circle (i) 1-22m
7w it ) g 2w e ) ‘;’
9. @) agZeos -1 (b) mg(3cosf—1) 10. ) 28ms (i) §N
12. ) Tms™' (i) 6:5ms™!, 2-17m 10 nearest em. The “safe height™ is greater if resistances are taken into
account. The extra PE lost in descent will go as work against resistance. Thus the speed as

BCD is reached can be as before,

14, mg(3 cos 042)

N7

1. (3) 400N ®) 3Ns (© 300Ns (@ 360000Ns  (©) 6Ns
2 () I5Ns ®) ONs (@) 55Ns @ T0Ns
3. (@) 18Ns ®) 18Ns (© 9ms™ 4. 35Ns
5. (a) 60INs @® fims" 6 (@) ~20INs ) 4ims
7. (@) ~20iNs ) -2ims & (@) 8iNs (0) 48NS
9. -8 10.3 05 Gms 6ot
-3t sax! M1 -2 15 (S - 2pms!
6. (—1+2)m 17, (61~ 6)Ns (~6i+9)Ns

18 (
ummmes Gi) 1ANs (b) () ~4iNs @) diNs (@ () ~12Ns (i) 12iNs

Exercise 148 page 346
LSON 2 600N 380N 4 006N & TSN 6 00412N
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Exercise 4C page 351

2 5mst 3. sms!
7. 4ms 8 4ms!
12 Tims 13 (5i-25)ms
®) 367 (© 2
17 3imst 18 3ms,09)
> «J
s (®) 140
ZWdrdns B
24 4ms!, 2520) 25, Ims", 401000 .
2. @) Sms™, Sms™ (©) 2ms7!, 3ms! 0. my >

Exercise 14D page 355

1. 20mst 2 3ms!, 60" 3. O6-08)Ns.013 4 (06~ 2Ns. 73]
5@ G+4ms” B 1SS @ —6iNs 6. () 04ms' (i) 004N,
. Assuming linear momentum i conserved, .. if any extenal forces can be ignored, 251 kJ
8. (5) 00Sms™, 6 x 10°N 9. @ul+k) () lml
100 4ms? @) 18ms? () 09m 10 2ms 3, 24N, ’ﬁm.nem, 2/imst
1z, Sy ey -
el . Socty (opwardsposiive)
4 2 j1od fed o 2
Lam w4 rb)3/, (cy\/; i
1430 () 25m (i) 25ms™! -
) Sms! Gv) 29ms! e
B ==
Exercise ISA page 363 Iﬁn
14N 22N 315N
425N 5. 0em 6 25em
7. 12em & e, 9. N
10 d0em, 16kg 1L 3m 12, 04ms?
13 @ oem © ) e © H0em (@ loam
L Im 15 Same oimst 16 196N.9% LT Wim o 191N
Exercise 1B page 368
L2si 2090 3281 4 5450 691 7@ 10em () 147
Lo ®2  © 2 9. Im () 245) (9 981 (@ 245)
10 @) 12ms! ® 12em
Exercise ISCpage 373
L@ ® 4 © 3 @ 0.2ms!
© 2ms 3ms! © Ims” ® Ims! 4ms”! ® 2ms, Ims!
2 4met,} 3. -im 43,0757 5 mi
. 1-\ 4ms, 10ms !, Sms! Sms- ®) 3ms 3ms, 2ms” 3ms!
1 1sms, 3ms! 8 —ims” dims, Sims™! 9.56-0.56+20
Pt v 3 3
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